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PEEFACE. 



The object of the present Treatise is to introduce the 
mathematical student to some of the earlier and easier 
branches of Kinematics and Kinetics. 

In the chapter allotted to Kinematics, I have deduced the 
expressions for velocities and accelerations, as far as possible, 
from the definitions and axioms of the subject. 

In the applications to Kinetics, or, in other words, in the 
combination of these expressions with the Laws of Motion, 
for the determination of the motion of a particle or of a 
system, I have adopted the same plan of operations. 

I have assumed, and made free use of, the methods of 
Analysis, for the performance and simplification of the 
requisite calculations. 

The methods employed, and th« order of thought which 
is followed, are those which during my experience as a teacher 
I have found to be most effective in the elucidation and 
development of the ideas of Kinetics. 

The majority of students do not easily or rapidly absorb 
general ideas, and they are most effectively assisted by the 
gradual development of a subject through simple cases, and 
illustrative examples. 



VI PREFACE. 

With this view I have endeavoured to explain the 
appHcatiou of the Laws of Motion to the determination of 
the motion of a particle and of systems of particles, com- 
mencing with easy cases, and leading up to a few of the 
interesting and important cases of the motion of a body in 
space. 

My especial object has been to illustrate the direct appli- 
cation of the Laws of Motion, and thereby to produce a 
treatise of an elementary character, but of Educational utility 
to the student who is commencing the study of theoretical 
Kinetics. 

I am very much indebted to Professor W. H. H. Hudson, of 
King's College, London, for useful suggestions and criticisms, 
and to Mr G. B. Mathews, Professor of Mathematics at the 
North Wales University, and Mr J. Brill, B.A. of St John's 
College, Cambridge, for their kind assistance in the correction 
of manuscripts and proof sheets. 

I venture to hope that the explanations and illustrations 
of the text, and the numerous examples appended to the 
several chapters, will be of assistance to the student in 
mastering the elementary ideas of the subject, and pave 
the way for the consideration of the higher branches and 
the more difficult problems of the great science of Dynamics. 

W. H. BESANT. 

Stptember 10, 1884. 
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DYNAMICS. 



CHAPTEE I. 

1. The problems usually discussed under this head are 
those which relate to the geometrical connections between 
given motions, or given kinds of motion, and those which 
relate to the action of forces, and the motions and changes of 
motion produced by forces. 

The former belong to pure science, and deal with the 
geoihetry of motion, a branch of mathematics to which the 
name Kinematics was applied by Ampere. 

Strictly speaking the word Dynamics includes Statics, 
the discussion of the equilibrium or balancing of forces, and 
Kinetics, the discussion of the effects of forces on the motion 
of bodies. Mechanism belongs to Kinematics, including such 
problems as result from considering trains of wheelwork or 
any connected machinery. 

To Kinetics belong the consideration of the forces setting 
such machinery in motion, or keeping it in motion, the 
problems of Physical Astronomy, and others of important 
practical application. 

We shall commence by a development of the formulae of 
Kinematics, and afterwards proceed to consider the applica- 
tion of the formulae, and of the Laws of Motion, or Laws of 
Force, to the determination of the motion of a particle, and 
of a system of particles, produced by the action of given 
forces, or, conversely, of the forces required to produce given 
motions. The idea of a particle, or of a material point, 
capable of being set in motion, or of having its motion 

B. D. 1 



2 DYNAMICS. 

affected, by the action of force, is a mathematical abstraction 
leading to the simplest forms of Kinetics. The determina- 
tion of the motions of the bodies constituting the Solar 
. System belongs to this class in virtue of the facts that the 
Planetary Bodies are nearly spherical in form, and that their 
dimensions are very small in comparison with their distances 
from each other and from the Sun. 

Moreover the mathematical idea of a solid body is that of 
a system of particles, and the discussion of the motion of a 
single particle therefore naturally precedes the discussion of 
the motion of a body or system of particles. 

It will be seen that Newton's Laws of Motion connect the 
action of a force on a particle with the accelerations produced, 
and lead to the formation of differential equations, the 
integrations of which give the solution of the problem of 
determining the motion. 

It will appear further that Newton's Laws are sufficient 
for the determination of the motion of a system of particles 
or bodies, whether rigidly connected or not, and lead, iu a 
similar manner, to systems of differential equations containing, 
in their solution, the motions of the body, or of the various 
bodies of the system. 



CHAPTER II. 

DIFFERENTIAL EQUATIONS. 

2. There are certain differential equations whicli occur 
so frequently in the discussion of questions in Kinetics, that 
we think it worth while, for convenience of reference, to give 
a brief solution of them. 

(1) The equation, -^ + yf (x) = F {x), is at once solved 
by the integrating factor 

leading to ye ^^"^ = If(x) e^'^'^ dx+ G. 

For example, if ^ + ^^— = tan k , the factor is tan - , and 
^ aa: sma; 2 2 

therefore 

y tan -5 = 2 tan „ — a; + d 

(2) S + -V = 0. 
Multiply by 2 T^ and integrate, then 

/. 2/ = ccos (na! + a), 
or 2/ = 4 cos rea; + jB sin nx. 

1—2 



DIFFERENTIAL EQUATIONS. 

(3) S-«'2/ = 0- 



As before, 






,. ^=iog y±JI±l, 

from which we obtain 

y^Ae^'^ + Bf^. 

The equation j-^ + n^j/ = aa; + 6 is reduced to one of the 

two preceding by assuming 

_ax+h 

w If S+Sy/(3/)=^(.).ietf=.. 



cZ'y _dz _ <?^ _ 1 <^ • ■^ 
da?~ dx~ dy~^' dy ' 
and the equation becomes, putting i) for /, 

| + 2/(^)i;=2J'(2,), 

which is of the form (1). 

The solution of this equation is effected by the calculus 
of operations, leading to 

^ ri' + an + b b\ b- b J ' 
D representing the operation -y- , and the expression affecting 
x'' being expanded in ascending powers of D. 

The complementary function Ae^ + Bi^" must be added, 
a and yS being the roots of the equation 
m^ + am + b=0. 



DIFFERENTIAL EQUATIONS. 5 

If the roots of this equation are imaginary and of the form 
a ± /3 VL the complementary function takes the form 
e"^ (A cos fix + B sin fix). 

(6) -^-tv'y = cosra;. 

The calculus of operations, or the variation of parameters, 
gives as the integral, 

y = -'^. + Ae-+Be- 

(7) y^ + ny = cos rx. 

The solution is 

cos rx . -r, . 

« =— i i + A cos nx + Bsitt. %x. 

\in = r, then, writing the solution in the form 

cos rx — cos nx , „ . 

« = 5 5 h A cos nx + Jti sin nx, 

and finding the limiting value of the fraction when n — r, 
we obtain 

V = 7i- sin wa; + -4 cos m; + ^sin nx. 

This leads to 

the complementary function of course being added ; 
^ (6-Ocosr^+afsinr.; ^^^ 

a and /3 being the roots of the equation, 
s" + as + 6 = 0. 
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KINEMATICS. 



3. Definition. The velocity of a moviDg point, when 
uniform, is measured by the number of units of length passed 
over in the unit of time. 

If the velocity be not uniform, it is measured at any 
instant by the space which would be passed over in the unit 
of time if the velocity were to remain the same as it is at 
that instant. 

To express this idea mathematically, let s be the space, 

that is, the number of units of length passed over by the 

moving point in the time t, and s + Zs the space passed over 

in the time t+ 8t, so that Bs is the space passed over in the 

time Bt, and, if St be so small that the velocity is not sensibly 

. Ss 
changed in the time Bt, the limiting value of the expression sr, 

ot 

ds 
that is -^ is the measure of the velocity. 

Or we may argue as follows. If v be the velocity at 
the time t and v + Bv at the time t + Bt, then Bs lies between 
vBt and (y + Bv) Bt, and therefore ultimately, 

ds 
' = df 

4. If the velocity of a moving point be variable, it is said 
to have positive acceleration, if the velocity be increasing, 
and negative acceleration, or retardation, if the velocity be 
decreasing. 
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If the rate of increase of the velocity be uniform the 
accelera,tion is measured by the increase of the velocity in 
the unit of time, and, if variable, it is measured at any 
instant by what -would be the increase of velocity in the 
unit of time if the rate of increase were to remain what it is 
at the instant in question. 

Mathematically, if v be the velocity at the time t, and 
v + hv at the time < + Si, the measure of the acceleration, 

in the direction of motion, is ^- . 

at 

Or, if/ be the acceleration at the time t, and /+ S/ at the 
time t + U, Sv lies between /5« and (f+Sf) St, and therefore 
ultimately, 

J~'dt' 

5. The composition and decomposition of velocities and 
accelerations. 

Supposing a moving point to possess, or to have 
impressed upon it, two velocities in different directions, 
there arises the question ; what is the resulting motion ? 

To solve this tinematical question, we must invent 
machinery to represent coexistent velocities. 




Imagine then a point to move uniformly along a straight 
line while the line is carried parallel to itself at a uniform 
rate. The point will then have two coexistent velocities. 

Let EF be the moving line, and, while the point moves 
from E to F, let the line move from AB io CD. Then PE 
is to EA as the velocity of the point along the line is to the 
velocity of the line, that is, as CD io AC; 
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Therefore APD is a straight line, and the point P actually 
moves from A to D. 

AD therefore represents the resultant velocity in 
magnitude and direction. 

This proposition is called the Parallelograni of velocities. 

In the same way, if a point have two coexistent accelera- 
tions, taking AB and ^C to represent the velocities added 
per unit of time, or which would be added per unit of time, 
due to the accelerations at the instant in question, it follows 
that AD represents the resultant velocity superposed, or 
which would be superposed, per unit of time. 

This is the Parallelogram of accelerations. 

Conversely, any velocity or acceleration, represented by a 
line AD, can be decomposed into two velocities or accelera- 
tions, AB, AG, in any assigned directions. 

6. Change of units in the measures of velocities and 
accelerations. 

If V be the measure of a velocity, the meaning is that v 
units of length are passed over in the unit of time. 

If a feet and t seconds be the units, and if if be the 
measure of the same velocity when a' feet and l! seconds are 
units, it follows that 

av _ alv 
T~T' 
for each expression represents the velocity in feet per second. 

If/ be the measure of an acceleration when a feet and t 
seconds are units, the meaning is that 
the velocity per t seconds added in t seconds =fa in feet ; 

.". velocity per second added in t seconds ?='^; 

.". velocity per second added in one second ='^ . 
If/' be the measure of the same acceleration when a' 
feet and t' seconds are units, it follows that'^Tr is the measure 
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of the same acceleration jeferred to a foot and a second, and 

7. Angular velocity and angular acceleration. 

If a straight line turn round in a plane it is said to have 
angular velocity, and if this angular velocity be variable it is 
said to have angular acceleration. 

If be the inclination, at the time t, of the moving line 
to any fixed line in the plane^ then, exactly as in Articles (3) 

and (4) the angular velocity is -j- or 6, and the angular 

acceleration is -^^ , or 0. 
dt 

It must be observed that this is quite independent of any 
motion of trg,nslation which the line may have, p,nd simply 
measures the rate of turning round. 

When we speak of the angular velocity of a point P, 
moving in a plane, about a fixed point in the plane, we 
really mean the angular velocity of the straight line OP. 

If the velocity and direction of motion of P be given, a 
simple expression can be obtained for its angular velocity 
about a fixed point 0. 

For if OP = r, and if p be the perpendicular from on 
the direction of motion of the point, and v its velocity, the 
angular velocity is equal to the resolved part of the velocity 
perpendicular to OP divided by OP, and therefore 

p pv 

= v- -7-r=^. 
r r- 

8. Expressions for accelerations. 

If a;, y, z be the co-ordinates of a point, referred to a 
system of fixed axes at right angles to each other, x, y, and z 
are the distances of the point from the planes of yz, zx, 
and xy. 
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The velocity parallel to x is thg rate of increase of the 
distance from the plane yz, and, as in Art. (3), is represented 

by -T- or by x, employing fluxional notation. 

And, similarly -^ and -r., or y and », are the velocities 

parallel to y and z. 

If M, V, w be these velocities, the accelerations parallel to 

the axes are, by the same reasoning as in Art. (4), -ji > -ji > ^^^^ 

dw . . J . XI. i • <^'^ ^V J f^"^ ■■ ■• 

—r. ,0T u, V, and w ; that is, are -p- , -^^ , and -t^,ot x, y, 

and z. 

We shall in all cases limit the use of the symbols x, x to 
the case in which the time is the independent variable. 

9. It must be carefully observed that the velocity of 
a point in any direction is the rate of change of the distance 
in that direction, and is equal to the limit of the change of 
distance divided by the change of time, when that change 
is indefinitely small. 

And similarly, the acceleration in any direction is the rate 
of change of the velocity in that direction, and is equal to 
the limit of the change of velocity divided by the change of 
time, when that change is indefinitely small. 

10. Radial and transversal velocities and accelerations. 
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Let r, be the polar co-ordinates of a moving point, 
and u, V the radial and transversal velocities, that is, the 
velocities in direction of OP and perpendicular to OP. 

P being the position of the point at the time t, and P' at 
the time t + St, and if OP' = r+8r, 

T .^ ^ OP' cos S0- OP dr . 
M = limit 01 s = ^!- = r, 

St dt ' 

and V = limit of s = t-- = rd. 

bt dt 

If M + Sm, V + Sv, be the velocities at P' in direction of 
and perpendicular to OF, acceleration in direction OP 

_y . J. (w + Su) cos d6 — {v + Sv) sin dd — u 

St 
_ du dd 
~'di~'"di 

dt' ^\dt) "" '^^' 
acceleration perpendicular to OP 

_y ■^ r{^ + Sv) COS dO ■{■ {u+Su) An dO — v 

St 



dv dd d'e ^drdO 

\ d ( „de\ 



~ dt^^ dt '^ df'^^dt dt 



= r6+2rd 



r dt\ dt) ' 



It should be noticed that, if r = 0, that is, if the moving 
point is passing through the origin, these expressions are 

r and 2r9. 



11. The expressions for radial and transversal accelera- 
tions may otherwise be obtained in the following manner. 

The component accelerations parallel to x and y being x 
and y, ' 



12 



KINEMATICS. 



the radial and transversal accelerations are respectively 

X cos6 + y sin 6, and y cos ^ — a; sin 9. 

Putting r cos for x, and r sin for y, these expressions 
become 

r-re\a.nd r0 + 2re. 

12. Case of uniform motion in a circle. 

If r and 6 are both constant, and if ^ = «b, the transversal 
acceleration vanishes, and the radial acceleration = — wV;- 
that is, the resultant acceleration is directed to the centre 
of the circle and is equal to the radius multiplied by the 
square of the angular velocity. 

13. Velocities and accelerations referred to two axes, at 
right angles to each other, moving in a plane about the origin. 




If Ox, Oy be the positions of the axes at the time t. 
Ox', Oy' at the time t + Bt, xOx = W, and u, v, velocities 
parallel to x and y at the time t, 

y.NL ^,{x + Sx)cosB6-(y + Sy)siaW-x dx 

U = LA — TT = Jjt sr; = -77 



dt 



St 



dt 



dd 

y-dt^ 



^ (a; + Sx) sin hO +{y + By) cos Bd—y_dy dd 
Bt dt dt ' 
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de d'x /d0V d'd ^dyde 



If M + Sm, V + Bv be the velocities of P' parallel to x 
and y', 

acceleration parallel to Ox 

_j.{u+ Bu) cos B0 — (v + Bv) sin Bd — u 

- ^^ dt ' 

du_ de_dlx_ (d£\\ 

dt '" dt~ df * [dij 

and acceleration parallel to Oy 

T , (m + Bu) sin Bd + (v+ Bv) cos Bd — v 
= Lt —g^ — , 

_dv d9_d'y fdO\\ d^d dxdd 

~ dt'^'^dt ~ df~y\dt) ^"^ df^'^dt dt ■ 

In fluxional notation, the velocities are 
X — yd, and y + x6 ; 
and the accelerations are 

u — vO and v + u6, 
or ic - yd - x&'- lyQ, and y + x&- yS" + IxQ. 

14. Case of a point moving on the surface of a right 
circular cone. 
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PN being perpendicular to the axis, let OP = r, and the 
angle between the moving plane NPO and a fixed plane 
A0N'=6, and let Q be the projection of P on a plane 
through perpendicular to the axis of the cone. 

^ . OJSF d'r 
Acceleration parallel to 0N= — ^ — = -^cos a.....(l), 

acceleration in direction NP = that of Q in direction OQ, 

= ^sm«-r.sm«y, 

and perpendicular to the plane NPO 

1 d f „ . , d6\ sina cZ / .d6\ ,„. 
rsmaa^V at I r dt\ dtj ^' 

Multiplying (1) by cos a, (2) by sin a, and adding, we find 
that the acceleration in the direction OP 

d'r . , fdeV .. . , ^, 

= df -'''''' ''[-dt)^''-'''''"'^- 

Multiplying (1) by sin a, (2) by cos a, and subtracting, the 
acceleration in the direction of the normal PO to the surface 

= r sin a cos a (tj j = r sin a cos aff'. 
15. Case of a point moving on the surface of a sphere. 
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OAG being a fixed plane, and OG a fixed radius, and PN 
perpendicular to OG, take ^ as the angle between the planes 
OAG and OPG, and 6 as the angle GOP. 

The accelerations in the directions, ON, NP, and per- 
pendicular to the plane OPG, are respectively 



and 



^(acos^), ^, (a sin ^)- a sin 5 (^^J 



d 



("■""■"f)- 



a sin 6 di 

Multiplying the second of these by cos 0, and the first by 
sin^, the difference of the products is the acceleration in 
direction of the tangent at P to the meridian curve GP, and 
is equal to 

ad — a sin 6 cos 6 . ^. 
Similarly the acceleration in the direction PO 

16. In the general case in which the position of a 
moving point at any time is defined by the polar co-ordinates 
r, 0, ^, the accelerations of P in the directions perpendicular 
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to Oz in the plane GPA, and perpendiculai* to that plane are 
the same as the accelerations of Q, and are therefore 



,-„ (r sin ff) — r sin ^ (-^ ) and - . — ^;^ , , bl^ y, ,^ 
df^ ^ \dtj r Sin ddt\ dtj 



U'"--'t)' 



the former in the direction NP and the latter perpendicular 
to the plane GPA. 

Also the acceleration parallel to Oz 
d'.ON d' 

If p, T, o- be the component accelerations in the directions 
OP, PT perpendicular to OP in the plane GPA, and 
perpendicular to that plane, it follows, by resolving' the above 
accelerations, that 

p = 'r — r6' — rj? sin" 6, 

T = rd+ 2rd - rc^' sin cos 0, 

a = r(^ sm0+ 2r^ sin + 2r<f)0 cos 0. 

17. Tangential and normal accelerations of a point moving 
in a plane curve. 
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If V be the velocity at P of a point moving in a curve, 
and if s be the arc OF of the curve measured from some 
fixed point 0, 

ds 
' = df 

The tangential acceleration at P 

T + f {y + ^v) cos S^ — v_dv d^s 

= Ltot ^^ -dt-di" 

and the normal acceleration • 

_ T ^. f {i> + Sv) sin S^ _ vd^ _ vd^ ds _ if 
Bt dt ds ' dt p ■" 

Up be the radius of curvature 'at P. 

If the motion of the point be uniform motion in a circle, 
V and p are constant, and, if a> be the angular velocity, v = cop. 
The tangential acceleration is then zero, and the normal 
acceleration, measured inwards, is equal to m^p, as in 
Art. (11). 



18. Accelerations of a point moving in a tortuous curve 
in directions of the tangent, the principal normal, and^the 
binormal. 

If X, y, a be the coordinates of the point referred to fixed 
rectangular axes, we have, 

dx _ dx ds 

dt ds dt' . ' 

, , . d^x d's dx fdsV d'x 

and therefore ^ = ^ ^, + [jj ^. . 

df ~ df ds '^ [dtj ds' ' 
df df ds'^\dt) ds'' 

B.D. 2 
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ft fp ri ti fi y 

Now -^ , -r-,^r are the direction-cosines of the tangent, 
as as as 

and if p be the radius of absolute curvature, 
(Fx (fy ^ 
Pds^' ''ds'' ^ds" 
are the direction-cosines of the principal normal. 

The above equations therefore prove that the resultant 
acceleration of the point is compounded of the acceleration -^-j 

in direction of the tangent and of the acceleration - [-ji] in 

direction of the principal normal. 

It follows at once that there is no acceleration in direction 
of the binormal. 

Or, the direction-cosines of the binormal being pro- 
portional to 

dy d^z dz d'y dz d^x dx^ d'z dx d?y^ dy ^x 

ds ds' ds ds^ ' ds ds' ds ds" ' ds d^ ds ds' ' 
if we multiply the above equations by these three quantities 
respectively, and add them together, the right-hand member 
vanishes identically. 

19. These results can also be obtained by the consider- 
ations that the osculating plane is the plane containing two 
consecutive tangents, and that the consecutive osculating 
plane is obtained by an infinitesimal twist round the tangent. 

The circles PA, PA', in the accompanying figure, are 
consecutive circles of curvature, the angle between their 
planes, Stj, being the angle of torsion, and the circles being, 
in general, small circles on the sphere of curvature. The 
circles may be in certain cases coincident, or either of them 
may be a great circle. 

If P' be a consecutive point on the circle PA', de be the 
angle of contingence, that is, the angle between the tangents 
at P and P', v the velocity at P, and v + Bv &t P', 

the changes of velocity in directions of the tangent PT, 
the principal normal PE, and the binormal are 
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and 



(v + Sw) cos Se —V, (v-r Sv) sin Be cos Sr;, 
(v + Sv) sin Se . sin Sr/; 




dividing by St, we obtain in the limit, the expressions 

dv ^ v^ 
-77 and — 
at p 

from the first two, and the ratio of the last expression to 
Bt vanishes in the limit. 

The Principles of Relative velocities and Relative accelera- 
tions. 

20. If P be a moving point, A, B, 0,... other moving 
points and a fixed point, the velocity of P in any direction 
is the sum of the velocities, in the same direction, of P 
relative to A,oi A relative to B, of B relative to G, and so 
on, and of the last moving point relative to 0. 

For if M be the velocity of P in the direction considered, 
Wj, u^,...u„ of the moving points in the same direction, 

u= (u-u^) + (u^ -u^) + + (m„_j - mJ + M„, 

which establishes the statement. 

The same principle is equally true of accelerations, 
r du d , \ , d . , du 

f°^ J-J*("-^^)+j/^^-''^)+ ^-dt ' 

that is the acceleration of P is the sum of the relative 
accelerations. 

21. By aid of the foregoing principle, the expressions of 
Art. (13) are at once obtained. 

2—2 
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For M = velocity of P relative to iV + velocity of F 
= -yd + d!, 
and so v = y + oo6. 

Again, the acceleration of iVin the direction Ox 

= x — x6', 
and that of P relative to iV in the same direction 

= -(y0 + 2ye); 
therefore the acceleration of P in the direction Ox 

= x-x6^-ye-%ye; 
and similarly the acceleration of P in the direction Oy 
= y- yd' + xe + 2x9. 

22. We can also obtain the expressions for the accelera- 
tions in the following manner. 




The velocities of a moving point P, at any time t, 
parallel to two moving directions Ox, Oy can be represented 

by u=ON,v = QN, 

and the accelerations parallel to x and y will be the rates of 
change of u and v in those directions and will therefore be 

u — v6, and i) + u9. 
Observing that 

u = x — yd, and v = y + xd, 

we obtain the expressions given at the end of the last 
article. 



KINEMATICS. 21 

23. Component velocities and component accelerations 
of a moving point referred to two axes turning round the 
origin in any given manner. 




Let and be the inclinations, at any instant, of Ox and 
Oy to some fixed line in the plane, and represent by to the 
angle xOy or ^ — 0. 

The velocity of P relative to iV is y^ perpendicular to 
PN", and this, by the triangle of velocities EPN, decomposes 
into — y^ cosec to, and y<^ cot to, 

parallel to x and y. , 

The velocity of iV" in direction Ox is x, and perpendicular 

to Ox is x0. 

The latter, by the triangle of velocities ONF, decomposes 
into — xd cot &), and xd cosec co, 

parallel to x and y. 

Hence, the velocity of P being compounded of its 
velocity with regard to If, and of the velocity of iV, the 
components parallel to x and y are respectively 
X — x9 cot (o — ycf) cosec qj, 
y + xd cosec to + y^ cot m. 

In exactly the same manner the component accelerations 
are at once seen to be 
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x-xd^- {xS + 2x6) cot 0) - (2/^ + 2y^) cosec w, 
y-yS" + {xQ + 2x6) cosec to + (y^ + 2^^) cot w. 

24. The foregoing expressions can be obtained in a 
different manner. 

Thus if u and v be the component velocities, 

M cos + ?; cos = TT (a; cos ^ + 2/ cos 0), 

M sin + 1) sin ^ = ^ (« sin + y sin 0), 
and if/,/' be the component accelerations, 

/cos 6 +/' cos (j> = -y-^ {x cos 6 + y cos «^), 

/sin +/' sin = -p (« sin + y sin (^). 

The solution of these equations will give the expressions 
for u, V, f and /'. 

25. Pwrticular illustraticms of the use of the principle of 
relative velocities and relative accelerations. 

(1) A point P describes an equia/ngular spiral with 
uniform angular velocity round 0, and a point Q describes an 
equal spiral with the same angular velocity round P ; it is 
required to find the path of Q. 

Since r = ae*""'", we have 

s — sec oL.r^rd cosec a, 
so that, if fiOP be the velocity of P, in the direction PT, 
fiPQ is the velocity of Q relative to P in the direction QF, 
the angles OPT, PQF being equal and constant. 

Hence /ttOQ is the actual velocity of Q. 

Further if QE, QF represent the component velocities in 
direction and magnitude, the resulting velocity of Q is 
represented by QG the diagonal of the parallelogram, and the 
angle OQG == PQG- PQO = PQF+FQG -r EGQ=^ PQF; 
hence it follows that the path of Q is an equal spiral. 
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p: \ )e 




(2) A circle rells uniformly inside a circle of double its 
radius ; it is required to find ^ acceleration of any carried 
point. 




If P be the carried point on the radius CB, and if OB 
produced meet the circle in A, it follows, since the angle 
QCB = 2 COB, that the arcs QA, QB are equal. 
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Therefore J. is a fixed point and B moves along the line 
AOA'. 

Since 00, OB make equal angles with OA it follows 
, that the angular velocities of the lines 00, OP are equal. 

Hence, if w be this angular velocity, the acceleration of 
is in the direction GO and =(j)^. CO, and the acceleration of 
P relative to is in the direction P G and =a^ .PO; 

therefore, by the triangle of accelerations, the resulting 
acceleration of P is in the direction P and = co^ . PO. 

(3) A circle rolls on a straight line ; it is required to find 
the acceleration of the point of the circle in contact with the 
line. 

If be the angle through which the circle has rolled 
from any assigned position, and a the radius of the circle, ad 
is the linear space traversed by the centre C and therefore ad 
is the acceleration of the centre. 

The accelerations of the point of contact P, relative to the 
centre are aO' in direction PC, and aO parallel to the line and 
in the direction opposite to that of the motion. 

Compounding these with the acceleration of 0, it results 
that the acceleration of P is in direction PC and is equal to 
aff', or to aco^, if (o be the angular velocity. 

This result may otherwise be obtained as follows: 

Let X and y be the coordinates of the point initially in 
contact ; then 

a; = a6— asm 6, and y = a — a cos 0, 
from which x = a0 — a (cos . ^ — sin . 0^), 

y = a(sm0.0 + cos0.0'), 
and, putting = 0, ob = 0, and y = a6^, 

we hence infer that if p be the radius of curvature, at the 
point of contact, of any curve rolling on a straight line, the 
acceleration of the point of the curve in contact with the line 
is (o'p in the direction perpendicular to the line. 
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Or we can give a proof directly from the definition of 
acceleration. 




Let the curve PQ roll on a straight line, the point P 
rising from the point A. 

When at ^, P has no velocity, and when Q is the point, 
of contact, and is therefore the instantaneous centre, the 
velocity of P is w . PQ perpendicular to PQ. 

Taking PQ as an infinitesimal arc, and E as the centre of 
curvature, the velocities of P parallel and perpendicular 
to the line are w . PQ sin c9 and w . PQ cos hd, if PEQ = 80. 

Hence if St be the time the accelerations are the limits of 
CD PQ — KT- and co PQ ^^jt— , and, as PQ= pBd, the first of 
these ultimately vanishes, and the second = oy'p. 

(4) A circle of radius b rolls on a circle of radius a; it 
is required to determine the acceleration of the point of 
contact. 

Taking the arc BP equal to the arc AP, and a as the 
angular velocity, 
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and the accelerations of P relative to 0, in the direction PG 
and perpendicular to it, are 

fco)" and btii. 

The accelerations of C, in the direction CO and perpen- 
dicular to it, are 

{a + b)e^a,nd(a+h)e, 

bW 



or 



a + b 



and &d). 



Compounding these with the relative accelerations of P, 
it results that the acceleration of P is in the direction PC 
and is equal to 

ab , 

r ft)'. 

a+b 

Replacing a and b by radii of curvature this expression 
gives the acceleration of the point of contact of any curve 
rolling on a fixed curve. 

26. We have considered in Art. (7) the angular velocity 
of a line moving in a plane; we shall now find it necessary to 
consider the angular velocity of a rigid system of lines 
and points in space. 
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The angular velocity of a rigid system about an axis is 
the rate of increase of the inclination of a plane fixed in the 
system, passing through the axis, to a plane passing through 
the axis, fixed in space. 

Parallelogram of angular velocities. 

Imagine that a rigid system has two coexistent angular 
velocities w, a about two axes OA, OB. Construct a 




O M 



parallelogram AOBC such that OA and OB are in the 
ratio of the angular velocities, and take a quantity O such 
that 

OA : OB z 00 :: a : (o' : D,. 

If P be any point in the plane A OB, the velocity of P, 
due to the two angular velocities, is equal to 

m PM+ m'PN, 
perpendicular to the plane. 

Now, OA OB being a parallelogram, we know that 
PL.OC=PM.OA + PN. OB; 
a.PL = m.PM + (o'PF, 

and therefore the velocity of P=D,.PL, which is the 
velocity due to an angular velocity fl about OC. 

The line OG therefore represents the resultant angular 
velocity. 
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Hence it follows that angular velocities are subject to the 
parallelogrammic law, and can be compounded and decom- 
posed in the same way as linear velocities. 

In other words, an angular velocity is a vector. 

27. If a rigid system be in motion about a fixed point, 
there is always one line in the system which has no motion 
and about which the system is turning.. 

It is clear that the motion of the system is completely 
determined by the motions of any two given lines OP, OQ of 
the system. Now, at any instant, OF must be moving in 
some plane and therefore must be turning round some 
straight line in the plane through OP perpendicular to the 
plane of motion of OP. 

Similarly OQ must be turning round some line in the 
plane through OQ perpendicular to the plane of motion 
otOQ. 

If then 00 be the line of intersection of the two planes 
through OP and OQ, perpendicular respectively to their 
planes of motion, the motion of the system is completely 
represented by a state of rotation about OG. 

Any state of motion of a rigid system about a fixed point 
can therefore be represented by a single angular velocity, or 
by three coexistent angular velocities about three lines 
through the fixed point. 

28. Velocities and accelerations of a point referred to 
three moving axes at right angles to each other. 

Let 0,, 6^, 0^ represent, at any instant, the angular 
velocities of the system of axes about the axes themselves, or 
rather, about the lines fixed in space with which the axes 
are, at the instant, coincident. 

If M, V, w be the component velocities, 
M = velocity of P relative to ^ + that of K relative to N 
+ that of iV relative to 

= d;-ye, + z0^. 
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and similarly 






P/ 



/O 



/M 



X 



For the accelerations, 
let OL = u,'OM = v, ON = w 

represent the component velocities ; 

then the accelerations parallel to the axes are, on this 
scale, the velocities of P, and are therefore 

li] — uO^ + v0. 

Or, the acceleration of P relative to N", in the direction 
Ox, heing ii — vd^, and the acceleration of N in the same 
direction being w9^, the acceleration of P parallel to Ox is 
the sum of these two, and the accelerations parallel to Oy 
and Oz are obtained in the same manner. 

29. If the position of a moving point P be defined 
by the length r of the tangent PQ to a given curve, and the 
deflection cj) of the tangent. 
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the acceleration parallel to PQ relative to Q = r — rj>^, 
and that of Q in the same direction = s, if the arc OQ = s, 
. ■. acceleration of P in the direction QP = r — rcf)^ + s 




and, similarly, acceleration perpendicular to PQ 

if p be the radius of curvature at Q. 

SO. A point moves on a given curve, while the curve 
turns round a fixed point in its plane: it is required to 
find expressions for the accelerations of the point. 
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If OP=r, the accelerations of the point P of the curve 
are taV and rw in the direction PO and perpendicular to 
PO. 

If the moving point be passing over the point P its 
accelerations are those of P compounded with its accele- 
rations relative to P. 

These relative accelerations are due to the angular 
motion of PT and to the motion on the curve, and, in 
the respective directions of the tangent PT and the normal 
at P, are, if s be the arc AP measured from a given point A 
of the curve, 

s and 2(»s H — , 
P 
in accordance with the observation of Art. (10). 

It is an instructive exercise to obtain these expi-essions by 
taking a consecutive position of the moving point on the 
curve, when twisted through a small angle <oht, and actually 
resolving its velocities, relative to P, in the directions PT 
and perpendicular to it. 
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1. A railway train is moving at the rate of 30 miles an 
hour, when it is struck by a stone moving horizontally and at 
right angles to the train with the velocity of 33 feet per 
second. Find the magnitude and direction of the velocity 
with which the stone appears to meet the train. 

2. Assuming that the earth describes a circle uniformly 
about the sun in a year, that the distance of their centres is 
240 radii of the sun, and that the radius of the sun is 100 
times that of the earth, find the measure of the velocity of the 
vertex of the earth's shadow, taking the sun's radius as the 
unit of length and a year as the unit of time. 
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3. If one point move uniformly in a circle, and another 
move with equal velocity in a tangent to the circle, what are 
their relative paths ? 

4. The radius of the earth being 4000 miles, the latitude, 
\, of a place at which a train travelling westward at the rate 
of 1 mile per minute is at rest in space is given by 

^ 9 

C0S\ = -^7r- . 

5. A circle revolves with uniform velocity about its centre. 
The centre moves with varying velocity along a straight line. 
Find the velocity parallel to this line at any instant of a point 
on the circumference, and deduce the acceleration of the centre 
necessary for this point to be always moving at right angles to 
the line. 

6. A point moves in a curve in such a way that its direc- 
tion of motion changes at a rate varying as the velocity directly 
and the whole space described inversely. Prove that the cur- 
vature varies inversely as the arc. 

7. A wheel revolves uniformly about its centre G, which 
is fixed, and a particle A moves uniformly in a straight line 
through the centre ; describe the path of a point B in the 
wheel relative to A, (1) when GA is in the plane of the wheel, 
(2) when GA is perpendicular to that plane. 

8. If the resolved parts of the velocity of a moving par- 
ticle perpendicular to its distances from two fixed points are 
constant, and equal to one another, its velocity varies as the 
square root of the product of its distances from these points. 

9. A particle A moves in a straight line, a second particle 
B always moves towards A and keeps at a constant distance 
from it. Find the path of B, and shew that its velocity is a 
mean proportional between the velocity of its projection on 
the path of A and the velocity of A. 

10. If a point be situated at the intersection of the per- 
pendiculars, drawn from the angular points of a triangle to 
the sides respectively opposite to them, and have three com- 
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ponent velocities, represented, in magnitude and direction, by 
its distances from the angular points of the triangle, prove 
that its resultant velocity will tend to the centre of the circle 
circumscribing the triangle, and will be represented by twice 
the distance of the point from the centre. 

11. The tangent at a point P of a parabola meets the 
tangent at the vertex in Y and the axis in T. If Y move 
with uniform velocity, shew that T moves with uniform ac- 
celeration: if T move with uniform velocity, the velocity of Y 
varies inversely as A Y. 

1 2. If the velocity of a point be resolved into any number 
of components in a plane, its angular velocity about any fixed 
point in the plane is the sum of the angular velocities due to 
the several components. 

13. A point moves in a plane curve and sounds as it 
moves. At a fixed point G in the plane the whole sound 
produced is heard simultaneously. Shew (i) that if the point 
moves uniformly, the curve is an equiangular spiral — (ii) if 
the velocity of the point vary inversely as the distance of C 
from its line of motion, the curve is a reciprocal spiral. 

14. A point moves in the arc of a cycloid so that the 
tangent turns uniformly ; prove that the acceleration of the 
point is constant. 

1.5. If the axes Ox, Oy revolve with constant angular 
velocity w, and the component velocities of the point {xy) 
parallel to the axes are 

a" -¥ a'- V 

prove that the point describes relatively to the axes an ellipse 
in the periodic time 

a' ah ' 

Prove that the locus of the points about which the angular 
velocity of a point moving in any manner is, at the same 
instant, the same, is a circle. 

R Tl 3 
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16. If the acceleration of a falling body be the unit of 
acceleration and a velocity of 60 miles an hour the unit of 
velocity, find the units of length and time. 

17. If the angular velocity of a particle about a given 
point in its plane of motion be constant, prove that the trans- 
versal component of its acceleration is proportional to the 
radial component of its velocity. 

18. If the acceleration of a falling body be the unit of 
acceleration, and if a velocity of a yard per minute be the 
unit of velocity, find the units of space and time. 

19. If a lamina move in its plane so that two fixed points 
in it describe straight lines with accelerations/,/', shew that 
the acceleration of the centre of instantaneous rotation is 



jf +r-%ff cos d 

sin^ 
6 being the angle between the lines. 

20. A lamina moves in its own plane so that two points 
fixed in the lamina describe straight lines with equal accelera- 
tions ; prove that the acceleration of the centre of instan- 
taneous rotation is constant in direction. 

21. A point P moves with uniform velocity in a circle ; 
^ is a point in the same radius at double the distance from 
the centre, PR is a tangent at P equal to the arc described 
by P from the beginning of the motion ; shew that the 
acceleration of the point R is represented in magnitude and 
direction by RQ. 

22. In two different systems of units an acceleration is 
represented by the same number, while the velocity is 
represented by numbers in the ratio 1 : 3. Compare the 
units of time and space. 

23. If the time is a quadratic function of the space 
described, prove that the tangential acceleration is propor- 
tional to the cube of the velocity. 
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24. A point moves in an ellipse so that the velocity- 
varies as the square of the diameter parallel to the direction 
of motion : prove that the resultant acceleration at any 
instant ■will be in direction of the line joining the point with 
the middle point of the perpendicular from the centre on the 
tangent at the point. 

2-5. A point moves in a plane in such a manner that 
its tangential and normal accelerations are always equal, and 

its velocity varies as e^'^'o, s being the length of the arc 
of the curve measured from a fixed point ; find the path. 

26. If a curve roll in contact with a straight line with 
uniform velocity, shew that the acceleration of the point in 
contact with the straight line varies inversely as p, but if 
with uniform angular velocity directly sas p; p being the 
radius of curvature of the curve at the point in contact, 

27. A curve rolls along a straight line, the point of 
contact moving uniformly along the line. Shew that the 
acceleration of the centre of curvature of the rolling curve at 

the point of contact is proportional to -r^ in the curve at the 

point. 

28. If the motion be referred to two axes one of which 
is fixed, and the other revolves about the origin in such 
a way that the line joining the origin to the particle is 
equally inclined at an angle ^6 to the axes, shew that the 
component acceleration parallel to the fixed axis (f) is 

What is the other component ? 

29. If the radial and transversal accelerations of a particle 
be each proportional to the velocity in the direction of the 
other, the path of the particle is given by the equation of 
the form 

3—2 
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30. If the perpendiculars from a point P on axes Ox, Oy 
of which Ox is fixed, and Oy revolves uniformly, are f, 17 
respectively, prove that the accelerations of P parallel to 
the axes at the instant when they are perpendicular 
are ij — l^w + rjm^, and f ; the angular velocity of Oy 
being w. 

31. The centre G of an elliptic wire is moved with 
uniform velocity along a fixed line CT" in its own plane 
whilst the wire is in contact at P with a fixed line PT 
perpendicular to CY; shew that the acceleration perpen- 
dicular to PY of the point of the curve in contact at 
P oc x^ y^ p^, where GY=p, and x, y are the co-ordinates 
of P referred to the axes. 

32. A point moves in a plane with an angular velocity 
ft), and the plane is turning round the radius vector with an 
angular velocity m' ; prove that the accelerations in the plane 
are r — ft)V, and rw + 2reo, and that the acceleration perpen- 
dicular to the plane is rwas. 

33. A point P moves on a straight line OP which is 
made to describe uniformly a right circular cone about an 
axis OA, while OA sweeps out uniformly a right circular 
cylinder ; find an expression for the acceleration of the .point 
P in the direction OP. • 

34. A point P moves so that its velocity is compounded 
of two constant velocities, one of which is in a fixed direction 
and the other is perpendicular to the line joining P to a fixed 
point. Find the orbit described by P. 

35. A plane is moving about an axis perpendicular to it, 
and a point is moving in a given curve traced on the plane ; 
in any position a is the angular velocity of the plane, v the 
velocity of the particle relative to the plane, r its distance 
from the axis, f the perpendicular on the tangent, s the arc 
described along the plane, prove that the acceleration along 
the tangent to the curve is 






(dv da)\ 
'[ds+Pds)- 
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36. The velocity of a point moving in a plane is 
the resultant of two velocities v and v' along two radii 
vectores r and r measured from two fixed points at a 
distance a apart. Prove that the corresponding accelera- 
tions are 

J dv' vv , ,„ „ 2\ 

^^•^ d^ + 2lV^(^ -^+'^)- 

37. A circle of radius a rolls on a second fixed circle of 
the same radius and a point P on it traces out a cardioid. 
If and G be the centres respectively of the moving and 
fixed circles, prove that the accelerations of P along and 
perpendicular to PO are 

2a (2^=-^'' cos ^ + 61 sin 61), 
ia sin ^ (sin ^ ^ — ^^ cos „ 

6 being the angle OG makes with a fixed line. 

38. Two circles are taken, and the motion of a point is 
given by the component velocities {u, v!) in the directions of 
two tangents drawn one to each circle. Shew that the com- 
ponent accelerations in the same directions are respectively, 

du , /I cos rf)\ " 

, du' , f\ cos rf)\ 

and _ + ^,,«(^___^j 

where (I, V) are the lengths of the tangents, and (^) their 
mutual inclination. 



CHAPTER IV. 



31. The preceding discussions belong to the domain of 
pure reason ; we have now to introduce the facts of nature, 
and to employ the results we have obtained in the solution of 
actual cases of motion. 

For this purpose the laws enunciated by Newton are 
sufficient, and, once enunciated, the solution of any problem 
concerning the motion of a body or a system reduces itself to 
the integration of differential equations of the second order, 
and the interpretation of the solutions. 

The introduction of the principles of momentum and of 
energy will in many cases enable us to .determine the motion 
of a body or a system in a simple manner and without the 
intervention of differential equations of the second order. 

32. A particle of matter is supposed to be a very small 
body, but possessing a sensible mass and capable of being 
acted upon by forces, and, for theoretical purposes, two 
particles are supposed to differ from each other only in the 
case of their having different masses. 

Force is any cause which tends to change the state of rest 
or motion of a particle or a body. The weight of a body for 
instance is the force of the action of gravity upon it, and is 
found experimentally to be proportional to the mass or to the 
quantity of matter in the body. 

Experiments cannot be made with particles, such as we 
have imagined, but experiments made with bodies of various 
shapes and sizes lead to the enunciation of, and belief in 
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the laws of motion as applied to a particle, or to a body of 
any kind ; and the results of theoretical calculations, tested 
by experiment, and applied, on a large scale, to the motions 
of Planetary Bodies, have led to a profound conviction, in 
the minds of students of mechanical science, of the truth of 
these laws. 



THE LAWS OF MOTION. 

33. First Law of Motion. 

If a particle be not acted upon by any external forces, it 
is either at rest or it moves uniformly in a straight line. 

Second Law of Motion. 

Change of motion is proportional to the acting force, and 
is in the direction in which the force is acting. 

Third Law of Motion. 

Action and Eeaction are equal and opposite. 

34. With regard to the first of these laws, it is only 
necessary to remark that it is confirmed by the perpetual 
experiences of all ordinary phenomena. 

Any change of motion of a body is seen to be due to the 
action of some force, and the more we can eliminate the 
action of external force the more nearly we find that the 
motion of a body approaches to that of uniform motion in a 
straight line. 

35. The Second Law contains really two distinct state- 
ments. 

The first is the enunciation of the principle of the physical 
independence of forces, namely, that each force produces its 
full efiect in its own direction. 

To illustrate this consider the case of a ball receiving, 
simultaneously, two impulses in different directions. Sup- 
posing the velocity due to each individual impulse, when 
applied alone, to be known, then the second law tells us that 
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the ball is at once imbued with two coexistent and given 
velocities in given directions, and the motion of the ball, due 
to the two simultaneous impulses, is immediately determined 
by the parallelogram of velocities. 

The second is the quantitative relation between the 
magnitude of the acting force and the change of motion 
produced. 

Definitions. If m be the mass of a particle and v its 
velocity, the product mv is called its momentum or quantity of 
motion, and the rate of change of momentum is mil or mf, if 
/is the acceleration of the particle. 

The assertion of the second law is that the momentum 
produced in some given time is proportional to the mag- 
nitude of the acting force. If a constant force P acting 
on a body of mass m, produce in the unit of time the velocity 
/, mf is the momentum acquired and therefore 

P oc mf, 

and, if we choose the units so that the imit of mass is that in 
which the unit of force produces the unit of acceleration, we 
obtain P = mf. 

This equation really contains all the kinetics of a single 
particle. 

In any case whether the force be constant or variable, 
it is proportional to the momentum which it is capable of 
producing in a given time, or, which is the same thing, to 
the rate of change of momentum, and therefore, in general 

P=mf 

Even if the mass which is acted upon be variable, the 
effect of force upon it is the production of momentum, 
and the measure of the force is the rate of that production, 

so that -^ ~7f ("*'')' 

or, in other words, force is the time-flux of the momentum. 

36. Impulses. We have spoken of an impulse as an 
action producing velocity instantaneously in a given mass, 
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and such an action is proportional to the momentum which 
is apparently at once produced by it, so that if Q be the 
measure of an impulse producing a velocity ?; in a mass m, 

Q = mv. 

There is no real difference between a momentum produced 
gradually and a momentum produced in a very short interval 
of time. 

The application of a powerful time-microscope to the 
latter case would present the appearance of a force gradually 
accumulating momentum, and the final result is that which 
is spoken of as being instantaneously produced. 

If P be the measure of a very large and variable force 
acting for a short time t, and producing the momentum mv, 

then mv = I Pdt. 

Jo 

If in any given case we could find this short time r, then 
the mean value of the measure of the force would be mv/r. 

The expression 1 Pdt, or the time integral of the force, 

J 

is called the impulse of the force, or, briefly, the impulse. If 
the time t be infinitely small, and the force F infinitely large, 
a finite momentum mv may be instantaneously acquired. 

87. In the particular case of the action of gravity, if W 
be the weight of a body, and g the acceleration of a 
falling body, it follows that 

W=mg. 
From this it appears if we take a pound as the unit of mass, 
the weight of a pound is g units of force, so that, g being 
32-2 when a foot and a second are units, the unit of force is 
approximately equal to the weight of half an ounce. This is 
the British absolute unit of force. 

38. Parallelogram of forces. If a particle be acted 
upon by two known forces in given directions, we know from 
the second law that the particle has coexistent, in these direc- 
tions, two known accelerations. 
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The parallelogram of accelerations gives the resultant of 
these two, and therefore it follows that the resultant of the 
forces follows the same law, and the parallelogram of, forces 
is at once established. 

39. The angular momentum of a particle about a fixed 
axis is the moment of its momentum about the axis ; and 
therefore, if v be the component, perpendicular to the axis, of 
the velocity of the particle, p the distance between the axis 
and the line of this velocity, and h the angular momentum, 

h = mvp. 

Now consider the motion of a particle in a plane, and let 
T and N be the acting forces in directions of the tangent and 
normal to its path. 




The time-flux of the angular momentum about the axis 
perpendicular to the plane through the fixed point 

= A = mvp + mvp. 

The first term of this expression, mvp, is equal to Tp 
and represents the moment about the axis of the tangential 
force. 
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During an infinitesimal period of time St, the velocity 
has changed to v+Sv, and the direction of motion has 
turned through an angle B(f>, and therefore the change of 
momentum in direction of the normal PZ ism(v + Sv) sin S^, 
or mvS^. 

Now, if OZ be the perpendicular on the normal 
vSp = v. OZ.B^, 
and therefore mvSp = mvS(j> . OZ. 

But, N being the normal force NSt is the change of 
momentum in direction of FZ, and therefore 

Nht = m!vh^, or N=mv<f> 
and consequently mvp = mv^ . OZ = N, OZ, 
which is the moment of the normal force. 

Hence we obtain ' 

h=T.OY+N.OZ, 
that is, the time-flux of the angular momentum is equal to 
the moment of the acting forces. 

In the case of motion in a tortuous curve, or in any 
manner in three dimensions, the same result is true if the 
figure represent the projection, on a plane perpendicular to 
the axis, of the path of the particle. 

Other methods may be adopted to obtain this result. 

For instance, we can transform to polar coordinates, by 
observing that pBs = r^hd, each being the double of the area 
■ of an infinitesimal triangle, so that 

h = mps — mr'9, 



and %=mj (fff). 

But we know that - -^z {r^S) is the expression for the 

transversal acceleration, and therefore, if Q be the transversal 
force in action, 
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SO that h = Q .r, 

and Qr is the moment of the acting forces. 

If A be the vectorial area, or the area swept over by the 
radius vector, 

A = ^r% 
and therefore h = 2mA, 

and, A being the rate at which area is being swept over per 
unit of time, h is the product of a mass and an area, and also, 
being a vector, or directed quantity, it can be represented by 
a straight line, and is subject to the parallelogrammic law. 

40. The third law expresses the fact that if two bodies 
act on each other in any way, either by contact, or through a 
connection by means of strings or rods, or by mutual attrac- 
tion or repulsion, the force which one body exerts on another 
is exactly the same in amount but opposite in direction 
to that which the other body exerts on the one. 

Some important theorems are at once deducible from the 
third law, which are of the greatest utility in the discussion 
of the motion of systems of particles or bodies. 

Take the case of a system of bodies, attracting or repelling 
each other, acting on each other by contact for a finite time, 
or by mutual impulse. In this case any momentum which is 
produced or destroyed in any assigped direction is accom- 
panied by the production or destruction of an equal momen- 
tum in the contrary direction. 

Hence it follows that, if no extraneous forces act on a 
system of bodies, the total momentum of the system in a/ny 
assigned direction remains constant. 

This is the principle of the conservation of linear mo- 
mentum. 

Again the moments of two equal and opposite momenta 
about any straight line fixed in space being equal and 
opposite in direction, it follows that the angular momentum 
about any given aads, which is defined to be the sum of the 
moments of momenta of all the particles of the system, remains 
constant provided that no external forces act on the system. 
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This is the principle of the conservation of angular 
momentum. 

.41. One immediate consequence of the preceding results 
is that if no extraneous forces act on a system, its centre 
of inertia is either at rest or moves uniformly in a straight 
line. 

For if ^ be the distance from any fixed plane of the 
centre of inertia 

2 (m) .^=% (mx), 
X being the distance from the plane of a particle to. 

This gives 

2 {m) ^ ='Z {mx), 

or % (m) . I is equal to the total momentum perpendicular to 
the plane, and as this is constant, | is constant; and the 
same thing is true of any other direction. 

42. Again, as any acting force produces momentum in 
its own direction, it follows that the sum of the forces acting 
on a system in any assigned direction is equal to the rate of 
the change, that is to the time-flux, of the total momentum 
of the system in that direction; and that, for impulsive 
actions, the sum of the impulses in any direction is equal to 
the immediate change, in that direction, of the momentum of 
the system. 

Further, since the aggregate of the forces which are at 
any instant acting on the particles of a system have for their 
resultant the system of extraneous acting forces, the moments 
of these two systems about any fixed axis are equal. 

But the former are producing changes of angular mo- 
menta, and their moments about the fixed axes are equal to 
the rates of change of the angular momenta of the particles. 

Therefore the sum of the moments, about any fixed axis, 
of the extraneous acting forces is equal to the rate of change, 
that is, to the time-flux, of the angular momentum of the 
system about that axis. 



46 THE LAWS OF MOTION. 

For impulsive actions, the sum of the moments of the 
extraneous impulses about any fixed axis is equal to the 
immediate change in the angular momentum of the system 
about that axis. 

43. We now see that the principle of the conservation of 
angular momentum, as stated in Art. (40), should be, more 
generally, given as follows. 

If the eodraneous forces, acting on a system, have no 
moment about a given axis, the angular momentum of the 
system about that axis remains unchanged. 

44. These principles of Tnotion, which are derived im- 
mediately from Newton's laws, constitute the whole of the 
Kinetics of a system. 

If Q be the linear momentum of a system in any 
direction, and P the sum of the acting forces in that 
direction, the connecting equation is 

Q = P. 

If H be the angular momentum about any assigned axis, 
fixed in space, and L the sum of the moments of the acting 
forces about that axis, the connecting equation is 

H = L. 

For impulsive actions, the corresponding equations will 
be, if Q', H' be the new values of Q and H, 

g-Q^K, and H'- H= G, 
K and being the sums, in the directions considered, of the 
impulses and impulsive couples. 

It will be seen that linear momentum and angular mo- 
mentum are quantities of the nature of vectors ; that is, they 
can be represented by straight lines, and are subject to the 
parallelogrammic law. 

45. A rigid body is considered to be an aggregation of 
particles, or molecules, bound together by the forces of 
internal mutual attractions which are in all cases equal and 
opposite. 

It follows therefore from the preceding articles that the 
linear and angular momenta imparted to a rigid body by any 
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extraneous forces are independent of the shape, size, or 
nature of the body, but depend only on the acting forces ; 
and hence that the motion of the centre of gravity of a body 
is the same as if it were a single particle into which is 
concentrated the mass of the body, and the rotation of 
the body about the centre of gravity is independent of the 
motion of that point, and depends on the moments, about 
axes through it, of the acting forces. 

46. We can now state, in general terms, the principle 
embodying the preceding discussions. 

The forces ajffecting the particles of a body or system of 
any kind, are the extraneous acting forces, and the internal 
forces, due to mutual pressures, or to mutual repulsions or 
attractions, and these systems together are the exact equi- 
valents of the system of time-fluxes of momenta. 

But the system of internal forces, which is made up of 
sets of equal and opposite forces, has no resultant, and there- 
fore it follows that 

The system of time-fluxes of momenta is the exact 
equivalent of the system of acting forces. 

47. Energy is capacity for doing work, and a system may 
possess energy of motion, or energy of position, or both, the 
former being due to the relative motions of the bodies which 
constitute the system, and the latter to their relative posi- 
tions. 

The energy of motion is called Kinetic energy and is 
measured by the expression ^ 2 (mv'), v being the velocity ol' 
a body, m, of the system. 

As applied to a single particle in a field of force, if P be 
„ „ ■ d''^ds dv . d . ^. 

the acting force, P = ''^^-''^~T'Ji-''^''''T~i^ v^'" >' 

so that force is measured by the space-flux of the kinetic 
energy. 

The energy of position, or the Potential energy, of a 
system is the work which it is capable of doing in virtue of its 
configuration, that is, the relative position of the bodies of the 
system, or it is the work which has been expended upon it 
in moving it from a certain defined configuration to its pre- 
sent configuration, it beincr iindpra+nr^H tV.<. work done by 
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a force is the product of the force by the space through 
which it is exerted. 

Suppose for instance that two equal spherical balls, each 
of mass m and radius a, attract each other with a constant 
force P, and that they are placed at rest with their centres at 
a distance 2c. 

If the zero configuration be when they are in contact, the 
work P (2c — 2a) must have been done to separate them. 
This is the initial potential energy of the system of the two 
balls, their kinetic energy being initially zero. 

The system being left to itself, the balls will approach 
each other, and when their centres are at a distance 2a;, the 

p 
kinetic energy of each is | m . 2 — (c — «), and therefore the 

kinetic energy of the system is 2P (c - x). But in this con- 
figuration the potential energy of the system is P {2x — 2a). 
The sum of the kinetic and potential energies is therefore 
P (2c — 2a), and is constant during the motion. 

For another instance take the case of two balls connected 
by an elastic string and pulled apart; potential energy is 
thus stored up, and if the balls be let go, kinetic energy is 
acquired which is the exact equivalent of the loss of potential 
energy due to the contraction of the string. 

48. The preceding is a very simple case of a great 
general principle, which we now proceed to enunciate. 

The Principle of energy. In any conservative system the 
sum of the kinetic and potential energies is a constant quantity. 

As applied to a mechanical system, the meaning is that, 
in a conservative system, there is no loss of energy by 
conversion of kinetic energy into heat, or by internal friction 
producing loss of kinetic energy without gain of potential 
energy. 

There is no doubt that in any system the principle is 
universally true and that, in all cases, any loss of ordinary 
mechanical energy is accounted for by its conversion into 
heat or some other form of energy. 

In other words we may say that the gain of kinetic 
energy of a system is equal to the work done by the forces 
of the system, which is in effect the loss of potential enerarv. 
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49. For a single particle, since P = mv, Ave obtain 

Pv = mvv = -k-f. (inv'). 

Since v = s, the left-hand member of the equation re- 
presents the rate at which work is being done, and the right- 
hand member is the rate of increase per unit of time, or 
the time-flux, of the energy. Hence it follows that the work 
done in any time gives the change of kinetic energy during 
that time. 

Further it follows that, in a conservative system, that is, 
in a system in which there is no transformation into heat or 
other forms of energy, the change in the kinetic energy 
of the system is entirely due to, and is measured by the work 
done by the acting forces. 

Internal friction, collisions and explosions may produce or 
destroy energy, but, in what we have called a conservative 
system, such modes of developing or losing energy are not 
supposed to exist. In fact, from a mechanical point of view, 
forces of the character referred to are of the nature of forces 
extraneous to the system, by means of which the total energy 
of the system may be increased or diminished. 

50. In the chapter of the Principia on "Axiomata 
sive Leges Motus," the concluding paragraph, which is often 
quoted in support of the Law of Energy as a fundamental 
law is the following : 

Nam si sestimetur agentis actio ex ejus vi et velocitate 
conjunctim; et similiter resistentis reactio eestimetur con- 
junctira ex ejus partium singularum velocitatibus et viribus 
resistendi ab earum attritione, cohsesione, pondere, et ac- 
celeratione oriundis ; erunt actio et reactio, in omni instru- 
mentorum usu, sibi invicem semper sequales. Et quatenus 
actio propagatur per instrumentum, et ultimo imprimitur 
in corpus omne resistens, ejus ultima determinatio determi- 
nationi reactionis semper erit contraria. 

This passage really shadows forth the principle of energy 
in its modern form, and indeed states the principle as far as 
it could be stated at the time whea. the Principia was 
written. 

B. D. 4 
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It was not until Count Rumford began to make obser- 
vations, and to draw inferences from his observations, followed 
by a host of other investigators, that the principle of energy 
presented itself in the form which now renders it the one 
principle of the greatest utility in the discussion of natural 
phenomena. 

The magnificent intuition, which forms the opening 
Chapter of the Mecanique Analytique, and is the basis of 
operations of that great work, is, in effect, only a particular 
case of the general principle of energy. 

51. The preceding discussions of this chapter are 
sufficient for the purposes of the present treatise ; but for 
elaborate accounts, historical and critical, of the laws of 
motion and the science of energy, the student will consult 
the Natural Philosophy of Sir W. Thomson and Professor 
Tait. 

The student will find valuable expositions of the same 
ideas, from elementary points of view, in Matter and 
Motion by the late Professor Clerk Maxwell. 

Formation of the equations of motion of a particle. 

52. We hence see that the solution of any problem on 
the motion of a particle depends upon the equation 

P = mf 
If X, y, z be the coordinates of a particle referred to 
three fixed axes, and mX, mY, mZ be the component forces 
parallel to those axes, then, since the acceleration in any 
direction is entirely due to the resultant force in that 
direction, the equations of motion are 

mx = mX, my = mY, mz = mZ. 
If the axes are in motion about the origin, the equations are, 
dividing by m, 

u -v9„+ w9^ = X 
i) -w6^ + u8^ = Y 
w-ue^ + v$^ = Z. 
If we refer to the tangent, the principal normal and the 
binormal, the equations are 

s = B, - = N, o = T, 
P 
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the forces in the respective directions being, mS, mN, and 
mT. 

If we use cylindrical coordinates, the equations are 

r-re^ = R, i-e + 2r0=T, z = Z, 
mR, mT, and m^ being the forces. 

And, if we use any other system of representing the ac- 
celerations the equations are formed in the same manner. 

The integration of these equations, and the determination 
of the constants of integration by means of the initial 
circumstances of motion, constitute the solution of the 
question under discussion. 

53. Equations of motion of a system of particles. 

The inferences which have been drawn from the laws of 
motion, when expressed in mathematical forms, give the 
equations of motion of a system. 

Thus if m be the mass of. a particle of the system, whose 
coordinates are x, y, z, the rates of change of momenta 
parallel to the axes, sometimes called effective forces, are 
mM, my, and mz. 

We have shewn that the system of these quantities is 
exactly equivalent to the system of acting forces. 

If then X, Y, Z, be the sums of the acting forces resolved 
parallel to the axis, and L, M, If, the sums of the moments 
of these forces about the axes, we at once obtain 

Sma; = X, %my = T, 'tmz = Z, 
Xm {yz — zij) = L, Sm {zic — xz) = M, Sw {xij — yx) = N. 

As in the case of a particle these equations can be 
presented in various forms, and in a subsequent chapter 
some of their applications and developments will be con- 
sidered. 

At present they are placed on record, as being immediate 
consequences of Newton's Laws of Motion. 
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CHAPTER V. 

EECTILINEAR MOTION. 

64. The simplest case of motion is that of a particle in 
a straight line under the action of forces in that line, and the 
equation of motion in that case is 

mM = mX. 
If the force be constant and equal to mf, 
x =f and X =ft + u, 
u being the initial velocity. 

Integrating again, x = \f& + wf + a, if a be the initial 
value of X. 

The equation may also be written in the form 
dv J. 
'dx = f' 
leading to v^ = u^ + 2fx. 

55. Motion of two weights connected by a fine string 
passing over a smooth fixed pulley. 

If m, m' be the masses, T the tension of the string and x 
the distance of m from the pulley, 

mx = mg — T, 
and similarly a—x being the distance of the other weight, 
— tnHc = m'g — T. 
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Solving these equations we find that 

m + m, ^ 711 -\-m 



56. Motion of a particle, initially at rest, acted upon 
hy a force to a fixed point varying as the distance from that 
point. 

If the force be m/ix, the equation of motion is 

01= — fix 

or X + fix = 0, 

the solution of which is 

a; = J. cos Jfit + B sin J fj.t, 
this gives 

x = — A J /J, sin J fit + B J /J, cos Jfj.t. 

If initially x = a, and x=Q; then 5=0, 
and x = a cos J/Mt. 

The interpretation of this equation is that the particle 
oscillates through the centre of force between the positions 
x= a and x = — a, the time of a complete oscillation being 

27r 

If we multiply the equation of motion by 2x and integrate, 
we obtain x' = fi{a^ — a?), 

shewing as before that the velocity vanishes when x= ±a. 

If the force be repiilsive the equation of motion is 

ic = flUX, OT X — fJLX = 0, 

leading to 

x=A6'^>^' + Be~^'^, 
this gives 



X 



= J]iAe ** —J/jiBe 
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and introducing the initial conditions we find that 
a = A + B, and = A-B, 

so that a; = I (e^*** + e"^''*) = a cosh .Jfj-.t. 

As before we can obtain the velocity at once in terms of 
the distance from the equation, a;" = /t (a^ - a^). 

57. Motion of a particle, initially at rest, vmder the 
action of a force varying inversely as the square of the 
distance from a fixed point. 

In this case, the force being supposed attractive, ce=- fix'^ 
Multiplying by 2x, and integrating, we obtain 

^» = 2^(.^-a'), or^=±-^^-_, 

where a is the initial distance of the particle from the centre 
of force. 

Assuming that the motion is towards the centre of force, 
we must take the negative sign, and we then have 

a a 

mdt^_ _^ - lZ±- ^ 

Sf a dx Jax-x" Jax-x' Jax-x^' 

iWtL I o> _, 2* — a 

and a/— .« + C = VaiK-a;'' + 2COs'— ^^ — ; 

when f = 0, x = a, and.'. C= 0, 

Putting x=0, we obtain the time from the initial 
position to the centre of force, which is 



/a' 
V 2^' 



2 V 2^' 

At this point the velocity is infinite, and, as the particle 
passes through the centre of force, the direction of the 
force changes, and the motion of the particle is retarded. 

Imagine now that the particle is projected away /rom the 
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origin at the initial distance c (less than a) with the velocity 

The equation of motion is the same, and we obtain 

Initially x = o and so =_J2im (c"* — a'^); 

G=-2fm-\ 
di''=2/i{x-^-ar^), 
and sb = J2fi. («"' — a'^), 

taking the positive sign as the motion is outwards. This 
shews that the motion is exactly reversed, and that the 
particle will traverse the distance from a; = c to x = a and 
then come to rest, the time being exactly the same as in the 
inward motion from x = ato x = c. 

This is an instance of Mechanical Reversion, and hence it 
appears that the particle, in the first case, on arriving at the 
centre of force, will pass through and repeat its previous 
motion in exactly the reverse order, and thus perform 
complete oscillations in the time 

58. We have found that in the case of Art. (56), the 
time to the centre of force is independent of the initial 
distance, and, in the case of Art. (57), is proportional to a*. 

The consideration of dimensions enables us to predict 
each of these results. 

In each case, if a be the distance and /* the acceleration 
at the unit of distance, the time must depend upon a and ^. 

In the first case, if we assume that t <x oTim", and observe 
that t is of no dimensions in line, and that, ^ix being an 
acceleration, fi is of no dimensions in line, and of —2 
dimensions in time, we see that 

^ = and \=-2q, 

so that t cc-~ and is independent of the distance. 
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In the second case /i is of three dimensions in line, since ^ 

is an acceleration, and therefore 

p + Sq = 0, and l=-2q, 

J 
so that t cc —= , 

Conversely, if the time to the centre be independent of the 
initial distance, and depend only upon fi, and if we assume that 
the force is proportional to some power of the distance, say the 
«"" power, then, fix" representing an acceleration, which is of 
one dimension in line, and fi being a function of the time only, 
it follows that n = 1, so that, if the force vary as some power 
of the distance, the only possible law is that of the direct 
distance. 

59. Motion of a particle initially at rest under the 
attraction of a solid sphere, the particles of which attract 
according to the law of nature. 

If fji be the mass of the sphere and m the mass of the 
particle, the force on the particle when outside at a distance 
r is mfir~', and the case is therefore solved in the preceding 
article. 

If however the particle, on arriving at the sphere, be 
supposed to enter into a fine straight tube, in the line of its 
motion, passing through the centre, the force at the distance 
r, less than the radius of the sphere, is 

4 4 

g7^/>r'-^r^ or ^ wpr, 

p being the density. 

This being proportional to the distance the motion inside 
the sphere is determined as in the case of Art. (56). 

If the tube extend through the sphere, it will be found 
that the time of a complete oscillation is 



J /6' _i /a , /ab{b-a) /a' . , / 



3b-2a\ 
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where a is the radius of the sphere, and b the initial distance 
of the particle from the centre of the sphere. 

60. Motion in a straight line, in which a centre of farce, 
the attraction to which varies as the distance, is moving with 
a given constant acceleration f. 

If the original position of the centre of force be taken as 
the origin, the equation of motion is 

x = -n{x-lff), 
or, if a; — \ff = r, 

r +/= — fir, ov r + fiir +^-\ = 0, 

the solution of which is 

V + - = -4 cos J lit 4- B sin J at. 
• /J, 

Introducing the initial conditions, we find A and B, and 
thus determine x in terms of the time. 

61. Motion of a heavy particle, suspended from a fixed 
point by an elastic string. 

If X be the length at the time t, and T the tension, 
the equation of motion is 

Tnx = mg — T — mg — X , by Hooke's Law, . 

.. X / maq\ . 

or X -\ [x — a T-^ j = 0, 

ma\ \ / 

whence x — a — —^= A cos*/ — t + Bsm^/ — t. 

X V ma V ma 

Suppose that initially the particle is held at the distance 
a, the natural length of the string, and then let go ; that is, 
when t = 0, let ir = a, and x= Q, then 

x = a + ^^^(l -cos*/ — t). 
X \ ^ ma J 



58 KECTILINEAR MOTION. 

This shews that the particle descends through the space 
2a -—- , and then rises again to its initial position and 

At 

continues to oscillate, the time of a complete oscillation being 

The range of oscillation can be obtained at once by 
the principle of energy, for the particle will fall until the 
gain of potential energy developed by extension is equal to 
the loss of potential energy due to the fall. 

Now the potential energy of a stretched elastic string 

= J (Tension) (Extension), 

and therefore, if z be the total fall. 



J f \ - j ^ = mgz, ox z=2a — ^ . 



62. Fall of a heavy particle in a resisting medium 
when the force of resistance is proportional to the velocity. 

Measuring x downwards the equation of motion is 

a> =g — kx, 

which gives x+ kx = gt, 

if the particle fall from rest, 

and.-. ^ xi' = jgti'dt, [Chap, ii.] 

taking x=0, when t = 0. 

Hence x=^ — j e'"', 

and, if t increase indefinitely, « = f • 
This is called the terminal velocity. 

63. Fall of a heavy particle in a medium, the resistance 
of which varies as the square of the velocity. 
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Measuring x downwards the equation of motion is 
dv , o d.v^ .£,7 2 T 

from which v' e^' = | i^ + C, [Chap. li.J 

and, choosing the origin so that « = when x = Q, 

In this case the terminal velocity is \/ ^ . 
Further, ^=./^_jL_; 

from which we obtain, 

fe +6 



kx = Ids 



2 

Or we may use the equation, 

i) = g — hf, 
which leads to 



^\ 



T- pSf'^-t 1 \Jtg.t -\Jkg.t 



and gives the same value of a; as before. 

64. Motion of a heavy particle projected vertically up- 
wards in the same medium. 

In this case, measuring x upwards, 

dV , n 

Integi'ating and taking u as the initial velocity, 

g±h^_-,,, 
g+ku'~ ' 
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shewing that the particle rises to the height 

1 , U . fe'\ 



Further M = {g + ku') e-^ - g, 



:. J kg . i = sin ' 



6 



V^ + T V' + - 



hi 

9 •\ ■ 9 

which gives 

e** = Y • M sin {Jkg . t) + cos {J kg . t). 
Or, starting from the equation v = — g — kv', we obtain 

- Jgk t = tan-' fv ^ A - tan"' [usj ^, 
and therefore 

_ u /I /- 

^ fk Vg ^''''^^^■* ^u./kcoBjk^.t-J^jmJkg.t. 

^^ 1+u^'U^nJVg.t V^cosVl^.f+«7AsinV%i' 

giving the same value of x as before. 

63. A particle moves from rest, in a medium the resistance 
of which varies as the square of the velocity, under the action of 
a force to a fixed point varying as the distance. 

In this case 

dv , „ 
v-j- =kv — fix, 

and therefore 

observing that w ±= when os = a. 

66. Motion of a piece of uniform chain in a straight line, 
under the action offerees in that line. 

Taking a fixed point in the line, let x be the distance 
from of one end A of the chain and take r as the distance 
from .4 of a point F of the chain. 
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The motion of the element FQ (Sr) depends upon the 
tensions at P and Q and the acting force. 



JP Q 



If m be the mass of unit length, the mass of the element 
is mBr, and if mhrX be the force acting upon it, the equation 
of motion is 

mhr . x = Sy + mSr . X, 

taking T as the tension at P, and observing that the accele- 
ration of every point of the string is the same as that of the 
point A. 

Integrating this equation over the length of the string we 
shall obtain an equation for determining x in terms of the 
time. 

Suppose for instance that the force is repulsive and varies 
as the distance from the point 0, or that 

Integrating, 

mrx= T+ m/j. (rx + -^j + 0, 
and, observing that T=0, when r = and when r = a, 

« = /*(« + !). 
the solution of which is the same as in previous cases. 
Substituting for x we find that 

T=lmfir (a—r). 

67, Direct impact of elastic balls on each other. 

If two elastic balls impinge directly on each other, that is, 
if the line joining their centres be the line of motion of each 
ball, the effect of the impact is an immediate change in the 
momentum of each ball. 

But, since action and reaction are equal and opposite the 
momentum added to one ball is equal to that which is lost 
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by the other so that the total momentum remains un- 
changed. 

This gives one equation of motion. 

For another we appeal to experiment; and assume the ex- 
perimental law that, if e be the coefficient of elasticity, the 
relative velocity of the two balls after impact is reversed in 
direction and is to the relative velocity before impact in the 
ratio of e to unity. 

Hence if- the ball m impinge with velocity u on the ball 
m' moving in the same direction with velocity u', and if 
V and v' be the velocities after impact, both measured in the 
same direction as before, we have the equations, 

mv + mV = mu + m'u', 

v' — v = e(u — u), 

from which we obtain 

(m + m') v' = u(m-\- em) + v! (m' — em), 

(m + m') V =u (m — em') + u' {m + em'). 

It is worth mentioning that, in all cases of the impact of 
elastic bodies, energy is lost by impact ; if the elasticity be 
perfect, that is, if e = 1, no energy is lost. 

If two elastic balls impinge obliquely on each other, all 
that is necessary is to resolve the velocities parallel and 
perpendicular to the line of centres ; the motions perpendi- 
cular to the line of centres are unchanged, and the preceding 
equations determine the changes of motion along the line 
of centres. 



68. In the case of Art. (55), it is required to examine 
the effect of suddenly attaching a weight, mass fi, to any point 
of the ascending string. 

The mass /tt, having no momentum before it is attached, 
acquires momentum instantaneously, and if m be the 
descending body its motion is suddenly checked, while the 
portion of string between /* and m' is slackened and m' rises 
freely. 
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If u be the velocity with which the two are moving at the 
instant before /* is attached, and u immediately afterwards, 

(m + fi)u' = mu, 
since the momentum in the direction of motion is unchanged. 

The impulsive tension Q of the string is given by the 
equations 

m (u — u) = -^ Q, fjLu' = Q, 
the effect of the impulse on each body being change of 
momentum. 

Subsequently, if t be the time which elapses before the 
lower string becomes tightened, 

this determines t, and therefore determines the velocities of 
m and of jm and m at that time. 

A jerk then takes place, and the momentum of the 
system in direction of motion remaining unchanged the new 
velocity is at once determined and the subsequent accele- 
ration is 

m — iL — m 



m + fj, + m 



9- 



69. A straight piece of uniform chain lying on a smooth 
horizontal table receives at one end a given impulse in direction 
of its length ; it is required to determine the motion and the 
impulsive tension at any point. 



B P J. ^^ 

Let m be the mass of the chain, and a its length ; then if 
V be the velocity produced by the impulse, 

Q = mv, 
and, if T be the impulsive tension at a point P, 

m BP 

T=m — V, 
a 

for the mass of BP is set in motion by the impulse T. 
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70. A heavy uniform chain is suspended by one end above 
a horizontal table, its lower end being just above the table ; if 
it be allowed to fall, it is required to find the pressure on the 
table. 

We have seen that force is measured by the rate of pro- 
duction, or destruction, of momentum. 

As the chain falls, the table receives an infinite number 
of infinitely small impulses, and the result is that a finite 
varying pressure is produced, which, added to the weight of the 
portion coiled up at the instant considered, gives the pressure 
on the table at that instant. 

When a length x has been coiled up, the velocity is J^gx, 
and therefore the portion coiled up in a small time ht is 
S< J2gx, and the momentum of this portion, which is de- 
stroyed in the time ht, 

^MUj^-.J^^M^S^ht, 
a ^ ^ a ' 

M being the mass of the chain and a its length. 

X 

Hence momentum is being destroyed at the rate of 2il/gf - 

per unit of time ; and therefore, adding the weight of the coil, 
the pressure on the table is three times the weight of the coil. 

71. One end, B, of a heavy uniform chain hangs over a 
small pulley A, and the other is coiled up on a table at G ; if 
B preponderate it is required to determine the motion and the 
tension at C. 

It is easily seen in this case that all internal tensions 
neutralise each other, and that the momentum of the system 
in the direction of motion is due to the external forces acting 
on the system in that direction, that is to gravity, and the 
reaction of the table. 

This reaction is equal to the weight of the coil on the 
table, and the resulting force in direction of the motion is the 
difference of the weights of the two straight portions of 
chain. 
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If AC = a, and AB = x, and if v be the velocity, the 
momentum =(ji{x + a)v, fi being the mass of an unit of 
length; therefore 

j^{{x + a)v}=gix-a), 

CI sr fit} 

or, since 7/7 = "' {«> + a) '» -r- + i^^ = ff {"H — a) , 

the integral of this equation is 

the constant being determined by initial conditions. 

If for instance x= a, initially, that is, if x be just greater 

4 
than a, C = - go?, 
o 

{x + ay v^ = ^{x- af (x + 2a). 

o 

Also, (the tension at C) x Si = momentum generated in the 
time ht by the action of the tension 

therefore tension = /i?;". 

Or, we might have arranged the process thus : 

calling the tension T, 

dv 
/*(« + a) ^^ = W («-«)- ^ 

is the equation of motion of the portion of chain CAB, 
and, as above, T=fi,v^. 

72. A spherical raindrop, as it falls, receives continually 
by precipitation of vapour, an accession of mass proportional 
to its surface ; neglecting the resistance of the air, it is re- 
quired to determine its motion. 

If a be the initial radius, and e the thickness of the shell 
deposited in the unit of time, the radius (r) at the time t 

= a + et. 
B. D. 5 
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Hence the momentum at the time t 

= ^Trp {a + etfv, 

and J- .( |7r/3 a+ et\^v)=g. |7rp a + e<|°, 

and therefore -,- -\ = a, 

dt a + et ^ 

and v = ^ \a-\-et — 



This article and the two preceding were published in 1873, 
in a paper in the Mathematical Journal for that year. 

73. Fall of snow down a sloping roof. 

Imagine the snow to be just supported by friction or 
adhesion, and that a very slight downward impuke is given 
to the top line of the snow just below the ridge of the roof. 

In that case the snow will slide down from the top and 
gradually set the whole in motion. 

Take 6 as the breadth in motion, and m as the mass of 
unit area ; 

then, neglecting the friction on the mass in motion which 
is practically very slight, the equation of motion is 

-T (mbxx) = mbxg sin a, 

or xx-\-x^ = gx sin a, 

which gives ^ = \gx sin a, 

and shews that the acceleration is one-third of that of a mass 
sliding freely. 

74. The equilibrium and motion of a heavy ball, supported 
by a vertical jet of sand. 

We shall consider the case of a cylindrical homogeneous 
jet, supporting the ball symmetrically, and assume that the 
reflected particles of sand do not interfere with the ascending 
particles. 



BECTILINEAR MOTION. 67 

The weight of the ball will be equal to the rate at 
which momentum is being destroyed, or created in a reversed 
direction, when resolved vertically. 

In other words the weight will be equal to the resultant, 
which is clearly vertical, of the negative time-fluxes of the 
momenta. 

We shall assume that the velocity of the jet is consider- 
able, so that we may neglect the changes in the velocities of 
its particles due to the action of gravity. 




If m be the mass of the unit of volume of the sand, and u 
its velocity, the quantity which impinges on an elementary 
zone in the time Zt is 

m . 27ra sm6 .a cos dhd . uht, 

and the normal component of the momentum of this quantity 
of sand is 

'2.'irma^u^ sin 6 cos" dhOU. 

Multiplying this by 1 -(- e, where e is the coefficient of 
elasticity between the ball and the sand, we shall obtain the 
quantity of motion created in the normal direction outwards 
round the zone, and, dividing by U, we then obtain the 
negative time-flux of the momenta, which is the pressure on 
the ball. 

5—2 
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The last result, when multiplied by cos^, will be the 
resultant vertical pressure on the zone, and, if the breadth of 
the jet subtend an angle 2a at the centre of the sphere, and 
M be the mass of the sphere, it follows that 

ifjr = J Trma'u'' (1 + e) (1 - cos* a). 
If the ball be in motion, suppose that, at any instant its 
vertical velocity is v ; then the equation of motion of the 
ball is 

Mv=i Tj-jwa' (m - vY (1 + e) (1 - cos* a) - Mg, 

dv a .„ J, 

or v-r-=-^ (2uv -V). 

ax u 

Integrating we obtain 

2u-v = Ce'"; 
and, if we suppose the ball to start upwards with a velocity 
v', it will have its velocity destroyed after ascending through 
the space 

m" , 2m 

g ^ 2u-v 

and will then be under conditions consistent with equi- 
librium. 

The time in which this takes place is obtained by inte- 
grating the equation 

v = -^ (2uv — v^), 

and the theoretical result is that an infinite time must elapse 
before the ball absolutely loses its velocity. 

The simplest method of illustrating the idea of this article 
is to employ a jet of water. The ball rises and falls inter- 
mittently, and is occasionally at rest for a sensible time. As 
in the case imagined of a jet of sand, the pressure is due to 
the rate of destruction, and of creation in the contrary direc- 
tion, of the momenta, in directions perpendicular to the 
surface of the sphere, of all the elementary cylindrical shells 
which constitute the impinging stream. 
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EXAMPLES. 



1. _ A smooth wedge on a horizontal plane is moved from 
rest with an uniform acceleration; find the direction and 
amount of the acceleration that a heavy particle placed on 
its _ inclined plane surface may be in equilibrium relative 
to it. 

If the acceleration be given, find the motion of the 
particle, supposed initially at rest, upon the inclined surface. 

2. Particles slide from a fixed point down rough planes 
to points in the surface of a cone, whose axis, passing in 
direction through the point, is vertical, and vertex upwards. 

Shew that, if the vertical angle of the cone = 2 tan"^ - , 

the particles will all have the same velocity on arriving at 
the cone. 

3. Give a geometrical construction for determining the 
straight line of quickest descent of a heavy particle from a 
given point to a given curve. 

If the curve be a conic, with its vertex upwards, the 
length of the line of quickest descent from the focus to the 
curve is equal to the latus rectum. 

4. Determine the motion of a particle, initially at rest, 
under the action of a force to a fixed point varying inversely 
as the cube of the distance. 

5. A train goes from one station to another a mile off, 
being uniformly accelerated from rest in the first two-thirds 
of the distance, and being brought to rest by uniform 
retardation in the remaining one-third of the distance, and 
taking 3 minutes to perform the journey. Find the ac- 
celeration and retardation and the maximum velocity ac- 
quired. 

6. A hyperbola is placed in a vertical plane with its 
transverse axis horizontal; prove that when the time of 
descent down a diameter is least, the conjugate diameter is 
equal to the distance between the foci( 
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7. Find the locus of points from which inelastic particles 
may be let fall on a smooth inclined plane, so as always to 
have the same velocity on arriving at the same horizontal 
line in the plane. 

8. Two equal weights are fastened to the extremities of 
a string and are then hung over two small smooth puUies 
A, B which are in the same horizontal line. If a third 
equal weight be fastened at the middle of the horizontal 
portion AB of the string, shew that it will descend a distance 
equal to two-thirds of AB, and find the velocity in any 
position. 

9. Two bodies, 2P and P, are connected by an in- 
extensible string, which passes over a fixed smooth pulley ; 
determine the motion and the tension of the string. 

If, after the motion has gone on for one second, another 
body P, having . no velocity, be suddenly attached to the 
descending body 2P, determine completely the subsequent 
motion of the system. 

10. Two elastic balls impinge obliquely, so that their 
directions of motion are interchanged : prove that the 
product of their velocities is unaltered, and that if their 
masses be equal their directions make equal angles with the 
line of impact and that their velocities are unaltered. 

11. In an Atwood's machine, if the string can only bear 
a strain of one-fifth of the sum of the w eights at its two ends, 
shew that the larger weight is not less than 13 times the 
smaller weight, and that the least acceleration possible is 

12. If two elastic balls impinge on each other with 
equal and opposite momenta, their kinetic energy will be 
reduced in the ratio e" : 1. 

13. A particle is projected in a resisting medium 
towards a centre of attractive force which varies as the 
inverse cube of the distance : the resistance of the medium 
varies as its density and as the square of the velocity, the 
density varying as the inverse cube of the distance from the 
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centre: prove that the particle's velocity on reaching the 
centre is independent both of its initial distance and of its 
initial velocity. 

14. A particle starts from rest at a distance b from a 
fixed point, under the action of a force through the fixed 

point, the law of which at a distance x is fj,(l J towards 

the fixed point when x is greater than a, but /".(-^ — ) 

from the same point when x is less than a : prove that the 

y — a" 
particle will oscillate through a space — 7 — . 

15. In a single moveable pulley when there is equi- 
librium the power and the weight hang by vertical strings ; 
the weight being doubled and the power being halved, prove 
that the tension of the string will be unchanged. 

16. If in the second system of puUies there are n strings 
at the lower block, prove that the upward acceleration of W^ 
due to a power P will be 

nP -W 

If when W has an upward velocity v, the weight P reach 
the ground, prove that there will presently be upon the 
string an impulsive strain 

nPWv • 
n'P + W 

17. A series of n elastic spheres whose masses are 
1, e, e", &c. are at rest, separated by intervals, with their 
centres on a straight line. The first is made to impinge 
directly on the second with velocity u. Prove that the final 
kinetic energy of the system is ^ (1 — e + e") M^ 

18. Two weights P and Q, connected by a string passing 
over a smooth pulley, are held at a distance c above a hard 
inelastic horizontal plane and let go. After a series of 
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impacts by the heavier weight P on the plane, the system at 
length comes to rest. Shew that the whole time of motion is 



3^?^ 



Q 1 
Q '9' 



19. Two balls, of elasticity e, moving in parallel direc- 
tions with equal momenta, impinge; prove that, if their 
directions of motion be opposite, they will move after impact 
in parallel directions with equal momenta ; and that these 
directions will be perpendicular to the original direction 
if their common normal is inclined at an angle sec"' (1 + e) 
to that direction. 

20. Prove that, in order to produce the greatest de- 
viation in the direction of a smooth billiard ball of diameter 
a by impact on another equal ball at rest, the former must 
be projected in a direction making an angle 






. -e 
sin 



with the line (of length c) joining the two centres ; e being 
the coefficient of elasticity. 

21. A ball A strikes directly a ball B at rest, B strikes 
directly C at rest and is then again struck by ^ ; if -4 
is reduced to rest and B and C move with equal velocities, 
prove that 

^ : 5 : C :: 3 : 1 : 2, 
all the balls being perfectly elastic. 

22. Three balls of masses A, B, C are at rest with 
their centres in a straight line; if A be projected towards 

B, shew that there will be four impacts if — ^^ — -.-- 

, 1 + e' , , ^- .. .^, H-e" , l-f-e + e' 
be < - - , and only three it it be > ~„ and < , 

and only two if it be > . 



RECTILINEAR MOTION. 73 

23. A weight P hanging vertically just supports a 
weight W in that system of puUies in which there is only 
one string. Shew that, neglecting the masses of the puUies, 
if P and W be interchanged their centre of gravity will 
descend with an acceleration 

(W-py 

W'-WP+F'^- 

24. If the weight (P), on a wheel and axle, suspended 
from the wheel preponderate over the weight ( W) suspended 
from the axle, prove that the acceleration of P is 

a^P-abW 
^ b'W+a'P ' 

where a and h are the radii of the wheel and axle, the inertia 
of the wheel and axle being neglected. 

If an additional weight (w) be suddenly attached to W, 
find the impulsive tensions of the two strings. 

25. Two trains of equal weight are being drawn along 
smooth level rails by engines, one of which exerts a constant 
tractive force, while the other's rate of working is uniform. 
Prove that if their velocities at two instants are equal, the 
second train moves through the greater distance during the 
interval between the two instants, and that they are working 
at the same rate, at the end of half this interval. 

26. Two given points are in the same vertical line ; 
shew that the locus of the points in a vertical plane through 
them, from which the times of descent to the two points are 
the same, is a rectangular hyperbola. 

Shew also that, if two equal circles be in the same 
vertical plane, the locus of the points from which the times 
of shortest descent to the circles are the same is a rect- 
angular hyperbola. 

27. A particle moves in a straight line under a centre of 
attractive force fi'r in that straight line ; if it be initially at a 
distance c from the centre of force and be projected in the 
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straight line with velocity V, shew that it will arrive at 
the origin in a time equal to 

1 • -1 /tc 

- sin 



28. A cycloid has its base horizontal and vertex up- 
wards; prove that the time of falling down any radius of 
curvature is constant. 

29. The mean time of descent down a given inclined 
plane of unknown roughness is equal to twice that down 
an equal smooth plane, all coefficients of friction, for which 
motion is possible, being considered equally probable. 

30. A heavy particle is attached by an elastic string to 
a fixed point on a smooth horizontal table; the particle is 
drawn out along the table till the string is double its natural 
length (a) and it is then let go; find the velocity of the 
particle in any position and shew that it will return to 

the starting point after a time = 2a / - (tt + 2) : the modulus 

of elasticity of the string being equal to the weight of the 
particle. 

31. Two equal particles which mutually repel one an- 
other with a force varying as the distance between them are 
connected by a light elastic string; find the condition that 
the motion may be oscillatory ; and assuming that the par- 
ticles would rest in equilibrium with the string stretched to 
twice its natural length find the amplitude of the oscillation 
if the particles just meet. 

32. Two particles start simultaneously from the same 
point and move along two straight lines, the one with 
uniform velocity, and the other from rest with uniform 
acceleration. Prove that the line joining the particles at any 
time is always a tangent to a fixed parabola. 

83. An infinite number of particles are arranged along a 
curve; they move normally to the curve with velocities 
which are always proportional to the perpendicular from the 
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origin on the tangent to the locus at any instant. Prove 
that they will always lie in a similar curve with the origin 
for a centre of similitude ; and that if they move so as to ap- 
proach the origin, they will reach it together after an infinite 
time. 

34. ABOD is a smooth tube in a vertical plane bent up- 
wards at B and C,BG being horizontal, and the angles ABC, 
BGD, being equal and obtuse. An inelastic particle slides 
from a given point in AB. Find the time it will take to 
reach its highest position in CD; and if this time be equal to 
that of the next similar stage of motion, and angle ABG = 135°, 
shew that the original vertical height of the particle above 
BG=IBC. 

85. A smooth circular hoop, radius a, rests on a smooth 
horizontal table; a small spherical mass is projected in any 
direction from the centre of the circle with velocity v : prove 
that the whole time that elapses until the nth impact is 
a 2 - e"'^ - e" 
v' e"-'-e" ' 
where e is the coefficient of elasticity. 

Also find the ultimate velocity of the ring and sphere 
after an infinite time. 

36. An elastic string is extended between two fixed 
points to double its natural length, and a particle of mass m 
is fastened to the middle point of the string. If the particle 
be drawn towards one of the fixed points through half its 
distance from that point, and then let go, find the greatest 
velocity which it subsequently acquires. 

If a be the natural length of t he string, prove that the 
time of a complete oscillation is Trjma -r- Jx. 

37. A particle is placed initially at a distance a from a 
centre of force the attraction to which varies inversely as the 
distance; prove that the time of arriving at the centre of 



force is a a/ g- 



76 BECTILINEAB MOTION". 

38. The upper extremity of a piece of chain, hanging 
vertically is made to move upwards, with a given acceleration ; 
find the tension at any point of the chain. 

39. An endless elastic string, modulus X and natural 
length 27rc, is placed in the form of a circle on a smooth 
horizontal plane, and is acted upon by a force from its centre 
equal to fir per unit mass of the string. Shew that its 
radius will vary harmonically about a mean length 

27rXcH- 27rX — m/iC, 

m being the mass of the string, if 2'jrX > m/MC. 

Examine the case when 27r\ = m/j,c. 

40. A particle is placed within a straight tube of length 
a and small section and the ends of the tube closed. If the 
tube is placed on a smooth horizontal plane and projected in 
the direction of its length, prove that the distance advanced 
by the tube between the 1st and (n + 1)* impacts between 

the particle and the ends of the tube is „ (e"" — 1); the 

masses of the tube and particle being equal and the coefficient 
of restitution between the particle and the ends of the tube 
being e. 

41. Two equally elastic balls, not in the same vertical 
line, are dropped upon a hard horizontal plane: if the balls 
ever come again simultaneously to positions of zero velocity, 
prove that their initial heights above the plane are as 

(e"-l)Ho(e"-l)^ 

where m and n are positive integers, and e is the modulus of 
elasticity. 

42. P is a point to which the time t of sliding from A 
and B in straight lines is the same. Find another point Q for 
which the times from A and B are also t ; and shew that if 
t' be the time from P to ^ or Q to P 

f~t " ^ A PJBP AQ^BQ 
f + t" AQ.BQ°^ AP.BF- 
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43. A particle is projected with a given velocity in a 
medium in which the resistance varies as the cube of the 
velocity; find the time io which it will traverse a given 
distance, and the velocity which it will have at the end of a 
given time. 

44!. A string hangs over a fixed pulley ; a weight of two 
pounds hangs at one end, and a pulley at the other ; over the 
pulley hangs a string, carrying a weight of one pound at each 
end ; when the whole is in equilibrium, any force is applied 
to one of the smaller weights : shew that, when it has pulled 
it down three inches, the other one pound weight, and the 
two pound weight has each risen one inch ; shew also that, if 
the motion of the weight to which the force was applied 
be stopped in any gradual manner, the whole will be brought 
to rest, and the distances travelled by the weights will be as 
3:1:1. 

45. Two inclined planes of the same altitude and in- 
clinations a, /S, are placed back to back with an interstice be- 
tween. Two weights P, Q are placed one on each plane at 
the bottom and connected by a string which passes over 
two small smooth pullies at the top and under a moveable 
pulley, weight W, which hangs between the two planes, the 
free portions of the string being parallel. Find the least 
value of W in order that both weights may be drawn up: and 
if they arrive at the top at the same time, prove that 

4 (sin" a - sin" j8) 
W 
_ 2 sin a + sin a sin yS 4- sin" /S 2 sin y8 -I- sin a sin yS + sin' a 
- p - Q • 

46. A particle, of mass m, initially at rest at a distance a 

from the origin, is acted upon by the force mfi \r-\-—A to the 

origin, r being the distance; find the time in which it arrives 
at the origin, 

47. Examine the motion of a particle, initially at rest in 
a medium the resistance of which varies as the velocity, 
under the action of a force to a fixed point varying as the 
distance. 
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48. A train travels at the rate of 45 miles an hour. 
Rain is falling vertically, but owing to the motion of the 
train, the drops appear to fall past the window at an angle 
tan"' lo with the vertical. Find the velocity of the rain- 
drops. 

If the raindrop were divided into 1000° equal spherical 
portions, prove that the cloud so formed would have a velo- 
city of '044 ft. per second. 

The velocities are supposed to be full speed velocities, and 
the resistance of the air to vary as the square of the product 
of the velocity into the diameter of the drop. 

49. Two imperfectly elastic balls, equal in size, but 
unequal in mass, are placed between two perfectly hard 
parallel vertical planes, to which the line joining the centres 
of the balls is perpendicular, each ball being initially at a 
distance from the plane nearest to it, inversely proportional 
to its mass. The balls approach each other, with velocities 
inversely proportional to their masses; prove that every 
impact will take place at the same point as the first does. 

50. In an Atwood's machine the heavier body P is 
perfectly elastic, and Q is perfectly inelastic, and they start 
from rest at the same distance a above a fixed horizontal 
plane; and when P impinges on the plane and rebounds 
with unchanged velocity, Q strikes against a fixed obstacle 
and is reduced to instantaneous rest ; determine the subse- 
quent motion, and shew that the two bodies are again at 
instantaneous rest when P is at a height P^a H- (P+ Qy above 
the horizontal plane. 

51. A piece of uniform chain hangs vertically from its 
upper end, with its lower end just above a smooth inclined 
plane; if it be let go, find the pressure on the plane during 
the fall. 

52. A heavy chain is suspended from one end above a 
rigid horizontal plane ; on the other side of the plane in the 
vertical line of the chain, there is a centre of force the 
attraction to which varies inversely as the square of the 
distance ; find the motion of the chain, and the pressure on 
the table during the fall of the chain upon it. 
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53. The potential at the distance r from a fixed centre 
being /ttr", find the motion of a particle originally at rest at a 
distance a from the centre, and prove that the time of 
oscillation is 



n-a / TT 



na " 



V 
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64. An elastic flexible ring of natural radius a is stretched 

upon a circular cylinder whose radius is [ 1 + . /-) a, and is 

then pushed off so that all the points of the ring quit the 
cylinder at once. Assume the law of compression to be that 
the compressed length is to the natural length as X : P + \ 
where X is the pressure which would halve the length of the 
string, and is equal to the tension which would double it 
according to Hooke's law. Prove that in the subsequent 

motion the least radius of the ring will be - , where e is the 

e 

number 2718281828. 

55. A rope passes over a smooth pulley, having a weight 
attached to one end, and a monkey hanging at the other 
end, just balancing the weight. The monkey suddenly starts 
off, runs up a certain length of the rope at a uniform rate, and 
then holds on ; determine the whole motion, and prove that, 
if the monkey exert his whole strength in climbing, and be at 
all fatigued by the efibrt, he will be certainly jerked off. 

56. An uniform string, whose length is I and weight per 
unit of length w, hangs over a small smooth pulley with its 
ends just in contact with a horizontal plane; if the string be 
slightly displaced, shew that when one end has risen through 
a height h the pressure of the string on the plane is 



«'(2^1°gzZl-'^). 



and its resultant pressure on the pulley is 

,l-2h 
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57. Two particles of equal mass m are placed in two 
smooth straight tubes, between which the shortest distance is 
c and the angle 2x 

The accelerating effect of the attraction of either upon 
the other is mf{p) at distance p. Each particle is initially at 
rest, one at the foot of the perpendicular, the other at a very 
small distance /3 from it, shew that their respective distances 
from it at the time t will be 

^ /S {cos (i V M sill <") + ^°s (* V A* <^°s *)}> 
where 2/iC = m/(c). 

58. A ball is supported by a uniform jet of sand, in the 
form of a thin conical surface, impinging upon it symmetri- 
cally as regards its vertical diameter : prove that the weight 
of the ball is Qu (1 + e ) cos a cos (a + /S) ; where Q is the 
quantity of sand discharged from the jet per unit of time, v the 
velocity of discharge, e the coefficient of elasticity between 
the ball and the sand, a the angular radius of the circle 
in which the jet impinges, j8 the semi-vertical angle of the 
jet. 

59. Two equal buckets are connected by a string without 
weight passing over a smooth pulley, and over one of the 
buckets a heavy chain is held by its upper end, with its lower 
end just above the base of the bucket; if the upper end 
be let go, prove that the equilibrium may be maintained 
by pouring water gently and uniformly into the other bucket, 
provided the weight of water which can be poured in is 
three times the weight of the chain. After the chain has 
entirely fallen in, find its pressure on the bucket in which it 
lies, supposing the flow of water then to cease, 

60. One end of a heavy chain length 3a is fastened 
to a small smooth ring through which the chain is passed so 
as to be in equilibrium with a length a hanging freely. Prove 
that if the free end be slightly displaced downwards its 
velocity V when the length of the free portion is x is given by 
the equation 

™ _ o {«: - ay (a; + 5a) 
^ ■ {x+3ay ■ 
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pi. A heavy chain, of length 4(X, is coiled up on a 
horizontal table, at the distance a from one edge of the 
table, and one end of the chain is then drawn out at right 
angles to the edge and just over it ; the height of the table 
above the floor being a, investigate completely the motion of 
the chain. 

62. A chain of given length is at rest on a smooth hori- 
zontal plane, with one end fastened to a point on the plane, 
under the action of a repulsive force from that point varying 
as the distance. If the chain be set free, find the initial 
change of tension at any point, and the subsequent motion of 
the chain. 

If the chain impinge upon a vertical wall perpendicular to 
its own direction, find the pressure upon the wall at any sub-- 
sequent period. 

63. On a certain day between one and four o'clock in the 
afternoon ^ an inch of rain fell. Assuming that the drops 
were indefinitely small and that their terminal velocity was 10 
feet per second, find the impulsive pressure in tons per square 
mile consequent on the rain-drops being reduced to rest, 
assuming that a cubic foot of water contains 1000 oz. and 
that the rain fell uniformly and continuously. 

64. A fine string without weight passing over a smooth 
pulley, supports two equal scale-pans ; a heavy chain is held 
by its upper end above one of the scale-pans, its lower end 
being just above the scale-pan; if the upper end be let go, 
determine the motion completely, and find, at any time, the 
pressure on the scale-pan. 

65. A meteor is seen to fall vertically to the Earth, 
leaving a bright trail behind it. If the resistance of the air 
be constant and equal to B, the rate of loss of matter burnt 

off be jBv, and if M, Fbe its mass and velocity just after 

ft/ 
entering the atmosphere, shew that the velocity after falling 
through a distance z is given by 

where X = -73- - 

B.D. 6 
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66. An indefinite quantity of a uniform string is coiled 
in a heap on the floor of a room and escapes into the room 
below through a hole in the floor ; shew that the velocity of 
escape can never exceed Jga, where a is the height of the 
hole above the floor of the room below. 

67. A chain whose density varies as the distance from 
the end A is coiled up close to the edge of a smooth table 
and the end A allowed to hang over. Shew that the motion 
is uniformly accelerated and the tension at the edge of the 
table varies as the fourth power of the time elapsed since the 
commencement of motion. 

68. A pulley is fixed above a horizontal plane. Over the 
pulley passes a fine string which has two equal chains fasten- 
ed to its two ends. In the position of equilibrium a length e 
of each chain is vertical, the remainder of the chains being 
coiled up on the table. 

If now one chain be drawn through a distance no and 
then let go, prove that the system will next come to rest 
when the upper end of the other string is at a distance mc be- 
low its mean position, m being given by the equation 
(l-m)6"'=(l+n)e-". 

69. A flexible chain hangs in equilibrium over a smooth 
vertical circle with one end fixed to the extremity of a 
horizontal diameter and a portion hanging vertically at both 
sides of the circle; if the fixed end be set free, shew that the 
equation for determining (y) the distance of the lowest point 
of the chain from the horizontal diameter during the first 
part of the motion is 

where I is the length of the whole string and 2c is the clrcund- 
ference of the circle. 
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ACCELEBATIONS PARAI-LEL TO CO-ORDINATE AXES. 

75. We now proceed to illustrate the use of the 
equations 

mx = mX, my =mY, 
by the consideration of some cases to which these equations 
are the most easily applied. 

If the forces are given, and the initial circumstances of 
motion, the equations determine the path of the particle; 
and, if the path be given, with some other condition besides, 
the forces are determined. 

76. Motion of a heavy particle in a vertical plane. 

Measuring t/ vertically upwards the equations of motion 
are 

x = 0, y = -g. 
If u be the initial velocity and a. the inclination to the 
horizontal plane of its direction, we obtain 

x = ucosa, y = usva.a—fff, 
and if the point, of projection be the ori^n, 

ai = ut cos a, y = ut sin a — ^gt\ 
Eliminating t we obtain the equation to the path of the 
particle. 



2' = **^^«-2»^' 



6-2 
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•which is a parabola, having its axis vertical and vertex 
upwards, the co-ordinates of the vertex being 
ti" sin 22/29 ^iid u'sin''a/2g. 

The latus rectum is 2u^ cos" a/ff, and the height of the 
directrix above the point of projection is u'/2ff. 

The direction of motion at the time t is given by the 
equation 

tan = ^ , 

M cos a 

and, if v be the velocity at the point (x, y), 

v^ = SD^+f=u' + gV — 2ugt sin a = w" — 2gi/, 

shewing that the velocity at any point is equal to the velocity 

due to a fall to tha* point from the directrix. 

The range of a projectile on the horizontal plane through 
the point of projection is at once seen to be 
u" sin 22/g. 

To obtain the range on an inclined plane, perpendicular 
to the plane of motion, through the point of projection, 
measure x and y parallel and perpendicular to the plane. 

Then, if yS be the inclination of the plane, 
a; = - (7 sin /3, y = - ^f cos /3, 
.•. a; = M cos (a—^).t — ^g sin ^f, 
y = usiD.{a~ ^) .t — \g cos /3i°. 
Putting y = 0, and eliminating t, we obtain 
_ 2m'' cos a sin a — /3 
^ .^cos^jS ' 

which is the range on the inclined plane, and is a maximum 

when a = J ("s + ^) ) tliat is, when the direction of projection 

bisects the angle between the inclined plane tod the ver- 
tical. 

To find the direction of projection in order that the 
particle may pass through a given point is the same thing 
as finding the direction of projection in order that the 
range on a given inclined plane may be a given quantity. 
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Hence from above cos a sin a — /3 is given, 

and therefore sin 2a — /8 is given. 

If then a' and a" he the two values of a, the expressions 
2 (a' — /3) + /3 and 2 (a" — /3) + /3 are supplementary, and 
therefore 

(a'-^) + (a"-/3) = 2|^-f}, 

shewing that there are two directions of projection and 
that they are equally inclined to the direction of projection 
which gives the greatest range. 

77. . Conversely, if the given path be a parabola, and it 
be given that the force is parallel to its axis, we have 

if = 4}ax, 
with the equations mx = mX, y = 0, 
so that y = c, a constant, 

and therefore * = ^ and a; = -r- , 

2a 2a 

shewing that the force is constant. 

78. To find the force perpendicular to the axis under 
the action of which a conic section can be described, we have 
the equations, y' = 21a; — nx', 

ai = 0, my = mY. 
From these we obtain 

« = c, and yy=Q' — nx) c, 

hence yy + if—— »*c^ and therefore y'= ^ , 

shewing that the force varies inversely as the cube of the 
ordinate. 

Conversely, if it be given that the force is perpendicular 
to the axis of x and inversely proportional to y^, the equations 

of motion are x = Q, y = § , 

and therefore d; = c, y^ = /^ (-i ± ^A > 

c and h being constants. 
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Hence --^ ^^ - 

ody */fj,{¥±f)' 

and therefore - + « = -;= VfiN^ 

which is the equation of a conic section. 

79. It is required to find the force perpendicular, to the 
asymptote, under the action of which the curve, x'+y^ = a\ 
can be described. 

In this case, if P be the force, 

Hence x — y = c, 

and from the equation of the curve a?A>+y^y = 0. 
These equations give 

. _ cy^ . _ —ex' 

and X = —-7~i ^ , whence the force ; 

and the velocity at any point = — 5 f- . 

80. In all cases in which force acts in parallel lines, the 
velocity in the direction perpendicular to the force remains 
constant, and therefore the time of traversing any arc of the 
orbit is obtained by observing the space, passed over in the 
direction perpendicular to the force, and dividing this space 
by the constant velocity. 

81. Motion of a particle under the action of a force to 
afi^ed pmnt proportional to the distance from that point. 

If r be the distance, and /^r the force on a particle of unit 
mass, the equations of motion are 

x = — ij,r cos6 = — fix, y = — firsm6= — fiy. 
The integrals of these equations are. Chapter II. 
x=AcQ& J/jit + B sin J fit, y = cos J /it + D sin J fit, 



CO-OEDINATE AXES. 87 

the constants being determined ty the initial circumstances, 
of the motion. 

Eliminating t we obtain the path 

{Cx - Ayf + {By - Dxf = {BG - AD)\ 
which is an ellipse. 

82. In this case we may usefully employ oblique axes. 

being the centre of force, and A the point of projection, 
take OA as the axis of x, and the line through parallel to 
the direction of projection as the axis of y. 

If f, f be the component accelerations parallel to the 

axes 

d^ . . cP . 

•f sin oi= -T~^{a; sin a), and /' sin a = -^-j (y sin a), 

so that f=^ a-nd f = y- 

The component forces are —fix and — fiy, and resolving 
perpendicular to the axes, we obtain 

iesmoL = — fiX sin a, y sin a = — /ly sin a, 
or 00 = — fxx, y = — fiy. 

Initially x = a, x = 0, y = 0, y = v, 

and therefore x=a cos J fit, y = —= sin Jfji, 

and the path is -5 + 2 = !> 

2i) 
an ellipse of which 2a and -pr are conjugate diameters. 

If the force be repulsive the equations of motion, employ- 
ing oblique axes, are 

iB = fj,x, y = fiy, 
and therefore 

X = Ae"^^ + Be- ^^*, y ^ Ge^« + De" ^*, 
and, with the same initial conditions. 
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and the equation of the path is 

^-^!£-^ 
a" v^~ ' 

2v 
a hyperbola, of which 2a and -p are conjugate diameters. 

In each case if 2a and 2b be the conjugate diameters 
v = J/j,.h, 

and, as any point P of the path may be regarded as the 

initial point, the velocity at P is equal to ^//i . CB, -where 
CD is conjugate to CP. 

83. General deductions from the equations of motion. 

Taking x = X, and i/ = Y, ^ 

we obtain sr.y — yx = xY— yX, 

or j^ {xy - yx) = if, 

if mK be the moment of the forces about the origin. 

The angular momentum of the particle is the moment of 
its momentum, which is 

m, {xy — yx). 

If then we denote by mh the angular momentum, we 
obtain 

mh = mN, 

that is, the time flux of the angular momentum is equal to 
the moment of the forces. 

Again we know that, if A be the area swept over by the 
radius vector, 

2A =xy — yx, 
and.-. 2A = N. 

If N be zero, that is, if the force be central, A is constant, 
so that the area swept over is in that case proportional to 
the time. 

This is Newton's Proposition I. 
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Further we obtain, multiplying by 2iv, 1y, adding, and 
integrating, 



or 



it' + f=2J(Xdx+7dy), 
Im {a? + f) = {{Xdx + tdy). 



The left-hand side is the kinetic energy of the particle, 
and the right-hand side is the work done by the force, so 
that we here have the principle of energy, for a single particle 
in a field of force, deduced from the equations of motion. 

84. Motion of a heavy particle in medium the resistance 
of which varies as the velocity. 

Measuring x and y horizontally and vertically from the 
point of projection, and taking mkv as the force of resistance 
the equations of motion are 

'^^ - ^^^-£ = -^''<^> ^T^^ y = -ks-£ - g = -ky - ff, 

and therefore, if u and v be the initial components of the 
velocity, 

d} + kx = u, y +ky = v — gt, 

leading to x= j (1 — e'"'), 



^ k k^k' \k^k'. 



85. Motion of a particle in the same medium under the 
action of a force to a fixed point varying as the distance from 
that point. 

The equations of motion are 

x + kx + /j.x = 0, y + ky + fiy = 0, 
and these are integrated as in Chapter II. 

If, initially, x = a, y = 0, a; = 0, and y = v, it can be 
shewn that 

a? ,kxy iiy^ _ _^ 
a^+ av + v' ~^ ' 
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and tan nt = s ^^^^- , where w = V /i — -r • 

86. Motion of a heavy particle in a medium the resistance 
of which varies as the square of the velocity. 

The equations of motion, if mhti' be the force of resist- 
ance, are 

X = ~ kv^ -r = — kxs, 'y = —g-ksy. 

From the first, x = ue*", 

and .-. y=px = upf", putting pioT ■£-. 

Hence y = u'^e^- kupse"" = ^'i «"'*' " •^^' 
and the second equation becomes 

die w 



Multiplying by 2^, which is equal to 2jl+p^, and 
integrating, we obtain 

If then a be the initial inclination of the direction of 
motion, that is when s = 0, and if ^ = tan 6, 

tan sec e + log (tan d + sec 0) + -^-^ (e^ - 1) 

= tan a sec a + log (tan a + sec a). 

We observe that as s increases indefinitely, -j- decreases 

and ultimately vanishes, shewing that x is ultimately 
constant, and therefore that the curve, on the positive 
side, tends to a vertical direction. 

Again, if t be the intercept of the tangent on the axis of y, 

T = y — xp, and -r- = —x-f- = — x-~e^. 
" ^ ax da> u' 
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^ Take x and s both negative, say — a;' and — s' ; then as 
x is certainly less than s', 

-357 is less than -^ 

which vanishes when s' increases indefinitely. 

Hence on the left-hand side, the value of -j- approaches 

continually to zero, and t is ultimately constant. 
Again, if s = — oc , 

tan .^ sec ^ + log <tan ^ + sec ^) — C = 0, 
shewing that 6 has then a finite value ; for, if we put = 0, 
the left-hand number of the equation is negative, and if we put 

TT 

^ = -^ , it is positive. 

We infer then that the direction of the curve, on the 
negative side, is ultimately inclined to the vertical. 

87. Illustrations of the use of the equations of Arts. (13) 
and (21). 

(1) Case of a weightless rod, of length 2a, carrying a 
particle at a distance c from its middle point, and having its 
ends moveable on two straight wires, at right angles to each 
other, and made to revolve uniformly in a horizontal plane. 
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Taking the wires as axes of a; and y, the equations of 
motion are 

m {iS — a^x — 2a)y) = H, 
m{y — (o'y + 2(u«) = R', 
with the •geometrical conditions, 

a;={a + c) cos 6,y={a — c) sin 0. 

Now, since the system of acting forces is the equivalent 
of the system of effective forces, the resultant of It and iJ' 
must be in the line PE, and therefore 

R{a + c) sin 6 = R' (a — c) cos 6. 
From these equations we obtain 

(a' + c" - 2ac cos 20) d + 2acd' sin 29 + 2acco' sin 20 = 0, 
the integral of which is 

(a" + c" - 2ac cos 20) 0^ = 0+ 2ac(o- cos 20. 

If the particle is at the centre of thfe rod, is constant, so 
that, if initially the rod have no motion relative to the wires, 
its relative position will remain unchanged. 

(2) A smooth plane, carrying at- a point G a centre of 
force the attraction to which varies as the distance, revolves' 
uniformly about a fixed axis, perpendicular to itself; it is 
required- to determine the motion of a particle on the plane. 

Taking the foot of the axis, 0,-for origin, and OG for the 
axis of X, the equations of motion are, if OG = c, 
X — (o^x — 2ooy = — fji, (x — c), 
y — ay'y + 2a)X = — fiy. 
The elimination of y leads to the symbolic equation 
{D* + 2{co'+^)B' + ((o'-/j.y}x = -fjLc{Q}'-fj,), 
the solution of which is 



flC 



x= f^— + A cos [m + V/x« + a} + jB cos [w - '^ fit + /3j; 

and y is obtained in a similar form. 

If it be required to determine the absolute path of the 
particle the equations of motion are 

ic = — iJi,{x— ccoa cot), y = —/i(y — c sin cot), 
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the integrals of which are 

X = r, cos (ot-V A cos (Vui + a), 

IJ- — (i> \ r- /> 

y = ^" . . sin (ot + B sin Nat + jS). 

yti — 0) \ r- I / 

88. Equations of motion of a free string in a plane 
under the action of given forces. 



y 



■GUJ 







w 



If u and V be the velocities parallel to x and y, of a point 
P of the string, and T the tension at F, the component 
tensions are 

as as ' 

which are functions of the arc AP measured from a given 
point A of the string, and the equations of motion of the 
element Bs are 

mSsu = j(T^Bs + mBs.X, 
mSsv = ^(T^Bs + mSs.Y, 
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m being the mass of unit length of the chain, or 

The geometrical equation is given by the condition that 
the velocity of Q, in direction of the tangent at P, is ulti- 
mately the same as that of P, leading to 

(„+a.)_+(.+s.)-j=«_+.^, 



dx dv dy . 
or -r 3- + -r -i^ = 0. 



dudx 

ds ds ds ds 



These equations, combined with the boundary conditions, 
such for instance that the tension vanishes at a free end of 
the string, are sufficient theoretically for the determination 
of the motion of a string in a plane under the action of given 
forces. 

The same equations apply to the problem of determining 
the initial tension at any point of a string, originally in 
equilibrium, -when some of its constraints are removed. 

It will be found however that this problem, and that 
of the next article, are more easily treated by making use of 
tangential and normal components. 

89. Motion of a string, or a fine chain, lying on a smooth 
horizontal plane, which has impulses applied at one or both 



If T be the measure of the resulting impulsive tension at 
the point P, and u, v the velocities imparted to the point P, 

as" ds da' ds" ds ds ' 



EXAMPLES. 95 

■with the same geometrical condition as before, i.e. 
du dx dv dy _ 
ds ds ds ds 



EXAMPLES. 

1. Find the law of force parallel to an asymptote under 
which a rectangular hyperbola can be described. 

2. Prove that the vertical velocity of the centre of 
curvature of the path of a projectile is proportional to the 
time which has elapsed since the projectile was at the highest 
point of its orbit. 

3. A particle moves in a plane under the action of forces 
to two fixed points in the plane, one attractive and the other 
repulsive, and each varying as the distance ; if the absolute 
intensities be the same, find the path. 

4. Find the path of a particle which is in motion under 
the action of a force perpendicular to a fixed line and 
inversely proportional to the square of the distance from 
the line. 

5. A particle moves under the action of an attractive 
force perpendicular to a straight line and proportional to the 
distance from that line; prove that the path is the curve 
of sines. 

6. Shew that the least inclination to the horizon at 
which a particle can be projected so as to strike at right 
angles any plane through the point of, projection is cos"'^. 

If the direction of projection be inclined at an angle 6 to 
the plane, and if the projection on the plane of this direction 
be inclined at an angle ^ to the line of greatest slope, 
shew that the range on the plane is 

^ -?1^ (cos' e cos' a + sin' ^ sin' a - A sin 2^ sin 2a cos A)\ 
g cos a . * 

where a is the inclination of the plane to the horizon. 
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7. Particles are projected from the same point in a 

vertical plane with velocities which vary as '(sin 0)'', 6 being 
the angle of projection ; find the locus of the vertices of the 
parabolas descriljed. 

8. Particles fall down chords of a circle to the lowest 
point. Prove that the tangents to the circle at the upper 
extremities of the chords pass through the foci of the para- 
bolas described after leaving the lowest point. 

9. Particles slide down chords of a vertical circle tO' 
the lowest point ; shew that the locus of the foci of the paths 
of the particles after leaving the chords is a cardioid. 

10. An ellipse is held with its major axis vertical ; 
find a point on the curve such that, if a perfectly elastic 
heavy particle slide down an inclined plane to it from 
the upper focus and be reflected by the curve, it will fall 
to the lower vertex; and shew that in an ellipse, whose 
eccentricity is 5, this point will be the extremity of the 
minor axis. 

11. A bullet is fired in the direction towards a second 
equal bullet which is let fall at the same instant. Prove 
that the two bullets will meet, and that if they coalesce 
the latus-rectum of their joint path will be one quarter 
of the latus-rectum of the original path of the first bullet. 

12. Chords are drawn, joining any point of a vertical 
circle with its highest and lowest points; prove that, if a 
heavy particle slide down the latter chord, the parabola, 
which it will describe after leaving the chord, will be touched 
by the former chord, and that the locus of the points of 
contact will be a circle. 

13. Through a given point an inclined plane is drawn, 
perpendicular to a given vertical plane, and from that point ' 
a particle is projected in the vertical plane, with a given 
velocity, so as to strike the inclined plane at right 
angles; prove that the locus of the point on which it 
falls, for different positions of the inclined plane, is an 
ellipse. 
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14. Prove that the range of a projectile on an inclined 
plane is greatest for a given velocity of projection when the 
focus of the path is in the plane. 

If t and t' be the two times of flight corresponding to any 
range short of the greatest, and a be the inclination of the 
plane, prove that 

f + r + 2tt' sin a 

is independent of a. 

15. Two smooth equal balls are placed in contact on a 
smooth table ; a third equal ball strikes them simultaneously 
and remains at rest after the impact ; shew that the coefiScient 
of restitution is 2/3. 

16. A person at a distance c from the vertical wall of a 
fives court discharges a perfectly elastic ball from, his hand so 
that it shall strike first the floor, then the wall and finally 
return to his hand. If T be the whole time of motion 
and^ythe time between the two rebounds, shew that the 
velocity and angle of projection measured- downwards are 
given by 

F cos a = 2c/ T, Fsiu a =gnT. 

17. On the moon there seems to be no atmosphere, and 
gravity is about one-sixth of that here on earth. What space 
of country would be commanded by the guns of a lunar fort, 
able to project shot at 1600 feet per second ? 

18. A particle is projected from a point in a smooth 
plane, inclined at an angle a to the horizon, in a vertical 
plane which cuts the inclined plane in a horizontal line, and 
at an angle 6 to the horizon. Prove that after n rebounds 
the space travelled in the direction of the line of greatest 
slope on the inclined plane is 

a sm a tan a . -^ , 

1 — e 

where a is the horizontal space described, and e the coefficient 
of restitution, 

B, D. 7 
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19. A perfectly elastic particle is dropped from a point 
on a fixed vertical circular hoop; shew that after two rebounds 
it will rise vertically if 

2 sin 4<0 = tan 0, 

where 6 is the angular distance of the point from the highest 
point of the hoop. 

20. The intersection of two planes, inclined to the hori- 
zon at the angles a, /3, respectively, is horizontal : a perfectly 
elastic particle falls upon the former plane, then rebounds to 
the latter, and then rebounds vertically : prove that the ratio 
of the distance of the first point of impact from the inter- 
section of the planes to the height through which the particle 
falls before striking the first plane is equal to 

■''°'i°'^?fl • (2 sin 2a - sin (2a -1- 2/3)}. 
sm/3.sm2/3 ^ \ i /> 

21. A smooth inelastic ball slides from rest down a length 
(J) of a plane inclined 30° to the vertical, and impinges on a 
horizontal rail, parallel to the piano, and at a distance from it 
equal to half the radius of the ball. Neglecting the thickness 
of the rail, prove that the ball will afterwards strike the plane 
at a distance 3Z from its point of contact when striking the 
ran. 

22. A particle is projected from a point at the foot of one 
of two parallel vertical smooth walls so as after three reflections 
at the walls to return to the point of projection ; prove that 

e'+e" 4-6 = 1, 

and that the vertical heights of the three points of impact 
above the point of projection are as 

e" : l-e" : 1. 

23. A sphere is fixed upon a horizontal plane ; find from 
what point in the plane a particle must be projected, with a 
velocity due to falling down a vertical space equal ;to the dia- 
meter of the sphere, so that the focus of its path may be in 
the centre; after reflection at the sphere shew that it will 
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strike the horizontal plane at a distance from the point of 
projection equal to the diameter of the sphere, if the elasticity- 
be perfect. 

24. Two equal perfectly elastic balls A and B are pro- 
jected from the same point, in the same vertical plane and 
with equal horizontal velocities ; prove that if when they first 
impinge A has not yet struck the ground, and B is moving 
horizontally, then the ratio of the cotangents of the angles 
which the directions of projection make with the vertical 

^ Sw'^+aw-l-l , . ... 

must = — ^ — — Tj — where n is some positive mtegerj and 

also that when first after the impact one of them strikes the 
ground, the other is at a height above the ground 

-(2^ + 1/ g' 
where ii is the vertical velocity of projection of B. 

25. A ball is projected from a point in one of two smooth 
parallel vertical walls against the other in a plane perpendi- 
cular to both, and after being reflected at each wall impinges 
again on the second at a point in the same horizontal plane 
as it started from : shew that 

where e is the coefficient of restitution, h the free range, and 
a the distance between the planes. 

26. A man stands on the upper end of a long rough 
plank, of length a and mass M, which lies along a smooth 
straight groove on an inclined plane, having its upper end 
supported by a cord. The cord is cut, and, at the same 
instant, the man starts off, and runs with very short steps 
down the plank, at such a rate that the plank does not move; 
prove that the velocity of the man at the lower end of the 
plank is 



V 



^ga cos a 



m + ilf 



m 

where m is the mass of the man, and a the inclination of the 
groove to the vertical. 

7-2 



100 EXAMPLES. 

If the man then jump horizontally so as not to set the 
plank in motion, he will alight on the groove at a distance 

. , s m + M 

4a cot a . ■ 

m 

below the position of the lower end of the plank at the instant 
he alights. 

Determine also how he must jump so that he may alight 
on the lower end of the plank. 

27. A stone is projected upwards with velocity J2gc 
from a point on the margin of a circular pond, radius c. If 
all directions of projection be equally probable, shew that the 
chance that the stone falls into the pond is 

2072-1) _ 

28. A solid smooth cylinder, of radius r, lies on a smooth 
horizontal plane, to which it is fastened, and an inelastic 
sphere, of radius 2?-, moves along the plane in a direction at 
right angles to the axis of the cylinder ; find the condition 
that it may pass over the cylinder. 

If the sphere be elastic, and the coefficient of the elasticity 
be greater than 1/8, prove that it cannot in any case pass over 
the cylinder ; and if e be less than 1/8, find the condition that 
the sphere may, after its first ascent, fall upon the top of the 
cylinder. 

29. From a point A in one of two vertical lines a par- 
ticle is projected with a velocity m at a given inclination 
to the horizon, and meets the other vertical line in B: it is 
then projected from B with a velocity v at the same inclina- 
tion to the horizon and returns to A. Prove that the har- 
mQnic mean between u' and v^ is constant. 

30. A particle is projected horizontally along a plane, 
whose inclination (a) to the horizon is equal to the angle of 
friction (\) between the particle and the plane ; prove that it 
will ultimately move down the plane with a uniform velocity 
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equal to half the velocity of projection (F) and along a line, 
whose horizontal distance from the point of projection 



^sina 



If a be less than X and tan \ = n tan a, and if the particle 
receive a small horizontal impulse and when reduced to rest 
again, another, and so on continually, its path down the plane 
will not sensibly differ from a straight line inclined to the 

4^2 — 1 
horizontal line in the plane at an angle =.tan~' 7; — tt — t\ - 
^ ^ 8n (n' - 1) 

31. Find the path of a particle acted on by a repulsive 
force always perpendicular to. a .given straight line and pro- 
portional to the distance from it, the velocity at any point 
being that which would be acquired by moving from rest on 
the given line to that point. 

32. If a particle be acted upon by a force always parallel 
to the axis of y and proportional to the square of the radius 
of curvature at the point, prove that it will describe the curve 

y — b , X 

= log sec - , 

a ^ a' 

the particle moving parallel to the axis of x at the point (0, b). 

33. The trochoid tc = a (^ - e sin ^), t/ = a (1 - e cos ^) , is 
-described under the action of a force parallel to the axis oi x; 

& — COS u 

shew that the force varies as — r-3-v,- - 

sm » 

34. If a particle be moving in a medium whose resistance 
varies as the velocity of the particle, shew that the equation 
of the trajectory referred to the vertical asymptote and a line 
parallel to the direction when the velocity is infinite as co- 
ordinate axes, is of the form 

3/=&log^. 
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35. A body describes the curve whose equation is 

11"+'^"= 1 
a 

under the action of a force to the centre. Shew that the 
central force is Xr , {xyy^, and that when n is even, the 
periodic time 

where A is equal to the area of the curve. 

36. Two particles A and B, of masses 8m and m respec- 
tively, lie together at a point on a smooth horizontal plane, 
connected by a string which lies loose on the plane ; B is 
projected at an elevation of 30° with velocity equal to g. 'If 
the string becomes tight the instant before B meets the 
plane again, and breaks when it has produced half the im- 
pulse it would have produced if it had not broken, and if the 
particle rebounds at an elevation of 30°, shew that the elasti- 
city of B is equal to 5/9 . 

37. A parabola, having its vertex at A and its axis co- 
incident with AB the diameter of a semicircle, is described so 
as to cut the semicircle in P; prove that, if a body move in 
the semicircle under the action of a force perpendicular to 
AB, the time of moving from -4 to P varies as the difference 
between AB and the latus rectum. Prove also, that if a 
second body move from -4 to P in the parabola in the same 
time under the action of a force perpendicular to its axis, and 
the velocities in the two curves at P be equal, the latus 
rectum of the parabola is ^ AB. 

38. A parabola is described under an acceleration / to 
the focus, and another a parallel to the axis ; shew that 

|.(/+.)H.y=0. 

39. Two particles are projected in parallel directions 
from two points in a straight line passing through a centre of 
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force, the attraction to whicli varies as the distance, with 
velocities proportional to their distances from the centre. 
Prove that all tangents, to the path of the inner, cut off, 
from that of the outer, arcs described in equal times. 

40. OA is a smooth tube ; OB a light rod perpendicular 
to it ; 5, a fixed point in OB, a centre of force attracting with 
force /AT a particle P in the tube OA. The system being 
made to revolve with uniform angular velocity w on a hori- 
zontal plane about 0, determine the motion of P ; and shew 
that, if /i > o)', P will oscillate with period ^irjjfx — w^ 

41. A rod revolves about its middle point with uniform 
angular velocity -nr and has at its extremities two centres of 
force varying as the distance one attractive and one repulsive 
of the same absolute intensity ; supposing a particle placed 
in the plane of rotation in a line perpendicular to the rod 
through its centre, shew that its path will be cycloidal, the 
time from one cusp to another being Stt/ot, 

42. A smooth horizontal disc rotates with angular velo- 
city Jfjb about a vertical axis at which is placed a particle 
attracted to a certain point of the disc by a force whose 
acceleration is /u. x distance ; prove that the path of the 
particle on the disc will be a cycloid. 

43. A particle moves under the action of two constant 
forces in the ratio of nine to one, whose directions rotate in 
opposite directions with uniform angular velocities in the 
ratio of three to one : prove that, under certain initial con- 
ditions, the path of the particle will be a closed curve, of the 
same form as that represented by the equation, r = a cos W. 

44. The two ends of a smooth weightless rod are move- 
able on two fixed straight wires intersecting each other at 

. right angles. A particle can move on the rod and is attracted 
to the point of intersection of the wires by a force varying as 
the distance. Prove that if the particle have initially no 
motion the angular velocity of the rod is given by an equation 
of the form 

«'' = m' {1 - sin" 2a cosec" 26]. 
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EADIAL AND TRANSVERSAL ACCELERATIONS. 

90. Having discussed, in the previous chapter, the use of 
the components of acceleration parallel to two coordinate 
axes, we now take into consideration the expressions for 
radial and transversal components, leading to the equations 
of motion, 

r-re^=P, r0+2rd=Q, 

mP and mQ being the radial and transversal forces acting 
on a particle of mass m. 

For our first illustration we take the following case. 

Motion of a particle in a smooth straight tube which 
revolves uniformly, in a horizontal plane, about a fixed point 
in the axis of the tube. 

In this case the only force acting on the particle is the 
pressure R of the tube, and, if m be the angular velocity, the 
equations are 

r — a)\ = 0, Zmr-ffl = R. 

If the particle start from the distance a with no initial 
velocity along the tube, we obtain from the first equation, 

r = ^ (e"' + e""*) = a cosh . at, 

and from the second, 

R = 2maai'' sinh ..tot. 
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We can also obtain the velocity and pressure in terms of 
r, for the first equation gives 

and therefore B = 2inay' Jr' — a?. 

If h be the length of the tube, the direction in which 
the particle flies out is inclined to the tube at an angle 6 
such that 

, a ^Oi b 

tan = — -=^ = , . 

If the tube revolve in a vertical plane the equations are 

r — a\ = — ^r sin wt, 2mra} = R — mg cos mt 
From these equations, 

r = ~ sin cot + Ae'-'* + Be'"* (Chapter II.), 

and R = 2mg cos mt + 2mm^ {A e"* — jBe""*) , 

the constants being determined by initial conditions. 

91. Motion of a particle in a straight tube which revolves 
uniformly in a horizontal plane about a fixed point at a 
distance c from its axis. 

If OA (c) be the perpendicular from the fixed point on 
the axis of the tube, and, P being the position of the particle, 
if AP = r, the acceleration of P relative to A=r — a)\, in the. 
direction AP, and 2rco perpendicular to AP ; and the accele- 
ration, tii'c, of the point A is wholly in the direction A 0. 

Hence the equations of motion are 

r — co^r = 0, m (2reo + (o'c) = B, 

and the solution is similar to that of the preceding case. 

Motion of two particles, m and mf, connected together by an 
inelastic string, in a straight tube revolving fmiformly in a 
horizontal plane about one end. 
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If r be the distance of m from the origin, I the length of 
string, and T its tension, the equations are 

m (r - <bV) = T, m [r -m^{r + 1)} =~T, 

from which we obtain 

(m + w!) r — (o^(m + m) r — m'mH = 0, 

(Wj 7 

and therefore r H / = A^* + Se""'. 

m + m 

92. Motion of a piece of uniform chain in a straight tube 
revolving in the same manner. 




Let r be the distance from of 0, the centre of gravity 
of the chain, GP = p the distance from G of one end of an 
element PQ, (Sp) of the chain, m the mass per unit of length, 
Tthe tension at P, T+BT at Q. 

The equations of motion of the element are, since p is 

independent of the time and therefore -^j ( OP) equal to r, 

mSp {r-co''{r + p)} = ST, 2mSpr(o = i?8p, 
R being the rate of pressure at P per unit of length. 

Integrating the first of these equations, or, in other words, 
taking the sum of the equations of motion of all the elements, 
we obtain 

m- 



A(r-w\)p-co'^\=T+a 
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_ OlDserving that T= when p = -l and when p=l, 11 
being the length of the chain, there results 

m(r— ay'r) 21 = 0, or r — wV = 0, 

shewing that the motion of the centre of gravity is the same 
as that of a single particle. 

Taking account of this result, T= Imw' {r - p^). 

93. Motion of a head on a smooth circular wire revolving 
uniformly in its own plane about a fixed point. 




If be the fixed point, and d the angle PGA, the accele- 
rations of P in the directions FT and PG, obtained by 
compounding the accelerations of P relative to G with that 
of C relative to 0, are respectively, 

d^ 
a T-2 (^ + mi) + 0)^0 sin 6, and a{d + mf + co^c cos 6, 

taking OC=c, and CP = a. 

If the plane be horizontal, and R be the pressure of the 
wire on the bead, the equations of motion are 

aS + <o^c sin ^ = 0, and m[a(6 + w)" + co'c cos 6} = R. 
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If the bead be originally attached to the wire at the 
angular distance a from the line GA, and be set free, the first 
of these equations leads to 

a8^ = 2a^c (cos 6 — cos a), 

shewing that the bead oscillates through the angle 2a, and 
the second determines the pressure. 
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94. If a particle move under the action of an attractive 
force mP to a fixed centre, P being a function of r, the 
equations of motion are 

r-re^ = -P^ rd + 2re=0. 
From the second equation we at once obtain 

h being a constant. 

„ . dr A h dr -.du.. 1 

Hence ^=j2i'' = ~2ja = ~"js> i^ «* = -.- 
dd r ad do r 

■id^u A ,2 id^u 
''=-^W^=-^''dd" 

and the first equation becomes 
do 



or -77r2 + w = jT-1 • 






This equation, if the law of force be given, determines 
the path, and, if the path be given, determines the law of 
force. 

95. If A be the area swept over by the radius vector. 
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and therefore A = ^}it, shewing that the area is proportional 
to the time, -and, that ^h is the area swept over in the unit of 
time. 

If Bs be an ; element of the arc of the curve, and p the 
perpendicular from the centre of force upon the tangent, 

SA = ^pB's, 

and therefore h = 2 A =ps =pv, 

shewing that the velocity is inversely proportional' to the 
distance of the centre from the tangent to the path. 

96. We have shewn,. in Art. (17), that the normal accele- 
ration, in any curvilinear path, is equal to v'/p, where p is 
the radius of curvature. 

If mF be the resultant of the forces acting on a particle 
m, and <^ the inclination to the normal of the line of action of 
this resultant, it follows that 

^' IP J. 
m — = mil cos d), 

P 
and therefore, if q be the chord of curvature in direction 
of the force, 

v'=iFq- 
That is, the velocity of a particle at any point of an orhit 
is that which the particle would acquire if it were to move 
from rest under the action of a constant force, equal to the 
fcyrce at the point, through a space equal to one fourth of the 
chord of curvature in direction of the force. 

97. Since v = -, and coS(i = -, 

p ^ r 

we have f^^^Pr^^^^d^' 

and therefore P= -,J- , 

p cLr 

an expression which is frequently useful in determining the 
path for a given law of force, or the law of force for a given 
Bath. 



duV 

.dej- 
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We can also obtain the same expression for P by employ- 
ing the expression for the tangential acceleration. 

mi. j^ . , dv dv . , 

Thus —Psm<l> = v-^=v-j-sm<j); 

therefore P= — j-(-)=— a^- 

p dr \pj p dr 

The two expressions for P are deducible, each from the 
other, by help of the equation, 

1 2 , fdu' 

98. Another expression for the velocity is found by 
utilizing the expression for the tangential acceleration; we 
thus obtain 

dv _ -pdr 
ds ds' 

and therefore v' = v'' — 2 i Pdr, 

shewing that t) is a function of the distance. 
Further, since 



P 
it follows that r -7- is a function of the distance, and therefore 

that at all points which are at the same distance from the 
centre of force the angle between the radius vector and the 
tangent is the same. 

We now proceed to apply these formulae to some particu- 
lar cases. 

99. To find the law of force to the focus wider the action 
of which a conic section can be described. 
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Taking as the equation of the conic 

CM = 1 + e cos d, 

d?u . , d\i 1 

c^, = -ecos^, and^, + t* = -, 

so that P= = — . - 

c or 

and therefore varies inversely as the square of the distance. 

If fji be the absolute force, that is the force at the unit of 

distance on a particle of unit mass, /i = — = -^ , if i be the 

latus rectum. 

To find the law of force to the centre under which a central 
conic can he described. 

Employing the equation, P = -g -^ , we know that in 
this case, 

p'{a^ + ¥-r') = a'h\ 

and therefore — r" -7- = ^ , so that P = -srs r, 

dp p ao' 

and therefore varies as the distance. 

h^ 
If fji be the absolute force, jj, = -57-3 • 

Oj 

100. To find the law offeree to the pole under which an 
equiangular spiral can be described. 

From the definition of the curve, p = r sin a, 

V l_/i 



and therefore P= 

and the velocity 



sm a r 

_h _JiJu 
p r 
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To find the law of force when a particle describes a circle 
under the action of a force to a point in the circumference. 



In this case 


2=£,orr= = 2a^, 


and therefore 


p h^ r 8AV fi 
p'''a r' ~i^ 


and the velocity 


_ lah _ 1 //i 

~ ^ ~ ^'i \/ e>- 



101. Motion of a particle under the action of a force to a 
fixed point varying inversely as the square of the distance. 

In this case, P = /mu', and we obtain 

d'u _ fi 
^2 + M-p, 

the integral of which is 

u-^ = Acos{e-y), 

or u = ~{l+ecos{d — y)}, 

which is the equation of a conic section, of which e is the 

h^ . . 
eccentricity, and — is the semi-latus rectum. 

To find the constants, let c be the initial distance, v the 
velocity of projection, and /3 the inclination to c of the initial 
direction of motion ; then, 

h = VG sin ^, and, since ^ = — |^ e sin (5 — 7), 
- = -^(l+ecos7) and -cot/3 = -^esin7, 

C fi C ft 

or v^csin^ ^=fi (1 + 60037), ^^^c sin ^ cos ;S = — /^e sin 7 ; 
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whence (v^c sin'' /3 - /tt)' + vV sin' /8 cos' /8 = fiV, 

or e'' = l+ r-^ ^; 

J , v'c sin 3 cos 18 

and tan 7 = „ . „ .T - . 

' /J, -ire sm /3 

It follows that the conic is an ellipse, parabola, or 
hyperbola, according as v" is less than, equal to, or greater 

than — . 
c 

If 2a and 26 be the axes when the curve is an ellipse, 

and therefore 

i;Vsin'/3 _ /2i)^csin^ _ ?/c^sin^\ 

or jj' = — - - . 

c a 

Since any point may be regarded as the point of projec- 
tion, the velocity at: the distance r is given by the equation 

r a' 

In the same manner, if the conic be a hyperbola, we 
find that 

r a 
We can also solve this question by the use of the equation 

-^ = P = ^ 

leading to -^ = — + (7, 

which is an ellipse, parabola, or hyperbola, according as C is 
negative, zero, or positive. 

B.D. 8 



114 CENTEAL ORBIT. 

If (7= 0, the velocity = - = sj^ . 

If the curve be an ellipse or hyperbola, the axes of which 
are 2a and 26, we find by comparison with the equation 

F _ 2aTr 
p'~ r ' 



that 



fi= Ta =^f , if X be the latus rectum, and that 

X/ 



2 h 2u, _ fi 
i) = -s = — + - . 
f r a 

102. The case in which the force varies as the distance 
has already been dealt with in Art. (81), but we can also use- 
fully employ the equation 

A" dp „ 
-,^ = P = ^., 

leading to — = — /u.r^ 

which is the equation of an ellipse. 
Comparing with the equation 

/(a* + 6^-r^) = aV, 
we find that = //. (a' + 6'), and W = /ta'J'', and that 

/ = ^! = /.(a^ + 6^-rO = y^i.Ci}^ 

if CD be conjugate to r. 

103. Motion of a particle under the action of a repulsive 
force from a fixed point varying inversely as the square of the 
distance from that point. 

The equation of motion is 

■^ + u p; 
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therefore u + ^,=Acos(9- 7), 

or — . - = -1 +ecos(0-7). 

fji r \ II 

Introducing the initial conditions, we find that 

v\ sin^iS , , , t^'csinyQcos/S 
h 1 = e cos 7 and ?- = — e sm 7; 

therefore e« = 1 + ^!^^jiB!^ + ^tl^ , 
shewing that the conic is a hyperbola. 
As in the previous case, 

- =a(e''-l) 

, J ^ ■yVsin='/3 /2i)''c sin' yS w^c'sin'^/?' 
leads to — = a —. — -\ 5 — - 

and therefore 1? = - . 

a c 

Hence, any point being a point of projection, we have at 
the distance r 

• a r 

104. Path of a particle projected at the distance a with 
the velocity Jfi-i-a in the direction at right angles to the 
initial distance, and subject to the action of a central force 
which on unit mass is equal to 

f^{2(a''+¥)u'-Sa'bV}. 

In this case h = — . a=Ja, and therefore 
a 

^ + u = 2(a' + ¥)u'-3a''¥u\ 
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Multiplying by 2 -73, integfating and observing that when 

u — ^, -Trt = 0, we find 
a da 

fdu 



g)=i*»(aV-l)(l-6V), 



restoring r this becomes 

de r 



Putting i(' = r^ — 6", and integrating, we obtain 

But r=a when = 0, and therefore 7 = 0, and 

r= = a» cos" ^ + 6" Bin" 61 

is the orbit, which is the pedal of an ellipse with regard to its 
centre. 
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105. If the orbit be central, the velocity is given by the 
equation 

h 

v = - . 
P 

In general, whether the orbit be central or not, the 
velocity is given by the equation, 

where q is the chord of curvature in the direction of the 
resultant force. 

For instance if the orbit be an ellipse, the force being 
directed to the centre C, and if v be the velocity at P, 
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For an ellipse, when the force is to the foeus, 

^ SF' ■ AG 8P' AC 
For a parabola, force to the focus, 

For a hyperbola, force to the focus, 

For a hyperbola when the force is repulsive from the 
bcus, 

^ ' Sp' ' AG AG SP- 
For an equiangular spiral, force to the pole. 

For the orbit, 

r' = a' cos' + V sin' 5', Art. (104), 
; will be found that 



Jfi 



106. If a particle move in a conic section under the 
ction of a force to the focus, the velocity at any point can be 
scomposed into two constant velocities, one perpendicular 
I the radius vector, amd the other perp&ndicular to the axis of 
\e conic. 

The sides of the triangle BPG are perpendicular to the 
rection of the actual velocity, and to the directions in 
lestion. Hence the velocity, and its components are in 
le ratio of the sides of the triangle. QL being drawn per- 
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pendicular to SP, the component perpendicular to 8P 

h 8P_ ^ _ '^ _/i Art aoi^ 




and, since 80 = e. 8P, the component perpendicular to the 



ea 
axis = -y- . 
h 



It will be noticed that the latter component is in the 
direction PN, or NP, according as the body is moving 
towards, or away from, the vertex. 
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107. The time of passing from one point to another of 
a central orbit is in all cases determined by the equation, 
r'&=h, that is by the fact that the area swept over by the 
radius vector is proportional to the time. 

Time of traversing an arc of a parabolic path, when the 
force is to the focus. 
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The parabola being ' 

''' = i~, a = « sec' ^ , 

1 + COS 2 

and therefore i = a * / - (tan „ + „ tan' ^ 1 , 
measuring from the vertex. 

108. Time in an ellipse when the force is to the centre. 

The equation of the ellipse being 

cos" 6) sin" 9 1 
a" "^ b^ ~r" 

dt r" r" 1 ah 



de h ahjji. JJ.a'sm'd+b" cos' 6' 
ah sec" 6 



JJ, h' + d'ta,u'6' 
and therefore the time from the end of the transverse axis 

1 _.a tan 6 
= -7= tan 1 — . 

The Periodic time is equal to the area of the curve divided 
by \hy and 

_ irah _ 2ir 
^ahJn J /J' ' 

It will be noticed that this is independent of the size of 
the orbit. 

109. Time in an ellipse when the force is to the focus. 
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C 



Taking - = 1 + e cos 6 as the equation of the curve, we 
have 



dt r» r' c* 



dd h Jf,c J^' {l + ecosOy 

f dd [ cosO + e J. r cos Odd 

N^^ V (l + ecosey =l (l+ecoser ^^-}( 



j{l + ecosey J(l+ecosef j(l+ecosey 

^ sin g 1 f(_J. 1 1 ,.. 

l+ecos^ eJ{l+eco9d (1 + e cos (9)»j ' 

therefore 

^ ®''j(H-ecos£l)'' l+ecos0"^JH-ecos^ 

esin6' , 2_, .J /l^, 0] 

= — :; ;; + / tan M A / :; tan - y , 

l + ecos^^7l_e'' iV 1 + e 2J' 

and the time from the vertex is therefore, since c = ajl—e^, 

i k tan- f yiHi tan '] - i^IEl^] . 
Jfii VV l + e 2J l+ecos^ J 

The total area being irab, the periodic time 

_ iirab _ 2Trab _ 27ra' 

This of course can be obtained from the preceding 
expression by taking ^ = tt, and doubling the result. 

110. Time in a hyperbola, when the force is to the 
focus. 

The process is exactly the same, only that, e being 
greater than unity, the result of the integration, appears in 
the form 
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(^-i)/j 



do e sin 6 



(1+ecos^y 1+ecos^ Je'-l 



6 
e+1 ""■" 2 



V'zT*^^^ 



111. Time in the orbit, r" = a" cos' ^ + S" sin' 6. 
In this ease A = Jfj,, J fit = j r'dd ; 

therefore J^it = i (a' + h') (9 + |(a' - h') sin 2^, 
and the periodic time = ^ ._ — ^ . 

APSES AND APSIDAL DISTANCES. 

112. An apse in a central orbit is a point at which the 
tangent is perpendicular to the radius vector, and the length of 
the radius vector at the point is the apsidal distamce. 

We have shewn that, if the central force be a function 
of the distance, the velocity at any point and the inclination 
of the tangent to the radius vector are also functions of the 
distance, and from these facts it follows that if the motion at 
any point be reversed in direction, the particle will retrace 
its path in the opposite direction. 

For, supposing the particle projected from P with a given 

velocity v to arrive at the apse A with a velocity u, the 

d6 
value of r T- is a function of v and r, and therefore if 
'dr 



f^=f^r),e = jjir)dr, 

rSA 
and if ASP =-a, a = /(r) dr. 

JSP 
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Now, suppose the motion reversed at A ; then the values 
of 6 and a are the same as before, and the orbit is therefore 
retraced. 




We hence see that any apsidal line divides the orbit 
symmetrically. 

For on arriving at A the particle is under the same 
circumstances with regard to the direction AP' as it was 
when reversed with regard to the direction AP- 

Hence it is obvious that, at an apse, the radius vector has 
a maximum or minimum value, and further that, in a central 
orbit in which the force is a unique function of the distance, 
there can only he two different apsidal distances, although 
there may he any nwnher of apses. 

113. It follows that we cannot ensure the complete 
description of an orbit by placing a centre of force at any 
assigned point. Take for instance the case of an ellipse, and 
trace its evolute. 

The centre of force may be at the centre 0, or at any 
point of each of the four limited lines AC, DB, EA', FE. 

If a centre of force be placed anywhere else, as at K, the 
normal KP does not divide the orbit symmetrically, and 
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although a particle, projected from A, may describe the arc 
AP, it will not proceed in the ellipse, but will describe the 
arc FA turned over to the other side of KP. 




The same remarks apply to an orbit of any form. 



114. If the law of attraction be inversely as the wth 
power of the distance, that is, if P = //.w", the equation of 
motion is 



leading to 






dd) +" ~A= n-\^^- 



Hence the apsidal distances are given by the equation 



h' n-1 



+ C, 



which cannot have more than two positive roots, a result in 
accordance with that of Art. (112). 
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If however the moving particle be so projected that 

h* = -^ , and G = -. ^p;-5 , 

we have 

+ vr = - 



fdu\ 
\dd) 



n-l • (n-l)c'' 
and the equation for the apsidal distances takes the form 
(w - 1) cV = 2 (cm)"-' + m - 3. 

It is easily seen by taking the derived function that this 
equation has two equal roots, that is, that there is really only 
one apsidal distance, of length c. 

Taking n = 5 for example, we find that 
duV _ (cV-1)' 
.dO) ~ 2c' • 

and therefore (^) = (c'-r-y 

Integrating we find that the equation of the orbit is 

c ~2'^^*""^ + l' 

a curve which has an asjonptotic circle of radius c. 

Hence it appears that, when projected in the manner 
described, the particle will make an infinite number of re- 
volutions before arriving at the apsidal distance of its path. 

If for another example we take w = 2, the equation of 

the path is 

(du\^ , - „ M 1 
+ M = 2 



c c 



or 



\dd) 



shewing that ^~^' ^^^ " = ~ > 
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or that the only possible path, under the conditions stated, is 
a circle^ having the centre of attraction for its centre. 

In fact it will be found impossible to satisfy the conditions 
for any angle of projection which is not a right angle. 

115. The peculiarity of the preceding case is that the 
velocity of the apse is that which is suitable for circular 
motion round the centre of attraction as a centre. 






Yorv' = ^p=jn(fj+u- 



/* ro u..\<^i 



i {2 (cm)"-» + n-3} 



(w-l)c' 

=-^, when r^c. 
c 

116. A particle describes a nearly circular orbit about a 
centre of force ; it is required to find approximately the equa- 
tion oftiie path and the apsidal angle. 

If ^ (r) be the force, and if the particle be projected at 
the distance c, perpendicularly to the distance with the velo- 
city J c<^ (c), it will describe a circle. 

We shall suppose the particle projected perpendicularly 
with the velocity Jc^ (c) at the distance c + 7, 7 being a very 
small quantity. 

We have then A" = (c + 7)" c^ (c), and if we suppose that 
r = c-^x, where x is very small, 

_1_1 _^ 
" ~ r ~ c c" 

- <^(r) 4>{c + x){c + xy{c + 'ir 

1 / 2x x<t>' (c) 27\ 
~~cV-^ c "^ <^(c) c)' 
if we neglect the squares of the small quantities. 
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The differential equation then becomes 

and the approximate equation of the path is 

at the apses, ^ = 0, and therefore the apsidal angle is 



v/ 



o , C</.'(C) 



f^;^ 



If <j) (r) = fir the apsidal angle is -^ , and if (j>(r)=^ it is 
equal to tr. 

It will be seen that if the force vary as the nth power of 
the distance n must not be less than — 3. 

In other words if n is greater than — 3, a circular orbit 
possesses the characteristic of stability. 

If w = 3, the apsidal angle is infinite. In this case if the 
particle be describing a circle about the centre of attraction 
as centre, any slight divergence of path, without change of 
velocity, will cause the particle to describe an equiangular 
spiral. 

117. Case in which <f) (r) = fir", where n is a positive 
integer, the particle being projected from an apse at the distance 
c with the velocity njfic"*^. 

In this case the equation of motion is 
dSo 1_ 

leading to 



fduV in+l)icur^'+2-(n + S)(cuT _ 
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Now if we take 

fix) = (« + !) «""' + 2 - (ji + 3) x''*\ 

we find that tlie equation, f{x) = 0, has two roots equal to 
unity, and, further, that for positive values of x, the function 
f{x) is always positive. 

Hence it follows, from the equation of motion, that 

^rr = 0, and r = c, 
da 

or that, with the assigned conditions, a circle is the only 
possible path. 

If in this case a slight disturbance of path take place, a 
nearly circular orbit will be described, the apsidal angle being 

■Kjjn + 3. 

118. Motion of a particle vmder the action of a central 
force, in a medium, the resistance of which varies as ike square 
of the velocity. 

Taking the transversal acceleration, we have 

^-Jt^""^^—^'' 

and therefore r'd = he~^', h being a constant ; or, if p be the 
perpendicular on the tangent, 

ps = he''". 
Taking the normal acceleration, 

- = F~ , or — „ e^** = Fp -r . 
p r p dp 

By help of the equation 



1 ,, idii 



p~'' ^\de. 
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this is transformed into 



119. A particle is moving under the action of a central 
force in a resisting medium ; it is required to find the resist- 
ance necessary for the description of a given path. 

Taking transversal and normal accelerations, and assum- 
ing mR as the force of resistance, 

li{r^e)^-R^-, *-=p2; 
rdt , r p r 

therefore t- (ps) = - Rp, and -j {psf = — 2Rp^s, 



or 



dt ^^"' ^' dt ' 



120. The two following problems will further illustrate 
the use of radial and transversal components, and the appli- 
cation of the principle of relative accelerations. 

Two equal particles are attached to the middle point, and 
to the end G, of a string ABG, the end A of which is fixed on 
a smooth horizontal plaiie ; it is required to find the equations 
of motion of the particles on the plane. 

If 6 and ^ be the inclinations oi AB and BG to a fixed 
line on the plane, the accelerations of B along BA and 
perpendicular to it are o0* and ad, and the accelerations of G 
relative to B along GB and perpendicular to it are a^" and 
a^. Compounding these accelerations perpendicular and 
parallel to GB, we obtain the equations of motion of G, 

a4> + ad" cos {4>-e)->r ad^ sin (0 - 0) = (1), 

a^*" + ad^ cos (^-6)- aO s\d.{^-6) = T (2), 

and, for the motion of B, 

ae = Tsm{^-0) (3), 

a&'= T-T' COS {<t>- 6) (4). 
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Eliminating T' we obtain, 

a^" sin ((^- ^) + afi'sin (0 - ^) cos (^ - ^) - ai9"{l + sin' (^ - (9)1 = 0) 

(5)- 

Multiplying (1) \ij\ + cos (^ - 6), and subtracting (5), 

e+{^ + 9) {1 + cos (^ - 6)] - {f - 6') sin {i>-0) = 0, 
and therefore 

+(<!> + e)[l + cos (cf) - 6)] = G. 




This is really the equation expressing the constancy of 
the angular momentum, and could have been written down 
at once. 

'Again, eliminating 6" from (1) and (5), 

^^ sin {cj)-e)-^ cos {<f)-6)- 26 = ...(6). 
Multiplying (1) by 20, (6) by 26, a,nd subtracting, 

2^^+4M+2(^^+^i9)cos(0-^)-2(^'^^^'^)sin(0-^) = O, 
and therefore 

<jy' + 26' + 2e4>cos{<f)-0)=D, 

which is the equation expressing the constancy of energy, 
and could have been written down at once by observing that 
the velocity of C is compounded of a^ perpendicular to CB, 
and of a0 in the direction perpendicular to BA. 
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We have given the preceding solution for the sake of 
illustrating methods and principles, but so far as the present 
problem is concerned its solution is perhaps more easily 
effected by employing rectangular components. The equa- 
tions are then, if x, y be co-ordinates of B, and f , i} of C, 

mx= T cos - Tcos 0, my = T sin - Tsin d, 

m^ = - T' cos ^, mij = — T' sin <f>, 

with the geometrical conditions, 

x = a cos 0, ^=acos6 + a cos (j), 

y = asm6, 'r) = asm0 + a sin ^. 

Multiplying the equations of motion by 2x, 2^, &c., and 
adding, we obtain 

d^+f + ^ + v'=C; 
we also find that 

xi/ -yoa + ^ -r]'^=0, 
leading to 

xy — yx -\- ^7} — 7)^ = D. . 

These are the equations of energy and momentum, and 
by means of the geometrical equations are at once expressible 
in terms of 6 and ^ as before. 

Of course the simplest solution consists in utilizing the 
principles of energy and of angular momentum', and at once 
writing down the two equations derived from these principles. 

121. The same system being suspended from the end A, 
it is required to determine the small oscillations in a vertical 
plane. 

Neglecting the squares of small quantities, and taking 
and ^ as the inclinations ta the vertical, the acceleration of C 
relative to B is a^ perpendicular to GB, and that of B is a0 
perpendicular to BA. ' If T and T be the tensions, the 
approximate equations of motion, neglecting the product 
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0sm{^-e), and taking cos(^-e) = l, and sin (<^-e) = ^-0, 
are 

for C, m (a^ + a^) = - mgi\> \ 

= -mg+T]' 
and for B, mad = - mg6 + T {<^-6) 
= -mg-\-t-T' ]' 
We hence obtain T' = mg, and T= 2mg ; 
therefore a^ = g {20 - 2^), and a0 = g{<^- 20)-. 
Multiplying by \ and adding 

2\ — 2 - 

and if we assume ^ — — - = A,, we find that 7b = £ V2. 

We hence obtain two equations of the form 

4, + X0 + ^{2-\){<}) + \0).= 0, 

the solution of each being of the form 

(p +X0 = A cos nt + B sin nt, Chapter il., 

shewing that the values of and ^ are each compounded of 
haritioni'c quantities. 



EXAMPLES. 

1. A heavy particle is fastened by two' equal strings to 
two points in a horizontal line, and then whirled round in a 
vertical plane ; the velocity is such ,that if one of the strings 
break when the particle is at its lowest point or when it is 
half-way between itfe highest and lowest poihts, the particle 
will continue to describe a circle ; find the least distance be- 
tween the points of suspension that this may be possible. 
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2. If a body move in an ellipse under a force to a 
focus, the velocity at the mean distance from the centre of 
force is a mean proportional between the velocities at the 
extremities of any diameter. 

3. A particle describes an ellipse about a centre of force 
at a vertex A. Prove that the force varies as AF-^AW, 
■where N is the fop^ of the perpendicular from P let fall on 
the major axis. 

4. Find the law, of force to the pole when the path 
is the cardioid, r = a (1 — cos &) ; and prove that, if F be the 
force at the apse, and v the velocity, 

2,v'- = %aF. 

5. If a particle b^ describing an ellipse about a centre of 
force in the centre, shew that the sum of the reciprocals of its 
angular velocities about the foci is constant. 

6. A particle is describing the ellipse Z = r (1 + e cos ^) 
under the action of a force tending to the origin ; if the velo- 
city be altere.d at any point so as to make it describe a 
parabola, shew that th^ vertex of the parabola lies on the 
curve 

?• = a (1 — e cos 6). 

7. A particle describes an ellipse about a central force in 
the focus 8, SY \& a perpendicular upon the tangent to the 
orbit ; shew that the angular velocity of (S Fis a minimum or 
maximum when the particle is at the farther apse according 
as the eccentricity is less or greater than 1/3. 

8. A particle is acted upon by a central force which is 
some function of the distance {r) and by a transverse force 
equal to /ir. Shew that, if the particle move completely 
round any closed curve, the square of the velocity is. increased 
by 4/i (area of the curve). 

9. A particle describes a lemmscate about a centre of 
force in the node ; shew that the velocity of the correspond- 
ing point of the rectangular hyperbola to which the lemnis- 
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cate is related varies as the 5th power of the radius vector of 
that point. 

10. A point moves in a plane curve and sounds as 
it moves. At a fixed point G in the plane the whole sound 
produced is heard simultaneously. Shew (i) that if the point 
moves uniformly, the curve is an equiangular spiral — (ii) if 
the point moves as in a central orbit about G, the curve is 
a reciprocal spiral. 

11. Prove that the acceleration of a particle describing 
an epicycloid under a centre of force at the centre of the fixed 
circle varies as r/p*. 

12. If at any point of a parabolic orbit about the focus, 
the velocity be diminished in a given ratio, prove that the 
empty foci of the elliptic orbits corresponding to different 
points of change lie in a parabola. 

13. An imperfectly elastic particle is under the influence 
of a smooth hard gravitating sphere. Shew that (excepting 
special circumstances of projection) it will perpetually describe 
arcs of conic sections : determine also the elements of the 
orbit described after any number of rebounds. 

14. From every point of an ellipse particles are projected 
in the direction of the tangent with velocities such that, when 
acted on by a centre of force fijr^ in one of the foci of the 
ellipse, they proceed to describe parabolas. Shew that the 
directrices of these parabolas all touch one or other of two 
fixed circles whose radii are equal to the major axis of the 
given ellipse, 

15. If Vj, v^ be the velocities at the extremities of a 
diameter of an ellipse described about the focus, and u the 
velocity at either of those points when it is described about 
the centre, prove that u (y^ + v^ is constant. 

16. Two equal and perfectly elastic particles are under 
the action of the same centre of force /^/r^; the one is 
describing an ellipse and the other a confocal hyperbola, the 
semi-major axes being (a), {a) respectively. If they impinge 
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then after impact they will describe two conies, cutting each 
other orthogonally and of semi-major axes (a, a'), where 



a a a + a 



\a + a' a a / ' 



the "upper or lower sign being taken aiccording as the hyper- 
bola is described about the outer or inner focus. 

17. F is the perpendicular from a fixed point on the 
tangent to a curve at any point P. If the curve is such that 
Py is constant, an4 a pa,Tt;cle describe it under the action of 
a force to 0, prove that tljie force varies ^ OP -r- Y\ 

18. A number of circles touch at a point P, and particles 
describe them under foxces to a point 8, on the line through 
P perpendicular to the common tangent, inside all the circles, 
the fprces on aU the particles when at P being the same : 
prove that the squares of the periodic tirnes vary as the cubes 
of the radii of the circles. 

19. A curve described by a particle under the action of 
a central force is such that, if at any monjent the component 
velocity along the radius vector be destroyed by an impulse 
along the radius vector, the particle will proceed to describe 
a circle : prove that the curve is a reciprocal spiral. 

20. The ends of a strg,ight' tube AB, of length 4a, are 
connected by an elastic string, the natural length of which is 
2a ; a, particle is. fasteped to the middle point of the string, 
and the tube is then made to move ui;iiformly, in a horizontal 
plane, about ^i fixed point Q, with which it is rigidly con- 
nected, and which i,s equidistant frpm its ends: determine 
the motion of the particle, examining the different cases . 
which may occur in the question. 

21. A particle is placed in a straight tube which revolyes 
uniformly in a vertical plane about its lowest end. Supposing 
the particle to have no initial velocity relatively to the tube 
and that initially the free end of the tube is vertically above 
the fixed end, prove that the velocities of the particle along 
the tube, when the tube returns successively to its initial 
position, are proportional to 
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22. Prove that the law of force under which the pedal 
olp =f{r) can be described is 

[f P'dp]'- 
li p cc r" the law of force under which the pedal can be 

described varies inversely as (distance) ". 

23. Prove that, if a particle move in a smooth tube 
under the action of any forces tending to centres, the pressure 
at any point of the tube will vary as 



li'^-Hi^P'^^ 



where -^ is the acceleration towards any one of the centres, 

and p is the radius of curvature ; and hence, that the pres- 
sure at any point of the tube will vary as the curvature, 
whenever the orbit is such as could be described freely under 
the action of each of the forces taken separately. 

24. A particle moves in a plane under forces whose 

resultant in any direction is -j- , where ds is an element of 

the line drawn in that direction from the position of the 
particle ; prove that the polar equation of the orbit is 

In case V = ij.v^cos.O, and the particle be projected 
initially so that ^ = 0, A" = 2/i, find the orbit and shew that 

between ^ = and = -^, the radius vector is described with 

uniform velocity. , 

25. The attraction to a given point, at a distance 
r, = 3/^// + 2/j.a'/i^. A particle is projected in a direction 
making an angle tan"'^ with the initial distance (a), and with 
a velocity equal to that in a circle at the same distance; 
determine the orbit described. 
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26. A body is describing an ellipse of eccentricity 
Vf under a force to the focus S: when the particle is at one 
end B of the minor axis, the centre of force is suddenly 
transferred to a point 8' in 5(S produced such that BS' = 456', 
and the absolute force is doubled and becomes repulsive: 
prove that the new orbit is a rectangular hyperbola. 

27. If the orbit be r = a sin nd, shew that the attrac- 
tion is 






28. Force a 2au^ + 9m' + 6au*. A body falls freely from 
infinity towards the centre of force till its distance is a, and 
then its direction is suddenly turned through the angle 
cot"' 4 ; find the orbit described. 

29. A particle is tied by an elastic string of length a to 
a point wherein resides a repulsive force ot (dist.)": its initial 
distance is a, and it is projected at right angles to this with 
a velocity = ^3/2 that necessary for circular motion, were the 
force attractive. If it passes through a point of inflection at 
a distance 3a/2, shew that it will come to a second apse 
at the distance 3a. 

30. Having given P= fiu', and that a particle is pro- 
jected from an apse at the distance c, find the orbit (1) when 
the velocity of projection is Jfj,/cW2, (2) when it is Jf^/cK 

31. SN is a fixed line through a centre of force 8; PW 
is the ordinate at any point P of the path of a particle acted 
on by the central force; find the force when the curve 
FS always bisects the triangle PN8. 

32. If the path be the lemniscate the Bernoulli, the 
equation to which is j''' = a'cos 20, prove that the square 
of the force varies as the seventh power of the angular 
velocity of the radius vector of the particle. 

33. A point is moving in an equiangular spiral, its 
acceleration always tending towards the pole, 8. When 
it arrives at a point P, the law of the acceleration is changed 
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to that of the direct distance, the actual acceleration at 
P being unaltered. Prove that the point will now move in 
an ellipse whose axes make equal angles with 8P and 
the tangent to the spiral at P, and that the ratio of these 

axes is tan - : 1, where a is the angle of the spiral. 

34. A particle m is projected at a distance (a) from a fixed 
point, in a direction at right angles to that distance, with 
a velocity J/u,/2aj2, and is acted upon hy a repulsive force 
nifi/r^ from that point; find its path, and prove that the 
time from the distance a to the distance aj2 is 2j2a'/Bjfi. 

35. A particle moves under a force fi {3au* —2{a? — 6') m'}, 
a being > 6, and is projected from an apse at a distance a + 6 
with velocity .//i, -h (a 4- &) : shew that its orbit is 

»• = a + 6 cos d. 

36. If the parabolic orbits of two comets intersect 
the orbit of the earth, supposed circular, in the same two 
given points, and if t^, t^ be the times in which the comets 
respectively move from one of these points to the other, 
prove that 

the unit of time being a year. 

37. The pedal of a curve with respect to a point is 
defined to be the locus of the foot of the perpendicular drawn 
from the point on any tangent to the curve, and the pedal of 
the pedal with respect to the same point is called the second 
pedal, and so on; a particle describes the «,'" pedal freely 
under the action of a force tending to that point; find the law 
of force. 

If the curve be a rectangular hyperbola, and the pedals be 
formed with respect to its centre, prove that the w'" pedal 
will be the orbit of a particle moving under the action of 

6«+l 

a force varying as r^''^, where r is its distance from the 
centre of force, ♦ 
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38. A particle is projected with velocity v from the 
vertex of a cycloid and describes the curve under an attraction 
to a centre of force situated on the axis at a distance from the 
vertex greater than the diameter of the generating circle and 
less than twice that diameter; prove that the particle will be 
again at an apse after a time 

a 2a? cos a + 3a sin a + 3 sin° a cos a. 
V ' o cos a + sin a ' 

a being the radius of the generating circle of the cycloid, and 
a the apsidal angle. 

39. A particle P describes a central orbit, centre 
of force S, and through P is drawn a straight line at right 
angles to PS, which line touches its envelope in Q : prove 
that the velocity of Q 

1/dV \ 
"^ lAde^ }' 
and is constant only when the path of P is a parabola, whose 
focus is S. 

40. A particle is projected at a distance a with a velocity 
equal to the velocity in a circle at the same distance, and at 
an angle 7r/4 with distance, the force being /* (3r° + aV)/r' ; 
determine the orbit descrihed, and shew that the time to the 
centre of force is (4 — tt) a^/2j2/j,. 

41. A particle is projected from an apse with the 

velocity from infinity under the attraction of a force —^ log - 

directed to a centre at a distance a : find the equation of the 
orbit described. 

42. A point describes a semi-ellipse, bounded by the conju- 
gate axis, and its velocity, at a distance r from the focus, is 

(■ f(a, — r) )i 

a ■^-=^7^; -\^ , 2a being the length of the transverse axis, 

{r(2a — r)} 

and /a constant acceleration; prove that the acceleration of 

the point is compounded of two, each varying inversely as the 

square of the distance, one tending to the nearer focus, and 

tnb other from the farther focus. 
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43. If the force at a distance r* be 2u, ( -^ — = ) and the 



Hl-V) 



particle be projected from an apse at a distance a with a 
velocity — , it will be at a distance r from the centre after a 
time 



1 f 2, t+Jt'-o" , 
^ja'log^^- +., 

44. In an orbit described undei^- the action of a central 
force, a straight line is drawn from the centre of force perpen- 
dicular to the tangent and proportional to the acceleration : 
if this straight line describes equal areas in equal times, 
shew that the equation to the orbit is of the form 






p' c 
Shew that the recta,ngular hyperbola is a particular case. 

45. Having given P = ofiu" + 8/icV, and that a particle 
is projected from an aps.e .^.t the distance c with the velocity 
Bj/i/c, prove that the orbit is r = c cos 26/3. 

46. A particle acted on by the central force fi(r + a)/^' 
is projected from an apse at a distance a and with a velocity 
which is to that in a circle at the same distance as 1 : J2 < 
shew that the equation to the orbit is f (2 + 0') = 2a, and that 
the particle will arrive at the pole in time TrJa^/JS/j,. 

47. Force x (8aV - 12aV + 9ai<' - 2m''). ^ particle 
is projected at distance a with a velocity = v2/3 that in 
a circle at the same distance, and in a direction making 
an angle 7r/4 with the radius vector; find the orbit described, 
and prove that its equation is r = a (1 — tan 6). 

48. Prove that there are two directions in which a 
particle, acted upon by a central force varying as the distance. 
Can be projected from a given point, with given velocity, so as 
to pass through another given point. 

49. The attraction to a fixed point varying inversely as 
the fifth power of the dis,tance,. a particle is projected in 
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a direction mating the angle tan"' 2j2/3 with the initial 
distance c, with the velocity J 17 fj-/ J ic" ; prove that the 
orbit is 

c 36*^'^'+ 1' 

50. Two heavy particles are connected by a string with- 
out weight. One particle is just dropped through a hole in a 
smooth horizontal plane and the other is projected on, the 
plane at right angles to the string fully stretched. 

(1) Find the least velocity of projection which will 
keep the particle from descending. 

(2) If the velocity of projection be less than this, 
determine the motion of the descending particle. 

51. A particle describes an equiangular spiral under the 
action of a central force to the pole in a medium in which 
the resistance varies as the square of the velocity. Prove 
that the distance from the pole at which the central force is 
a maximum is half the distance at which the velocity is a 
maximum, and that these distances are independent of the 
initial distance or initial velocity. 

52. Two equal particles P and Q, on a smooth horizontal 
plane, are connected with each other by a stretched inelastic 
string of length I, which passes through a smooth ring ( 0) 
fixed to the plane ; P being projected perpendicularly to PQ, 
find the equation to its path, and shew that, when Q arrives 
at (0), P will have described a right anglS about (0) if the 
initial distance of P from it be equal to I cos ir/2 ^2. 

53. A rod which is extensible in accordance with Hooke's 
law is made to rotate with uniform angular velocity w, about 
a line through one extremity perpendicular to its length, and 
is supposed to remain straight. If a be its natural length, 
m the mass of unit of length when unstretched, E its modulus 
of elasticity, and I its length when rotating, shew that 



I: 



Vi^^^f'^vl}' 
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that the stress on the axis is 



J^|sec«o,^J-l|, 



and that the rod must break before its angular velocity is 
7rV^/mV2a. 

54. A wire in the form of a plane curve is constrained 
to rotate about an axis perpendicular to its plane with 
varying angular velocity. Find the motion of a bead which 
slides upon it under the action of any given forces, and the 
pressure on the wire. 

If the wire is circular, and the axis through a point in 
its circumference, and the angular velocity to uniform, shew 
that the pressures on the curve at the two extremities of 
the diameter perpendicular to that through the axis are 
(3 + 2V2) moa^a, the particle starting from rest at a point 
near the axis. Draw a figure to indicate at which of these 
points the pressure is the greater, and the direction of that 
pressure. 

55. A small smooth ring can move upon a smooth cir- 
cular wire which is made to roll with uniform angular 
velocity a> on the outside of a horizontal circle of n times its 
radius: prove that the angle through, which the ring will 
have revolved with respect to the wire at a time t is 

{(w + 1)0— nmt}/(n + 1) where (f) = ay' sin <p/{n + 1). 

56. Two particles P, Q, of equal mass, slide upon a 
smooth endless string OPQ, which passes through a small 
smooth ring at 0, and lies on a smooth horizontal plane. 
OP is initially equal to OQ, and the particles are projected 
with equal velocities along the external bisectors of the angles 
OPQ, OQP respectively ; prove that, throughout the motion, 
the tension of the string varies inversely as OP. 

57. A particle of mass m is attached to a fixed point by 
an elastic string of natural length a, and whose coefficient of 
elasticity is m. It is projected with the velocity due to half 
the length of the string in a direction perpendicular to the 
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string which is initially unstretched. Prove that the apsidal 
distances of its orbit are given by 

a^{r'-a^)-r'{r-ay=0. 

58. A body is. moving in a uniform resisting medium^ 
the resistance of which varies as the w"" power of the velocity, 
under the action of a fore© varying inversely as the square of 
the distance ; find the value of n in order that the path may 
be an equiangular spiral. 

•59. Two centres of force fir, fju'r, tend to two fixed points 
S, S', the forfcfier being attractive and the latter repulsive. 
Prove that a particle under their influence moves in such a 
way that 

„ da' , ,„ do „ 

c being a constant and 6, 0' the angles that r^ / make 
with SS'. 

60. A smooth cirbular tube is fixed at one {)oint A and ■ 
contains a particle which is initially at rest at the opposite 
extremity of the diameter through- A. The tube is then 
made to revolvfe in its own plane with a uniform angula^r 
velocity tu; shew that tlie angle described by the particle 
about the centre of the tube in the time t is 



4 tan 



V6"'+l/' 



61. A heavy particle is attached to a fixed point by 
means of an elastic string of natural length 3a, whose coeffi- 
cient of elasticity is six times the weight of the particle; 
when the string is at its natural length and the particle 
vertically above the point of attachment the particle is pro- 
jected horizontally with a velocity 3 '^ag/^2 ; prove that the 
angular velocity of the string will be constant and that the 
particle will describe the curve r- = a (4 — cos 0). 

62. Prove that the central force tending to the pole 
which causes a particle to describe an equiangular spiral in a 
homogeneous medium wherein the resistance varies as the 
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n"' power of the velocity (the initial velocity having been 

n 

properly chosen) varies inversely as (/•)""* where r is the 
distance of any point from the pole. Find also the velocity 
at any point in terms of r. Examine the cases where w = 2 
or 1. 

63. Shew that a particle may be made to describe an 
epicycloid under the attraction of a circular wire whose 
particles attract inversely as the cube of the distance, the 
circular wire being the fixed circle of the epicycloid. 

64. A heavy particle is free to move on a smooth elliptic 
wire which is moveable in a, vertical plafle about its centre. 
The wire is placed with its major axis vertical and the 
particle at the highest point. The wire is then suddenly 

started to rotate with a constant angular velocity * / ^ , 

where a, b are the semi-axes of the ellipse. Shew that the 
particle will move relatively to the ellipse as if it were acted 
upon by a force to the centre varying as the distance. 

65. A particle m is projected from an apse at distance c 
with velocity J2fic'/Js. The force to the centre being 
rnfj, (r^ — c*r), prove that the orbit is «* + y* = c*. 

66. When the forces have a potential equal to jxr'^ cos 6 
and a particle is projected at a distance a perpendicular 
to the initial line with velocity ^Jjija, then the orbit de- 
scribed is 

r = a sec ( V2 log tan — t 



•■ U2 log 



67. A particle acted upon by a constant repulsive central 
force, is projected at right angles to the initial distance with 
a velocity double that which would be required in moving 
from the centre of force to the point of projection; prove 
that the orbit is 

. _i /r-a 1 , _i /r-a 
^ = tan V-^-^tany-g^. 
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68. A smooth circular wire rotates uniformly in its own 
plane, which is horizontal, about a fixed point, the distance of 
which from its centre is one-third of its radius, and a bead 
which can move on the wire is attached to it at the point 
nearest the fixed point. If the bead be set free, prove that it 
will make complete revolutions, and that, at the angular 
distance sec"' 3, its pressure on the wire will vanish. 

69. A particle is projected toward.s the origin from 
infinity with any velocity, and is acted upon by a force /uw° at 
right angles to the radius vector ; shew that it will describe 

a curve of the family, u = aO^JAd), where ./„(«) is the Bessel's 

function of the n"" order, and find the velocity of projection 
in order that a particular curve may be described. 



CHAPTER VIII. 



TANGENTIAL AND NORMAL ACCELERATIONS. 



122. If mTand mN be the forces acting on a particle of 
mass m in directions of the tangent and normal, the equations 
of motion are 

, 7113 = mT, or mv^ = mT, 
as 

and m - = mN. 

P 

We have already made a slight use of the expression for 
normal acceleration in article • (96) ; we now proceed to 
develope, somewhat at length, the utilization of these 
expressions. 

Motion of a heavy particle on a smooth curve in a vertical 
plane. 

Measuring x horizontally, and y vertically downwards, and 
taking R as the normal reaction of the curve, measured 
outwards, the equations of motion are 

dv dy v^ dx „ 

mv -T- = mg -4- ,m—= mg -j — li. 

The first equation gives 

lm{v^-v?) = mg{y-y'), 
if u be the velocity when y = y', 

B. D. 10 
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This is, in effect, the equation of energy, and can be 
written down at once from the assumption of the truth of 
the principle of energy. 

The second equation determines the pressure. 

123. Motion of a particle on a smooth curve under the 
action offerees to fixed centres, the forces being functions of the 
distances from those centres. 

If r, /,... be the distances of the particle from the 
centres of force, and mP, mP'... the forces, the equations of 
motion are 

mv-T^ = jni^-^ + mi^-^+... 
as as ds 

V' J, de, jy ,dd' ^ p 

m - = mPr -5- +mFr -r- + ... + si. 
p ds ds 

From the first, 

Jmi;'' = 2 \mPdr; 

this, which is the equation of energy, gives the velocity and 
the second equation determines the pressure. 

124. Motion of a heavy j>article, placed on the outside of a 
smooth circle and allowed to slide down. 




If the particle start from the point Q, at an angular 
distance a from the vertex, and v be the velocity at P, 

•^ = 2^a (cos a — cos ff), 
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and —=mgzQid-R, R being the outward reaction of 

the curve, 

.•. -B = m^ (3 cos — 2 cos a), 

shewing that the pressure vanishes, and that the particle 
flies off the curve, when 

cos 5 = I cos a. 

125. Motion of a heavy particle inside a smooth circular 
tube in a vertical plane. 

We shall suppose that the particle starts with a given 
velocity u from the lowest point B. 




Measuring 6 upwards, the equation of energy is 
i m («" — m") = — mga (1 — cos 6), 
and the equation for the pressure is 



mv' Tj a 

— =Ji — mg cos 0, 
a 



R being the pressure, inwards, of the tube on the particle. 



.-. - = 3acos^-2^ + - 



10—2 
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To find the height of ascent we put v = 0, and to find the 
point where the pressure vanishes we put B = 0. 

(1) Take w" < 2ga ; then the highest point is given by 
2ga cos 6 = 2ga — u^, and the pressure never vanishes. 

(2) If v!' = 2ga, the particle rises to G and the pressure 
then vanishes. 

(3) If m" > 2ga and < 'iiga, the highest point is given by 

cos 6 = s--^ , 

2ga 

and the pressure vanishes, and changes sign, when 

3ga 

(4) If m' > iga and < 5ga, the particle rises to A and 
passes over and the pressure vanishes when 

- „ m" — 2ga 

cos 6 = jr — ~ . 

Zga 

(5) If M° = 5ga, the pressure vanishes at A. 

' (6) If u' > 5ga, the pressure never changes sign. 



Oscillation of a Pendulum. 

126. A heavy particle, suspended by a string from a 
fixed point, and oscillating in a vertical plane, forms a simple 
pendulum. 

Measuring from the vertical, and observing that if a be 
the length of the string, s = ad, the equation of motion is 

ad = — g sin 9. 

If the amplitude of oscillation be veiy small, the approx- 
imate equation is 

a 

and therefore d = Acos 



(^/f'-)• 
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This represents isochronous vibrations, the time of 
a complete vibration being 2ir \/ - . 



Finite motion of a Pendulum. 

Recurring to the equation, ad = —g sin 0, and supposing 
the pendulum to start at an inclination a to the vertical, 
we obtain 

ad' = 2g (cos 6 — cos a), 

and therefore if t be the time of oscillation, from one side to 
the other, 

dd 



.=2 /±r-^JL== I- C- 

V 2£fio Vcos6'-cosa '^9] /...a. . ,0 

a „ 

Putting sin ^ = sin ^ sin ■\/r, this transforms into 



difr 




yl - sin'^ ^ sin^i|r 

If 6 be the angle at the time t from the lowest point, 

f^ f' dd /g r* d^^ 

^-V2^i„7cos^-cosa V 5rJ ^ ^ _ ^j^. a^^^. ^ 
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or, in the notation of Jacobi and Guderman, 

Q 

and the height of the bob of the pendulum = 2a sin" -^ 



= 2asin''^ sw" (v ) ' ^^^ • ^^'^g- 



127. Motion of a heavy particle on the arc of a smooth 
cycloid, having its vertex downwards, and axis vertical. 

Measuring from the tangent at the vertex, the intrinsic 
equation of a cycloid is 

s = 4a sin ^, 

and the equation of motion is 

. , .. ff „ 
s = —gsia.^, or s + ^ s = ; 



.'. s = A cos 



(x/f.'-). 



shewing that the motion is an isochronous vibration, the 
period of a complete vibration being 

128. Motion of a particle in a smooth circular tube v/ader 
the action of a force to a fixed point varying as the distame 
from that point. 

Take a as the radius of the circle, and c as the distance of 
the centre of force S from the centre G. 

Resolving along the tangent, the equation of motion is 

'^^ ci-nm dr 

v^ = f.rcos8PT=-^r-^. 
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and therefore v^ = fjL {{c + of - r") = 2(jLac (1 - cos 6), supposing 
the particle to start from A. 




If E he the pressure on the particle, measured inwards, 



mv 
a 



= mfir cos GPS + R = mfiPF + R, 



or ma^ = m/i (a + c cos 0) + R, 

therefore R = »w/* (2c — a — 3c cos 6). 

129. Motion of a particle on the arc of a smooth equi- 
angular spiral under the action of a force from the pole. 

If mP be the force from the pole, and R the pressure 
measured inwards, we have 

dv -n mv^sina _ . „ 

V -r- = P cos a, ■= mP sm a — M. 

ds r 

In the case in which P= fi/r^ these equations give 



dv 
"dr- 



-.- -""^"e-')- 



if the particle start with no initial motion from the distance 
a, and the second equation determines the pressure. 
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We also have 
dr 



-T = y cos a = cos a 
at 



J- 



2/i(r- a) 



ar 



and therefore the time from the starting point to the distance 
h is equal to 

*■* Jar dr 



I 



a COS a ^2yx (r-a)' 

130. Motion of a particle on the arc of a smooth hypocy- 
cloid, under the action of a force to the centre varying as the 
distance. 

Taking BAB' as the arc of the hypocycloid, of which A is 
the vertex, measure the arc from A. 

In the figure C being the centre of the rolling circle of 
radius b, Q is the instantaneous centre, and EP, PQ are the 
tangent and normal to the hypocycloid at P. 
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The angle YOA being 0, we see that 

aQ 1 - /,_ 25^ 



<^ + ^ = 



^ and .-. 6= , 

2o a — 2o 



and p = 1^= (a — 26) cos 5^ = (a - 26) cos — — 



2b 



-2b- 
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The curve being convex to the point 0, 

and therefore s = 4 - Ca — S) sin — ^ . 
a ^ ' a — 26 

The equation of motion is 

s = - /lOPcos OPY=-iJ.PY= fi -^ . 

a<p 

■■ , /**^ n 

or, s + -7T-r — r\ « = 0, 

46 (a — 6) 

shewing that the motion is oscillatory and isochronous. 

A geometrical proof of the isochronism of the hypocycloid 
will be found in the Principia, Book I., Section x. 

If we make the radius of the circle infinitely large, and 
the quantity fi infinitely small, and take /j,a = g, we fall upon 
the case of cycloidal motion, and the above equation becomes 

s + ^ s = 0, as in Art (127). 

131. Motion of a particle sliding on a rough curve. 

The equations of motion are, if R be the pressure, 
measured inwards, and fx the coefficient of friction, 

mv -y- = mT — fiR, 

if 
m — = mN+R. 

P 
Taking the case, for instance, of a heavy particle sliding 
upwards on the arc of a curve in a vertical plane, we have 

mv-r = — ing sin j) — fiR, 

V^ -D J. 

m— =R — mg cos 9, 
P 
where ^ is the inclination of the tangent to the horizon. 
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Hence ^j -j- + /i — = - £f (sin <^ + /t cos ^), 
as p 

J -.8 

or, -^ + 2/jLv' = - 2gp (sin ^ + /i cos ^), 

and, the intrinsic equation s =/(^) being given, p =/' (if), 
the equation is that of Chapter II. (1). 

132. Motion of a heavy particle in a medium the resistance 
of which varies as the square of the velocity. 

Measuring <f) downwards from a horizontal line, the 
equations of motion are 

dv • . 7 a J ^^ . 

V --r- = g sin (p — Kv , and — =gcos 9. 

The second equation shews that for a given velocity the 
curvature is independent of the resistance, a theorem which 
is true for motion in any resisting medium under any forces. 

Eliminating v we obtain 

cos ^ -^ — 3/3 sin ^ + ikp' cos ^ = 0, 

or, TT ( - ) + 3 tan S.- =2k, leading to 

d(p \p/ ' p 

SGC (h 

= k {tan ^ sec + log (tan </> + sec ^)] + 0, 

r 

and this is the intrinsic equation of the path. 

133. The question sometimes arises whether a given 

curve can be described by a particle under the action of forces 

to two or more fixed points. In such cases we obtain equations 

dv v^ 
for V -3- and — , and the value of v" obtained by integrating the 

first must be identified with the value of v^ obtained from . 
the second. 

If for instance the curve be an ellipse and the forces 

^ and ^ to the two foci, we have 

dv _ fi dr p! dr' 
ds~~ r^ ds r'^ ds ' 

v^ /i . /i . 

— = ^ sin <fi + -Ss sin A. 
p r T- ^» T- 



TWO CENTRES OF FORCE. 
From these equations, 
,» = C + 2jf + 24, 
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and 



fj, rr fi rr 



CD' 



V =5. — + 3— sincepsin<^ = -^, 



a 



a 



_2/M 2/j, fj, fi! 
r r a a 
and the values of 1? are the same if 



<7= 



/i /i 



a a 



134. Motion of a particle fastened to a string which is 
wownd round a fixed cwrve. 

Suppose that when the string is completely wound up, 
the particle is at A, and measure s and ^ from A and the 
tangent at A, 




Then PQ = s, and the path of P is an involute of the 
curve, its radius of curvature being PQ. 

Taking m8 and mN as the forces perpendicular and 
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parallel to the string, and T as the tension, the equations of 
motion are 

nnvdv „ ^° m , A7- 
—, — ^mS, m- =T+mJ\, 
d<r p 

a being an arc of the path, or 

-^rr = mS, m - = T+mN. 
sdip s 

If there are no acting forces, v is constant, and the tension 
varies inversely as PQ. 

Ex. Let the curve -he a circle and the acting force a 
repulsive force from the centre varying as the distance. 

In this case v-j- = fH'Ci, 

da 



so that the motion is uniformly accelerated, and 

mv^ „ 

— = 1 — nifis, 

so that, if the particle start from rest at A, 

T=-2m/is. 

135. Motion of a string or fine chain inside a smooth tube 
of any shape under the action of given forces. 

Taking AB as the chain, we let s represent the length 
OA of the axis of the tube, measured from a fixed point 0, 
and let a represent the length AP of the chain. 

. Then if T be the tension at P and T + BT at Q, and BScr 
be the pressure of the tube on the element PQ, the equations 
of motion of the element, the mass of which is mScr, are, ob- 
serving that the velocity and the tangential acceleration of 
every point of the chain are the same, 

mSa- .s = ST+ mSaS, 

and Tnda — = T f- mBaN + iJScr, 

P P 
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where S and iV are the tangential and normal forces per unit 
of mass. 




Taking I as the length of chain and integrating the first 
equation from A to B, 



ls= I Sda; 
J 



and the second equation gives 

B = m mN'. 

P P 

As a particular case consider the motion of a heavy chain 
inside a smooth circular tube in a vertical plane. 

Measuring from the vertical radius, and from OA, take 
COA = 0, and AOP = ^. 

The equation of motion of the element PQ, or ma8(j), is 

ma8(j> . ad — maS^ . g sin (0 + <p) + BT, 

and therefore taking a as the angle subtended by the string, 

ma^(j)0 = T— mga cos (^ + 0) + mga cos 0, 
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and 00.8= g {cos — cos (6 + a)} = 25r sin ( ^ + ^ j sin ^ , 
whence aa^'' = 25fsin^ jeos „ — cos f ^ + sir. 



if the end A start from C. 




or 



For the rate of pressure at any point, 

maS^ . aff^ = maZ^ . g cos {9 + ^) + TBtf) - RaS(f>, 
Ra = mga cos {6 + <^)-\-T— ma'6^. 



136. Motion of a piece of fine chain inside a smooth 
circular tvhe which is revolving in its own plwne about a point 
in its circumference. 

AB being the chain, let EGA = 9, and AGP = ^. 

The acceleration of the point P with regard to C, in 
direction of the tangent is 

a -^^(6 + <}>), or a0, 
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and the acceleration of G is w'a in the direction CO ; there- 
fore the equation of motion of the element PQ is 

maScj, {a0 + oy'a sin (6 + ^)] = ST, 




and, integrating from A to B, that is from (j> = to <f) = a, 
ad = to" {cos d — cos {0 + a)] = 2a^ sin (d + | j sin ^ , 

and therefore ad^=G — 4eo^ sin - cos f + „ j , 

the constant being determined by initial conditions. 

137. The equations of motion of a free string in a plane 
under the action of given forces in the plane. 

If, at any instant, u and v be the tangential and normal 
velocities of point P of the string, and <^ the angular velocity 
of the tangent, the accelerations of P are 

M — vj), and ii + u<f). 

Hence the equations of motion of an element PQ are 

mSs {u — v4>) = ST+ mSs . 8, 

Ss 
mBs{v + u<f>) = T — + mSs,I/', 

r 
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p being the radius of curvature of the string at P and mS, 
mN the forces per unit of length, 

rIT • T 

or to(m-^) = -t- +m/Sf, m (?) + m0) = - + miV^. 

The string being inextensible, the geometrical condition 
is that the motion of Q relative to P is ultimately perpen- 
dicular to PQ, and leads to the equations, 

(m + Sm) cos Si|r - (u + Sy) sin S-«|r = m, 

8 j) (v + Zv) cos Sx/r + (m + 8zf) sin S-^-v 

Silr being the angle between the tangents at P and Q; or 
ultimately 

du V T d<b dv , u 

-J- = - . and -j7 = :5- + " • 

ds p' at ds p 

138. A particular case is that of an endless chain originally 
at rest under the action of conservative forces, and the 
reactions of smooth curves, and set in motion in such a 
manner that each point of the chain begins to move in the 
direction of the tangent at the point. 

In this case the chain will retain its form. 

For, if V be the velocity of each point of the chain, 
the equations of motion of an element Ss are, 

= 7nSs.P + 8r, mSs-=m8s.Q+ — ; 
P P 

or Q = mP+j^{T-mv^, = mQ+-{T-mv'), 

leading to P+^(Q/,) = 0, 

as the equation giving the form of the curve when there is 
no motion, and it therefore follows that the chain retains its 
form, but that the tension at each point is increased by mv^. 
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This question is discussed in the solutions of the Tripos 
Questions for 1854 by_ Mr Walton and the late Bishop 
Mackenzie. 

Mr W. Froude, in a letter in Nature, in November 1875, 
described the experimental fact that a heavy endless chain, 
placed over a drum, and made to revolve rapidly, retains 
unchanged the catenary form which it assumes when not 
in motion ; and further that if an indentation in the form 
be made by a blow from a heavy hammer, the inden- 
tation, if the rotation be very rapid, remains for a considerable 
time. 

In the latter case the tension becomes so great that the 
action of gravity is unimportant, although of course, the 
action of gravity will, in time, remove the indentation and 
restore the catenary form. 

139. Tlie equation for determining the initial tension of 
a string. 

The problem to be considered is that of a string on the 
point of motion, under the action of given foirces, as for 
instance a string which being in equilibrium is cut at any 
point. 

Let PQ (8s) be an element of the string, and mSs.S, 
mSsN the tangential and normal forces acting upon it. 

Take a, /S, a + Ba, ^ + S^ as the tangential and normal 
accelerations at P and Q respectively, and T, T+ ST as the 
initial tensions at P and Q. 

Then, S(f) being the angle between the tangents at P 
and Q, 
mSs.a = BT+mSs . S, and mSs./3 = {T+ ST) sinS<j) + mSsN, 

dT T 

or, ultimately, ma = -p + mS, m/3 = — + mN, 

where p is the radius of curvature. 

We have also the geometrical condition that the accele- 
rations of Pand ^in the direction PQ are the same; and 

B. D. 11 
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hence, S^ being the angle between PQ produced . and the 
tangent at Q, we obtain 

(a + Sa) cos S0 - a - (yS + S^) sin S^ = 0, 
or, ultimately, t = U, 

and, therefore, from the mechanical equations above, 

d'T dS T mN 

-j-g- + TO J- = -2 H . 

as as p p 

If one end of the string be fixed, we have, in determining 
the constants resulting from integration, to introduce the con- 
dition that the tangential acceleration at the fixed point is 
zero, and, if either end of the string be moveable on a fixed 
curve, the condition thereby introduced is that the accele- 
ration of that end of the string in the direction of the normal 
to the curve is zero. 

Mathematical Journal, 1864. 

For example suppose that a catenary, the upper ends of 
which are fixed, is severed at the vertex. 

Wo have s = ctan0, S = —gsm^, If=—gcos<p, 

and thereiore t- = — 9 cos -r- = — . 

ds " ^ ds p 

d^T T 
The equation is -jy = — > or, transforming, 

TTt cos ^ — 2 -J-, sin j> — Tcos ^ = 0. 

jrp 

Integrating -j- cos ^ — T'sin ^= 0, 

and therefore Tcos^= C(f)+ C. 

Ii<f> = 0, T= 0, and Tcos ^ = Ccj). 
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If a be the value of <j} at the upper end, 

dT 

—j — mg sin ^ = 0, when 4"^'y' 

CIS 

, . , . « mffc sin 7 

which gives 0= ^ — . 

cos 7 + 7 sin 7 

For another example take the case of a catenary the ends 
of which, held apart, can slide on a smooth horizontal rod, and 
imagine the ends let go. 

In this case, as before, 

but the geometrical conditions are that the tangential accele- 
ration of the vertex is zero, and the vertical acceleration of 
each end zero. 

dT 
Therefore —j- = 0, when <j> = 0, which gives C = 0, and 

T=C'sec^, 

and a sin 7 4- /3 cos 7 = 0, when = 7, 

leading to G' = mgc and T = mgc sec 0. 

The vertex has no initial acceleration, and the horizontal 
acceleration of each end is g sin 7 (1 — sin 7). 

140. A heavy chain, lying on a smooth horizontal plane, 
receives tangential impulses at one or both ends; it is required 
to find the impulsive tension at any point, and the direction of 
the initial motion. 

Taking u and v as the tangential and normal velocities of 
a point P of the chain, and T as the impulsive tension at P, 
the equations of motion of an element PQ- are 

mZs .u = hT, mBs . « = T — ; 

P 

dT , T 

or mu = T- , and mv=~; 

as p 

11—2 
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and we have besides the equation of continuity expressing the 
fact that in the limit, the velocity of Q in direction of the 
tangent at F is the same as the velocity of P in that 
direction. 



or 



This condition gives 


us 










(m + Su) cos 


iS^- 


(v + Sv) sin S^ = 


u, 




du 
d^' 


du V 

= v, or -T- = - 

as p 








We hence obtain for the impulsive 


tension, 


the 


equation, 




d'T 
ds" 


T 









If the chain be heterogeneous, that is, if m be a variable 
quantity, the equation is 

d'T 1 dmdT^T 
ds^ m ds ds p"' 

As an example take the case of a piece of chain in the 
form of a, portion of a catenary, bounded by a chord parallel 
to its directrix, and suppose that equal tangential jerks are 
applied simultaneously at its two ends. 

Since s = c tan ^, we obtain 

.d'T „ . ^dT ^ ^ „ 
cos,/,^,-2sin.,^^-2'cos.^ = 0, 

atad therefore T cos <f> = C^ -i- C, 

At the vertex, u = 0, and at each end, r= P, if P be the 
tangential jerk ; and we obtain, y being the extreme 
deflection, 

Tcos (j) = Pcos 7. 

Moreover mcu = P cos 7 sin <f), and mcv = P cos 7 cos </>, 

and therefore v = u cot <p, 

shewing that every point of the chain begins to move in the 
direction parallel to the axis of the catenary. 
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Ex. (2). If a chain in the form of a quadrant of a circle, 
the density at any point of which, measwedfrom one end varies 
as 6*, receive a tangential jerk at the other end, we have 

1 dm _1 
m ds a' 
and our equation is 

d^T dT 

the integral of which is given in' Chapter II., and the geome- 
trical conditions are that ^ 

T=0, when (9 = 0, and that r=Pwhen(9 = ^; 

these conditions determine the two constants of integration. 
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1. A lamina, in the form of a regular polygon, is placed 
flat on a smooth horizontal plane, and fastened to the plane ; 
a string, the length of which is equal to the perimeter of the 
polygon, is wound round it, one end being attached to an 
angular point, and the other end carrying a particle ; if the 
particle be projected horizontally, at right angles to the 
string, find the time after which the string will be wound up 
again, and its greatest and least tensions. If the lamina be 
held in a vertical plane, and the particle be projected in' the 
same plane, with an initial velocity sufficient to keep the 
string always stretched, find its velocity at the instant the 
whole string becomes straight, the side of the lamina with 
which the particle is initially in contact being horizontal and 
downwards. 

2. A small bead is projected with any velocity along a 
circular wire under the action of a force varying inversely as 
the fifth power of the distance from a centre of force situated 
in the circumference. Prove that the pressure on the wire is 
constant. 
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3. A particle is placed at the extremity of the vertical 
minor axis of a smooth ellipse and is just disturbed. Shew 
that if it quit the ellipse at the end -of the latus rectum the 
eccentricity must satisf}' the equation e° + 5e* + Be" = 5. 

4. If a particle hanging vertically by a string be pro- 
jected horizontally, and rise to a point P, and there leave the 
circular motion, shew that if it recommences circular motion 
at Q, PQ and the tangent at P to the circle will make equal 
angles with the vertical, 

5. If a particle move under the action of forces F, F, 
to any number of fixed points, and if q, q',... be the chords of 
curvature of the path in directions of these forces, 

2mv'='Z{Fq). 

6. A uniform circular ring rotates uniformly in a hori- 
zontal plane about its centre. Shew that the greatest possi- 
ble linear velocity of its particles is independent of the radius 
of the circle and of the cross section of the ring. 

Find the breaking tension in pounds per square inch 
in the case of a uniform ring of radius a feet which is on the 
point of breaking when it makes n revolutions a second, 
the weight of a cubic inch of the material of the ring being 
that of c ounces. 

7. Two equal particles which repel each other with 
a force = fi (distance)"' are placed on the inner surface of a 
smooth sphere (rad. a), and their initial distance subtends 
an ^ 2a at the centre : shew that they will perform isochro- 
nous oscillations in intervals = 2ira' J 2 sin ajjfi. 

8. A particle descends the arc of a smooth cycloid whose 
axis is vertical from the base to the vertex. 

If a horizontal line through the particle meet the ciixle 
described on the axis of the cycloid in Q, the velocity of 
approach of the particle to Q is constant and equal to half the 
velocity of the particle at the vertex of the cycloid. 

9. A particle is placed very near the vertex of a smooth 
cycloid, s = 4ca sin ^, axis vertical and vertex upwards ; find 
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where the particle runs off the curve, and prove that it falls 
upon thfe base of the cycloid at the distance (7r/2 + ^3), a 
from the centre of the base, 

10. A heavy particle slides, from a cusp, down the arc of 
a rough cycloid, the axis- of which is vertical; prove that its 
velocity at the vertex will bear to the velocity at the same 
point when the cycloid is smooth the ratio of 

11. If a pendulum oscillate in a medium the resistance 
of which varies as the velocity, prove that the oscillations are 
isochronous. 

12. Two imperfectly elastic particles are constrained to 
move on a cycloid, whose axis is vertical ; they are let fall 
simultaneously from different points of the cycloid; deter- 
mine the energy of the particles immediately after the 
w"" collision, and the ultimate loss of energy, as the number 
of collisions increases without limit. 

13. Two particles are let drop from the cusp of a 
cycloid down the curve at an interval of time t : prove that 
they will meet at a time 



■/M 



27r,.. 
9 

after the starting of the first particle, a being the radius of 
the generating circle. 

14. Two equal smooth circles are fixed so as to touch the 
same horizontal plane, their planes being at different inclina- 
tions; two small heavy beads are projected at the same 
instant along these circles from their lowest points, the 
velocity of each bead being that due to the height of the 
highest point of the other circle above the horizontal plane ; 
shew that during the motion the two beads will always be at 
equal heights above the horizontal plane. 

15. A particle is attached to a point in a rough plane 
inclined to the horizon at an angle a, originally the string is 
its natural length ; prove that the particle will not oscillate 
unless tan a > 3/i, where fi is. the coefficient of friction. 
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Between what limits must //. lie in order that the particle 
may come to rest at the end of its m"" semi-oscillation ? 

16. A fine parabolic groove has its axis vertical and 
vertex downwards, an elastic string has one extremity at- 
tached to the focus, and the other to a particle in the groove; 
the natural length of the string equals one-fourth the latus 
rectum, and the weight of the particle is such as to stretch 
the string to twice its natural length ; determine the position 
of equilibrium, and shew that the time of a small oscillation 
about it is 27r J'lajg. 

17. If a particle, mass «i, be acted upon by equal 
constant forces m/in the directions of the tangent and normal 
to its path, and if the resistance be mfv'lk*, prove that the 
intrinsic equation of the path is 

F(e^-l)=M'(62*-l), 
u being the velocity of projection. 

18. Two elastic strings the natural length of each of 
which is -jTra, are fastened at a point P in a circlar tube 
(radius a) of small bore ; the strings are stretched in opposite 
directions, and their other extremities fastened to a particle 
of given weight. If the plane of the tube be horizontal, and 
the particle be displaced from its position of equilibrium 
through an angle less than 7r/2, shew that the time of an os- 
cillation is independent of the extent of the displacement, 

19. A heavy particle is projected upwards from the 
vertex, within a smooth parabola whose axis is horizontal, 
with the velocity due to a fall down the latus rectum (4a). 
Investigate the subsequent motion, and shew that the particle 
impinges upon the parabola again, at a distance 3a \/13 from 
the vertex, with a velocity that bears to the velocity of pro- 
jection the ratio tJ5 : kJI. 

20. A particle describes a circular arc under the action 
of a constant force not tending to the centre ; shew that it 
will oscillate through a quadrant. 
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21. A particle is moving on the convex side of a rough 
equiangular spiral towards the pole, under the action of a 
force to the pole = kv, where v is the velocity at distance r. 
If V be the velocity at distance a, and t the time of moving 
from distance r to distance a, shew that, /i being the coefiEi- 
cient of friction, 

yl+(itana_Q,l+u.tana — ^^ °'°° t^COSa+Z^Sing f j _ g(_eoaa+|u,sma)«if| 

K cosa— /isinx ■'' 

where a is the angle of the spiral. 

22. Having given that the normal acceleration varies as 
the square of the velocity parallel to the axis of x, find the 
path ; and prove that if this path be described under the 
action of a force parallel to the axis of y, then the whole 
acceleration at any point is proportional to the velocity. 

23. If the curve whose intrinsic equation, referred to a 
horizontal tangent, is s' sin (j> = a' be described by a particle 
under the action of gravity, find the time of descent from any 
point of the curve to the horizontal tangent. 

24. A particle, mass m, moves in a smooth circular tube 
of radius a, under the action of a force, fim (distance), to a 
point inside the circle at a distance c from its centre'; if the 
particle be placed very nearly at its greatest distance from 
the centre of force, prove that it will pass over the quadrant 
ending at its least distance in the time 

25. A particle P attached by a string of length a to a 
fixed point C describes a circle in one plane, under the action 
of a uniform repulsive force /emanating from a fixed point 
; 00 being = c and > a. If F be the velocity of the 
particle when at its greatest distance from and v its velocity 
after describing an ^ ^ from that position, shew that 



1^=^- 2/{c + a - Vc' + a' + 2ac cos 6}. 
Find also the tension of the string and shew that 
r <{: 5/a. 
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26. A heavy particle is projected in a resisting medium ; 
if V be the velocity at any time, the inclination to the 
vertical of the direction of motion, and / the retardation, 
prove that , 

^ dv , , f 

-TT + cot^+-^^-, =0. 

V dip ^ g suKp 

If /= fiv', find V in terms of (p. 

27. Prove that the curve possessing the property that 
the product of the distances of any point on it from two fixed 
points is constant, may be described with uniform velocity 
under the action of two forces, each tending to one of the 
fixed points, and varying as the distance from the other, the 
absolute intensities of the forces being the same. 

28. Prove that a particle can describe a parabola under 
a repulsive force in the focus varying as the distance and 
another force parallel to the axis always of three times the 
magnitude of the former; and that if two equal particles 
describe the same parabola under the action of these forces, 
thteir directions of motion will always intersect on a fixed 
confocal parabola. 

29. Find the time of a small oscillation of a particle 
suspended from a point by a string of length I, when the 
square of a, the angle of oscillation, is neglected ; and shew 

that the time will be tt ( 1 + — j */ - , if the approximation 

include the square of a. 

A weight is drawn up uniformly and slowly with velocity 
M by means of a crane ; shew that the times of small oscilla- 
tions will decrease at first in arithmetical progression, the 
' common difference being •7r'u/2g. 

30. Two equal particles, connected by a fine string, are 
placed in a circular tube, to one point of which they are 
attracted with a force varying inversely as the distance ; one 
of the particles being initially at its greatest distance from 
the centre of force, and v, v' being the velocities with which 
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they successively pass through the point whose distance from 
the centre of force is 90°, shew that e *■ j^f v- =\. 

31. Two equal particles are connected by a string passing 
through a small hole in a smooth horizontal table, one 
particle hanging down, and the other held on the table ; if 
the latter be projected along the table at right angles to the 
string with the velocity V2^c, prove that the initial radius of 
curvature of its path is 4c. 

32. Within a smooth circular tube of radius a held fixed 
' in a vertical plane lies a light string of length greater than 

half the circumference of the tube. The string carries equal 
weights at its ends, which balance within the tube, and the 
string subtends at the centre an angle 2 (tt — a). If they be 
slightly disturbed, shew that the time of a small oscillation 
is the same as that of a simple pendulum of length a sec a. 

33. A particle moves under the action of a central force 
which is such that the normal acceleration on the particle 
is constant: find a differential equation of the first order 
to the path of the particle, and shew that r° sin %Q = a' is 
a particular integral. 

34. A heavy particle moves on a smooth curve in a 
vertical plane, the form of the curve being such that the 
pressure on the curve is always m times the weight of the 
particle: prove that the time of a complete revolution is 
lirmjal Jg (m" — 1)°, and that the length of the vertical axis 
of the curve is 2ma[[m^ — \f, the whole length of the curve 

being -jra (2m^ + l)l{m^- 1)1 

35. A small smooth heavy bead runs on a string 
fastened at two points in the same vertical line: the string is 
originally vertical and the bead in its lowest possible position, 
the bead is then projected so that it proceeds to describe 
a portion of an ellipse, the string being at first tight; prove 
that if the string becomes slack when the bead is at the 
extremity of one of the equi-conjugate diameters of the 
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ellipse, then the free path of the bead will pass through the 
other extremity of the satae diameter, and the latusrectum 
of its free path will be to that of the ellipse as 1 : 2j2. 

36. On a wire in the form of a parabola with axis 
vertical and vertex downwards is a bead attached to the 
focus by an elastic string whose natural length is one eighth 
of the latus rectum and whose modulus is equal to the 
weight of the bead. Prove that the time of a small oscillation 
is ^wja/g, where 4ci is the length of the latus rectum. 

37. A particle slides down the arc of a vertical parabola, 
with vertex downwards starting from rest at a height h 
above a horizontal line through the vertex. Shew that the 
time of descent to the vertex is equal to 

where E^ (k) denotes the complete second elliptic integral to 
modulus k. 

38. A circle, centre C, is described round an internal 
Centre S of attractive force; shew that the force varies as 



where SP = r, a = radius of circle, SC= c. 

If there be two equal centres of force S, 8' such that 
SCS' is a straight line, and 

SC = S'C = c, 

then taking each force to be -r-s — h> 7z«, shew that a 

" (a +r- cy 

particle will describe a circle, centre G and radius a (> c), if 

projected from a point in the line OS distant a from G with 

a velocity a } a _ J perdendicular to GS. 

39. A smooth wire is bent into the form of a circle 
radius a, and rotates with uniform angular velocity a about a 
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vertical axis through the centre which makes an angle a with 
the plane of the circle. If a smooth bead slide on the wire, 
shew that the equation of motion of the ' bead along the 
wire is 

d s s s s 

-T^ = aw" cos" a cos - sin a cos a sin - , 

at a a ^ a 

where s is measured from the lowest point. Hence find the 
position of equilibrium of the bead, and the time of a small 
oscillation about that position. 

40. A heavy particle hanging by a string from a fixed 
point is projected horizontally and describes a portion of a 
circle greater than a quadrant until when it arrives at a point 
P the string slackens and it begins to move in a parabola : 
shew that the circle is the circle of curvature of the parabola 
at P, and that if OP be produced to meet the directrix the 
locus of the intersection is a circle concentric with the given 
one. 

41. A heavy bead slides on a smooth fixed vertical 
circular wire of radius 'a: if it be projected from the lowest 
point with a velocity just sufficient to carry it to the highest, 
prove that the radius through the bead will, in a time t, 
turn through an angle 

2 tan"' ^sin^ y' ^ t 

42. If a particle move on an ellipse under a force to the 

centre =mr — nr log . where c' = a' + b^, and N be the 

° c + v 

pressure on the curve, p the radius of curvature, prove 
Ifp = 2ncr + constant. 
If the velocity vanish at an extremity of the major axis 

and — = log , then 

n c — a 

Np = 2nc{r — a). 

43. Snow is uniformly spread over the surfaces of a 
conical pinnacle and of the hemispherical dome of a building. 
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It begins to slide ofif, starting at the highest point and 
clearing a path as it goes. Prove that the motion in the 
two cases is the same as that of a free particle moving on the 
surfaces under the action of a vertical acceleration equal 
to one-fifth and one-third the acceleration of gravity re- 
spectively. 

44. If a heavy particle be projected with a given velocity 
and in a given direction prove that the initial curvature of 
the path is independent of the resistance. Shew that, if the 
resistance = /x (yelocity>'', the radius of curvature (p), at the 
point where the tangent is inclined at an angle ^ to the 
vertical, satisfies the equation, 

sin T^ + 3/3 cos <j) -)- 2fip^ sin ^ = ; 

and that, if l/p be the curvature at the other point where 
the inclination to the vertical is the same, the curvature at 
the vertex is 

2 sin"^ Vp /sV ■ 

45. A particle is projected along a rough tube, and is 
acted on by a force always bisecting the angle between the 
tangent and the normal, and varying directly as the curvature 
and as the sine of the angle (ilr) the tangent makes with a 
fixed straight line. Shew that the velocity -depends only on 
^fr, whatever be the shape of the tube; and if it is zero when 
ijfr = 6, where the coefficient of friction is J cot e, shew that the 
time of describing an arc s varies as 

ds 



I 



v/sin (i^ — e) 

46. A tube of uniform bore in the form of an equi- 
angular spiral is revolving uniformly with angular velocity a> 
in a horizontal plane about a vertical axis through its pole, 
and within the tube is a smooth uniform chain of length 21 
and mass m, which is initially at rest with its middle point at 
a given distance from the pole;_ find the space described 
by the chain along the tube in a given time, and shew that 
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the tension at any point of the chain is mv? cos" a (Z" — a;°)/4?, 
where x is the arcual distance of the point from the middle 
point, and a is the angle of the spiral. 

47. A string of varying density slides in a smooth 
cycloidal tube whose axis is vertical and vertex downwards. 
Shew that if the string be let fall from any position in which 
its whole length is within the tube, its centre of gravity will 
reach the vertex in the same time. 

48. The bob of a simple cycloidal pendulum starts from 
rest at the cusp. If the string break in any subsequent 
position after passing the axis of the curve, the locus of 
all possible positions of the focus of the trajectory subsequently 
described by the bob is given by the equation 



— "^(iVf)^('Vf)vV!-!' 



the middle point of the base of the cycloid being taken as 
origin and the length of the string being 4Z. 

49. A string of infinite length is laid on a smooth table 
in the form of a portion of one branch of the curve r" sin nQ = a", 
so that one extremity of the string is at a finite distance 
from the origin of polar coordinates; to this end a tangential 
impulse is applied, so that the initial direction of motion 
of each point of the string and the radius vector to the point 
are equally iaclined to the corresponding tangent. Shew 
that the impulsive tension at any point °= r~'"~'' and the 
density of the string must 

Sn-l 

50. A uniform string falls freely in one plane under 
the influence of gravity; prove that the angular acceleration 
of the tangent at any point is 

2 d fT\ 

m\/p ds VVP' ' 

where T is the tension at the point, p the radius of curvature, 
s the arc measured from a fixed point of the string, and m 
the mass of a unit of length. 
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61. The equation to a curve is 

(u - a) {(u - af -b'{e + a) -^} = ; 

A particle m, placed on the curve, and acted upon by the 
force to the origin 

is projected tangentially so that its velocity, when it arrives 
at the distance a'^ from the pole, shall be ha ; prove that its 
pressure on the curve will be always zero. 

52. A bead can slide on a smooth circular arc ABand is 
attracted by it, the force to any point being f{r): if it 
be displaced from its position of equilibrium, the time 
of oscillation will be 2Tr/j2 cos a f {AG), where G is the 
middle point of AB, and 2a the angle AG subtends at the 
centre of the circle. 

53. Prove that a lemniscate can be described freely by 
a partide under the action of two centres of force of equal 
intensity in the foci, each varying inversely as the distance, 
and that the velocity will always be equal to j4fi/3, fi/r being 
the acceleration of either force on the particle at a distance r. 

54. A heavy particle, mass m, falls down a smooth cycloid, 
whose axis is vertical and vertex upwards, in a medium 
whose resistance is mv'/2c, and. the distance of the starting 
point from the vertex is c ; prove that the time to the cusp is 
J8a (4a — c)/Jgc, 2a being the length of the axis. 

55. A particle is acted on by two forces, tending to the 
foci of an ellipse whose major axis is (2a), and varying 
according to the law /i {r" + 8a^)/8aV, the absolute intensities 
being the saihe. Shew that, if it be projected along the 
tangent to the ellipse with a certain velocity, then it will 
continue to describe the ellipse freely, and its velocity, in any 
position given by the focal distances {r, r'), will be 

n(r'' + rr' +r"')/2jrr', 

(n) being the mean motion in the ellipse under a force fi/r' 
to a focus. 
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56. In the case of a piece of uniform chain, on a smooth 
horizontal table, receiving a tangential jerk at one end ; 

(1) Find the form of the curve if the initial direction 
of motion of any point makes a constant angle with the 
tangent at that point. 

(2) Find the impulsive tension at any point when 
the form is such that the line-mass at any point varies as the 
curvature. 

(3) Prove that if the impulsive tensions follow the 
same law as the tensions in a non-uniform string hanging in 
the same curve under the action of gravity, then 

2 Ip.^^'' 

' ds' ds 



-(-4. 



(4) If all the particles of the chain start with equal 
velocities, prove that the form must be that of a straight line 
or of a catenary. 

57. AB is a diameter of a horizontal circular wire, and 
a particle, free to move on the wire, is repelled from J. by a 
constant force equal to twice its weight. Shew that if placed 
at an angular distance 2a from B, it will oscillate about B in 
the same time as if it were oscillating under the action of 
gravity alone on the same circular wire placed with its plane 
vertical through an angular distance a. on each side of the 
lowest point. 

58. If a projectile move in a medium the resistance of 
which varies as the square of the velocity, and if p, p be the 
radii of curvature of the path at two poiats at each of which 
the direction of motion is inclined at an angle <f> to the 
horizon, and r the radius of curvature at the highest point : 
shew that 

1 1 2cos»rf) 

-■¥-, = —. 

p p r 

59. Two points A, B, such that AB is inclined to the 
horizon at an angle (^ j , are connected by a wire made up 

B. D. 12 
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of two equal circular arcs of radius (a), placed so that the 
tangents at the extremities A, B are horizontal, while the 
other ends meet at a point G in AB, so that the two arcs 
have at C a common tangent. If a ring be projected from A, 
with velocity u, it will come to rest at B, provided 

V? {2fjL' - 1) (e^' cos g - 1) + S/i.e^'" sin a 

/[* being the coefficient of friction. 

60. A chain, in equilibrium in one plane, receives a 
tangential impulse at a given point ; prove that the impulse 
at any point is given by the equation 

d^ /ldT\T 
d(j> \p d^J p ' 

p being the radius of curvature, and ij) the inclination of the 
tangent to a fixed line. 

A uniform chain hangs in equilibriiim over two smooth 
pegs in the same horizontal; if equal vertical impulses 
be applied simultaneously to the two free ends, find the im- 
pulsive tension at any point, and prove that the initial velocity 
of the vertex of the catenary is to the velocity which would 
be imparted to each of the straight pieces of chain, if dis- 
jointed from the catenary, as 1 : 1 -i- sin a, where a is the 
greatest inclination of the catenary to the horizontal plane. 

61. A particle is attracted to two centres of force 8 and 
H by forces which each follow the law 

where fi and fi are the same for both centres of force. Shew 
that the particle can describe a circle whose centre is midway 
between S and H, if b be the length of the tangent drawn 
from either centre of force to the circle. 

62. A shot is fired in an atmosphere in which the 
resistance varies as the cube of the velocity. If / be the 
retardation when the shot is ascending at an inclination a to 
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the horizon, /„ when it is moving horizontally, and/' when it 
is descending at an inclination a to the horizon ; then 

1 1 _ 2 cos° a 1 l_ 2sina(3-2sin°a) 

63. A portion of a heavy uniform string is placed on the 
arc of a four-^cusped hypocycloid, so as to occupy the space 
between two cusps, the tangents at which are horizontal and 
vertical respectively, and runs off the curve at the lower 
cusp; prove that the velocity which the string will have 
when the whole of it has just left the curve will be the velo- 
city due to nine-tenths the length of the string. 

64. A fine chain of given length is contained in a smooth 
circular tube which rotates uniformly in a horizontal plane 
about a fixed point in the circumference; if the chain 
subtend an angle 2a at the centre, and if one end be initially 
fastened to the tube at the end of the diameter through the 
fixed point, and be released, prove that the angular motion of 
the chain relative to the tube will be given by the equation 

a.ff = 2ft)^ sin a (cos Q — cos a). 

65. A piece of string in the form of part of the curve, 
r = ae *™*", the density at any point of which varies as 
^-tatfa jjgg ^^ ^ smooth horizontal plane, being bounded by 
^ = 0, and ^ = /3. If a tangential jerk be applied at the end 
^= 0,find the tangential impulse at any point, and prove that 
the initial direction of motion of every point makes an angle 
with the normal equal to the angle of the spiral. 

66. A string is in equilibrium in the form of a circle 
under the action of a central repulsive force ; if the string be 
cut at any point, prove that the tension at a point, the 
angular distance of which from the point of section is 6, is 
instantaneously changed in the ratio 



[ i J\ 
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67. A heavy string, passing under and in contact with 
the arc of a fixed vertical circle, centre 0, has its ends 
fastened to two points P, Q on the circle, each at an angular 
distance a from the lowest point, the pressure at which is 
zero. 

If the circle be suddenly removed prove that the tension 
at the lowest point is changed at once in the ratio 

sin a : sinh a. 

Examine the case in which a = tt. 

Also determine the new tension when the ends are allowed 
to be moveable on smooth rods OP, OQ at the instant the 
circle is removed. 

Further, if the ends are allowed to be moveable on smooth 
rods BP, BP' from the highest point B of the circle, the 
tension at the lowest point is changed in the ratio 

. a . , a , . a 

sm ^ : smh a cos „ — cosh a sm „ . 
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MOTION IN THREE DIMENSIONS. 

141. The fundamental equation of Kinetics being that 
the time-flux of the momentum of a particle, in any assigned 
direction, is equal to the sum of the acting forces in that 
direction, and the resulting equations for the motion of a 
particle in three dimensions being given, in different forms 
in Art. (52), we proceed to employ these equations in some 
particular cases. 

Motion of a heavy particle in contact with fixed smooth 
curves or surfaces. 

Measuring z vertically downwards, and taking the accele- 
ration along the tangent to the path of the particle, we 
obtain 

dv dz 

'^'ds^'^dS' 

and therefore \m{v' — v?) = mg (z — c), 

if the particle start with the velocity u from the level c. 

This is in effect the equation of energy, but it must be 
carefully borne in mind that, in this case, the system consists 
of a particle and the earth, and that we are neglecting the 
kinetic energy acquired by the earth in consequence of the 
attraction between it and the particle. 



182 MOTION IN THREE DIMENSIONS. 

142. Motion of a heavy head sliding down a smooth wire 
in the form of a helix with its aocis vertical. 

If a be the inplination of the arc of the helix to its base, 
R and R' the reactions in directions of the principal normal 
and binormal, the equations of motion are 

dv . mv' „ - „, 
mv-j- = mg sm a, 5— = R, = R — mg cos a. 

as Cu ncC u 

From these equations, 1^ = 2gz, if z be the height through 
whi ch the be ad has fallen, and the resulting reaction is equal 
to ^/i^» + E\ 

143. In general, if a particle move in free space, or in 
contact with smooth curves or surfaces, the equation of 
motion, obtained by taking the forces in direction of the 
tangent, is 

mv^r = inS, 
ds 

m,8 being the resultant of the acting forces in direction of the 
tangent. 

If the particle have a velocity u at the point P and a 
velocity v at the point Q, 

^ m (v" — u") = I mSds, 

the integral being taken from P to Q. 

Now, in accordance with the definition of potential energy 
in Art. 47, the change of potential energy of the system, con- 
sisting of a particle in a field of force, that is, of a particle, 
and attracting masses the kinetic energy of which may be 
neglected, is the work which would have to be done against 
the forces of the system in order to move the particle from 
P to Q, and therefore, if U be the potential when the particle 
is at JP, and V when it is at Q, 

V-U=l-m8ds, 

the integral being taken from P to Q. 
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We hence obtain 



or 



^mv'+V=^mu''+V', 



which is the equation of energy. 

The total energy being constant, we notice that the force 
on the particle, which is the time-flux of the momentum, is 
the negative space-flux of the potential energy. 

In other words the force in any direction, at any point of 
the field, is the rate of exhaustion, in that direction, per unit 
of linear space, of the potential energy. 

144. , Reaction of a smooth surface on a particle which is 
moving in contact with the surface. 

Let the figure be a section of the surface by a plane per- 
pendicular to the line of motion of the particle P, and let PF 
be the principal normal of the path, and PG the binormal. 




The accelerations in these directions being v'/p, and zero, 
where p is the radius of absolute curvature of the path, it 
follows that the resulting acceleration in direction of the 
normal PE to the surface is v^ cos <}>/p', if ^ be the angle 
FPU or, by Meunier's theorem, v^/p, where p is the radius 
of curvature of the normal section of the surface by the 
plane through the tangent to the path. 
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Hence, if R be the pressure, measured inwards, and N 
the acting force in the direction of the normal to the surface, 
rnv'/p = ]Sf+R. 
If U be the acting force in direction of the tangent Pi 
to the surface in the plane EPF, 

mv^/p . sin <^ = U, 
and therefore mv" tan <p = pU, 

an equation which determines the position of the osculating 
plane of the path. 

145. If no forces are in action the path is a geodesic. 

For, taking the equation of motion in direction of the 
binormal, 

= i2 sin <^ ; 
therefore ^ = 0, or the osculating plane is a normal plane. 

This result is equally true if the surface be a rough sur- 
face, for the same equation exists. 

146. Motion of a heavy particle in a smooth surface of 
revolution the axis of which is vertical. 
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Measuring z upwards, and employing cylindrical co-ordi- 
nates, the accelerations are 

r - r^, 2rd + r0, and z, 
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and therefore, taking the acceleration in direction of the 
tangent PT to the meridian, 

z sin (^ + (r — rSP) cos <^ = — ^ sin ^. 

Also, there being no horizontal force perpendicular to the 
plane APN, 

r'e + 2r6 = 0, 

and therefore r'O = h. 

The equation of the surface, z=f{r), being given, these 
equations determine the motion. 

Taking the acceleration in direction of the normal PQ, 
we have, for the pressure, 

m [z cos (f> — {r — rffi) sin <^]=R — mg cos <^, 

Observing that tan <^ = dzldr, and that 

h dr J . J., , .h dr 
r = ^^, and^=/^(r)-,^. 

the first equation becomes 

-p--|/'M (1). 

which is the differential equation of the projection of the 
path on a horizontal plane. 

Multiplying by 2 -^ and integrating, we obtain 

.-(syf'+{^'™^?=^-F/w (2). 

If the path be a horizontal circle of radius a, we at once 
obtain from the equation (1) 

h' = gaJ'f'{a). 

Or, we can obtain this result by considering that the 
acceleration to the centre, v^/a, is maintained by the action* 
of gravity and the pressure of the surface. 



186 MOTION ON SMOOTH SURFACE. 

If we employ the principles of energy and momentum, 
leading to the equations, 

^m {2* + r* + r'ff'} = G -mgz, and r'6 = h. 
we arrive at once at the equation (2). 

147. To find the apsidcU angle of the projection on a 
horizontal plane of the path when it is nearly circular. 

When the particle is moving in a circle, we can imagine 
a slight disturbance of the motion, as for instance by the 
action of a small impulse in the vertical plane through the 
axis and the particle. The value of h will then be unchanged, 
and if we assume r = a + v, where « is a very small quantity, 

and neglect f;^) , the differential equation becomes 

-a-v + ~r^ {a' + 4>a\) [f (a) +/" (a) v] = 0, 

f-i . / ^< \91 ^'^ . f o Cf" W1 n 

U + (/'«)'} ^ + {3 + f^)« = 0, 

so that the apsidal angle is 

, . , . TT ,/l + {/' {a)r 1 73 + af" (a) //' (a). 

This shews that the motion is stable, provided 

3 + a/" (a) //'(a) 
is positive. 

148. A heavy particle is projected horizontally along the 
inside of a surface of revolution; it is required to find the 
initial cwvatv/re of its path. 

PG being the normal to the surface at P, let PJS and PF, 
in the figure of Art. (146), be the directions of the principal 
normal and of the binormal of the path. 

If p' be the radius of absolute curvature, the acceleration 
in the direction PE is ifjp', and .therefore, if EPQ = yjr, the 
acceleration in the direction PT is v" sin '^/p', 

and therefore if sin ^fr/p' = g sin tj). 
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PQ is the radius of curvature of the normal section of the 
surface perpendicular to the plane ANT, and therefore, by 
Meunier's theorem, 

p = PO cos i|lr = r- cos i|r/sin 0, if r- = PN. 
Hence v" tan a/t = gr, 

and p = -. — ; — , . . 

•^ sm <p ^v* + gV 

149, Motion of a heavy particle on the surface of a 
sphere. 

In the figure of Art. (146) let be the centre of the 
sphere and tSk.e c for the radius. 

The equation, 1^6 = h, becomes c*sin*^.^ = A, and the 
equation of energy is 

c'f + c^ sin" ^(9" == C + 2gc cos 0, 

or. cy+ a • , . =0+2flfccosA. 

If the particle be projected horizontally, from the position 
</) = «, with the velocity v, 

h = vcsma, <j) = 0, and v^ = G + 2gccosa, 
so that 

''''^' "•" ^^ (S?i ~ " ^f (''"^ "^ ~ '"'^ ")• 

To find the greatest and least altitudes of the particle, put 
^ = 0, then we obtain <^ = «, or 

1^ (cos a + cos ^) = 2gc (1 — cos" ^). 

It is easily seen that this equation gives one value for 
cos (}) lying between + 1 and — 1, and therefore it follows that 
the whole motion of the particle is comprised between two 
horizontal planes. 

Taking the acceleration in the direction of the normal 
OP, we find ,for the pressure, measuring z downwards, 

mz cos <f> + m (r — rff') sm<j) = mg cos <j) — R, 
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leading to 

Ti J Js , ■"' sin' a 

B = mq cos 9 + modr + m— -t-~-. , 
^ ^ c sm </) 

or -B = wi^f (3 cos ^ — 2 cos a) + mv'/c. 

This is in accordance with the general result of Art. (144), 
for, in this case, the square of the velocity 

= «' — 25^0 (cos a — cos </)). 

150. Motion of a heavy particle on the surface of a smooth 
cone, the vertex being downwards, and the axis vertical. 

Employing cylindrical co-ordinates, and taking the ac- 
celeration along the generating line, we obtain 

(r — rff') sin a + 2 cos a= — g cos a, 

or r — »'sin'a^' = — ^sinacosa. 

Also r°^= h, and putting m for - , we find for the differential 
equation of the projection of the path on a horizontal plane, 
dJ'u . , cf sin o cos a 

151. Motion of a particle in a smooth plane tube which 
revolves about an axis in its plane. 

Take the axis of rotation as the axis of z, and <^ as 
the inclination of the normal to the axis of z. 

Taking 8, N", and T as the acting forces in directions of 
the tangent and normal to the curve and perpendicular to its 
plane, and B, R' as the reactions in the two last-named 
directions, the equations of motion are 

m (r'-rd") cos <j} + TO^sin <^ = /S, 

mz co8<f> — m{r- r&^) sia<f> = 1^+ B, 

m{re + 2r^) = T+£:. 
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Take for instance the case of a parabolic tube with its vertex 
downwards, revolving uniformly about its accis which is vertical. 

We have then 

8= — mg&m^, N=— mg cos (f), 7=0, 

= 0), iaz = r", and 2a tan <j} = r, 

and the first equation hecomes 

r (4a' + r") + rr^ = (4>aW - 2ag) r. 

Integrating and supposing that initially r = c, and r = 0, 

r" (4>a^ + O = 2a (2a(o' - g) {r' - c'). 

If 2aft)' = g, the particle will remain, in relative rest, at 
whatever point it is placed initially; and according as 
200)" >OKg, the particle will ascend or descend. 

152. Motion of a heavy bead on a smooth wire in the form 
of a helix, having its axis vertical, and revolving uniformly 
about its axis. 

Measuring from the foot of the helix, the cylindrical 
co-ordinates of the bead are 

a, + cot, z, where z = a0 tan a. 

Taking the acceleration along the tangent to the helix, 

a0 cos a + ^ sin a = — ^ sin a, 

or 'z = — g sin" a, and .'. i' = 2g sin' cL(h — z). 

This gives the vertical velocity, and the horizontal velocity 

= a (^ + ft)) = aw + 2 cot a. 

For the motion on the arc of the helix, 

s = z cosec a and .'. s" = 2g iji — z). 

If R, m be the reactions of the wire on the bead in 
directions of the principal normal and binormal of the helix, 
we have, 

ma (0 + mf = R, 

and m(^'cosa — a^sina) =^' -m^'cos a. 
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153. The motion of a bead on a tortuous wire revolving 
about a fixed axis, and acted upon by any given forces, can 
be similarly treated by the use of cylindrical co-ordinates. 

Or we can take axes of x and 1/ revolving with the curve, 
in which case the expression for the acceleration along the 
tangent to the curve will be 

(a; - w'a; - 2yw) ^ + (y - o) ^ + 2a!a>) ^ + 5 ^ , 

cIt 
which reduces to s — m'r^r, and if T be the sum of the 

as 

tangential forces the equation of motion is 



m 



{^-O-^- 



If p be the radius of absolute curvature of the curve, the 
acceleration of the bead in direction of the principal normal 
is equal to 

which reduces to 

o2 



P 



I cPx d!'y\ „ / . dV . d''x\ 



and the expression, when multiplied by the mass of the bead, 
is equal to the sum of the forces in direction of the principal 
normal, and of the reaction in that direction. 

In a similar manner the reaction of the curve in direction 
of its binormal can be determined. 

154. Motion of a heavy particle on a smooth inclined 
plane, the plane being in rigid connection with a fixed vertical 
axis and revolving uniformly. 

Take the line of greatest slope, drawn upwards, through 
the fixed point on the plane as the axis of x, and the normal 
to the plane as the axis of z. Then, referring to Art. (28), 

0^ = co sin a, 0^ = 0, d^ = <o cos a, 
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and therefore, z being zero, 

u = ib — toy cos a, 

v = y-\-(i)x cos a, 

w= my sin a. 

Taking the accelerations parallel to the axes, we have, if 
R be the reaction of the plane, 

m(u — vai cos a) = — mg sin a, . 

m(v— wm sin a + um cos a) = 0, 

m(ib + v<o sin a) = R — mg cos a. 

The first two of these equations give 

00 — 2a) cos ay — co" cos° cujc = — g sin a, 

y + 2a) cos oa; — w^y = 0, 

thereby determining the motion, and the third equation gives 
the pressure. The integration is at once effected by aid of 
the calculus of operations, for the elimination of y leads to 

-jTT + Q) ( 3 cos a — 1 1 -1^ + ft) cos ao) = geer sm a, 

a linear equation with constant coefficients. 

1-55. If the particle be constrained to move on a smooth 
curve in the revolving plane, the motion is determined by 
taking the resultant acceleration along the tangent to the 
curve. 

This leads to the equation, 

dcG d'u 

(x — 2ft) cos ay — o)" cos' ax) -^ + (y + 2ft) cos ax — (o^y) -^ 

dx 
= -^sma^, 

.. „ „ dx „ dy . dx 

or s — ft) cos «« "5 — ft) 2/ -^ = — g sma-T-. 
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Take far instance the case of a head moving on a smooth 
circular wire which is made to revolve uniformly about a fixed 
vertical axis through its centre. 

If 6 be the angular distance of the bead from the axis of 
X, the preceding equation becomes 

aO — (o^a sin' a sin 6 cos ^ = ^r sin a sin 6, 

and the angular motion is therefore given by 

a6^ = (o^a sin'' a sin" d — 2g sin a cos d+G. 

The radial pressure, R, of the bead, measured inwards, is 
given by the equation 

ma(S'+2a)6 cos a +0)" cos" a cos" 5 + o>" sin" d) = B +mgsinacos9. 

156. The general problem of the motion of a particle on 
a smooth surface which is made to revolve about a fixed axis 
can be dealt with in a similar manner by aid of the general 
expressions for velocities and accelerations which are given in 
Art. (28). 

Taking axes rigidly connected with the revolving surface, 
let the plane of zx contain the fixed axis about which the 
surface is revolving, and let a be the inclination of the axis 
of z to this fixed axis. 

We have, then, 

5, = ft) sin a, d^ = 0, 6, = co cos a, 

and therefore, 

u = x — ym cos a, v = y, — zm sin a + xto cos a, 

w = z + ya> sin a. 

The expressions for the accelerations are 

f = u — v(o cos a, 

fi — v — wut sin a + uw cos a, ' 

/j = w + ?;&> sin a, 

and, if the acting forces are given, the equations of motion 
can be formed. 
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As a particular instance consider the motion of a pendu- 
lum, or, whicli is the same thing, of a particle inside a^ smooth 
sphere, rotating with the earth. 




EP being the earth's axis, let G be the position of relative 
equilibrium of the particle. 

Neglecting the size of the sphere in comparison with the 
distance OE, and regarding the earth as a sphere of which E 
is the centre, the direction E'Oz is defined by the considera- 
tion that the resultant of the earth's attraction in the direc- 
tion OE, and of the reaction at G, is the force rruo^ON in 
the direction ON. 

As, a matter of fact it has been shewn that, if c be the 
B. D. 13 
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earth's radius, and g the acceleration due to gravity at the 
equator. 



'^'^^ifc' 




and therefore co can be regarded as a very small quantity, 
and the displacement EOE' as an infinitesimal of the first 
order. 

Hence if mg be the pressure at G, which is the weight of 
the particle, 

' »" . ON : g = EL : Oi = sin (/> : cos (a + ^), 

if the angle OE'N=a, 

or approximately, <f> = as\ sin a cos ajg, 

where a is the colatitude of the point 0. 

Taking then E'O, that is the vertical at 0, as the axis of 
z, and as the origin, the expressions for the velocities and 
accelerations are those given above, with the exception of the 
expression for the velocity parallel to the axis of y, which 
now becomes, 

V = ^ — 0&) sin a + Xfo cos a — coc sin a. 



PENDULUM. 
The equations of motion are. 
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m/ 



mg. 



If the particle make very small excursions from its position 
of relative equilibrium, we can put z = — a, and neglect the 
squares of x and y. The approximate equations are then 

.. o . -K X 

x—2yo) cos a = , 

" ma 

.. o. -Kv 

V + 2a; o) cos a = , 

" ma 

22/a)sma = -5f + -, 

and eliminating R we obtain finally 

x — 'iym cos a+-x = 0, 

y + 2x(u cos a + - y = 0. 

157. Motion of a heavy chain inside a smooth tube which 
is revolving vmiformly ahmit a vertical axis in its own plane. 

Consider the motion of an element PQ, [ha) of the chain 
AB. Taking the arc OA = s, and AP = o-, the equation 
of motion is 

mSa- {^r'sin ^ + (r — wV) cos ^} = BT— mgSa- sin <f). 

a 
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The expression 0sin<^ + rcos^ is what would be the 
tangential acceleration if there were no rotation and is there- 
fore equal to s/and the equation becoDoes 

m (s — ear cos f) = t mg Bin <p; 

or, analytically, <r not being a function of the time, 

» = s sin <j>, r = s cos xf>, 

z='sBin<}> + s^ cos ^, r = 's cos ^ — s<f) sin ^, 

whence 3 sin ^ + ^ cos <f> = S. 

Taking I as the length of chain AB, and integrating over 
the length I, we obtain 

ls = :^a>'{r"-r"')-g{z'-z"), 

r', z being the co-ordinates of the end B, and /', z" of the 
end A. 

All these four quantities being functions of s, we have 
an equation determining the motion of the chain in the tube. 

If R be the rate of pressure at F in direction of the 
normal PG, per unit of length of chain, we have, by taking 
the acceleration in the direction FG, 

mSa- \z cos ^ — (r — ro)') sin ^\ = R8a- H mgSa cos ^, 

or 1- (or sm = if H mg cos 0. 

For example, if the tube be circular in form, and if the arc 
OA subtend an angle d at the centre, and AB an angle a, 

wx0 = ^a)^a {sin' (a + ^) — sin" 6}—g {cos — cos (a + 0)}, 

and therefore, 

aa^" = iw"a {sin 20 - sin 2 (a + ^)} - 25r {sin - sin (a + 0)} + G. 
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1. Is a railway train heavier when going east or going 
west? 

Shew that for a train weighing 180 tons, travelling 60 
miles an hour in latitude 60°, the difference is about the 
weight of two men. 

2. A particle of mass m is attached to one end. of an 
elastic string, the other end of which is fastened to the vertex 
of a smooth cone of vertical angle 2 a, having its axis vertical 
and vertex upwards ; prove that the particle can move with 
a constant velocity v round the surface of the cone, and with 
the string stretched to double its natural length, provided 
that the modulus of elasticity > mg cos a, and that 

^v' cos a.<ag sin"* a. 

If the particle be slightly disturbed in direction of the 
string, find the time of a small oscillation. 

3. A point describes a rhumb line on a sphere in such a 
way that its longitude increases uniformly; prove that the 
resultant acceleration varies as the cosine of the latitude, and 
that its direction makes with the normal an angle equal to 
the latitude. 

4., A material particle rests on a rough plane inclined at 
a given angle to the horizon, the plane begins to rotate round 
an axis perpendicular to it, with a velocity commencing from 
zero and continually increasing. Determine the velocity at 
which the particle will commence to move on the plane, and 
the condition that the commencement of the motion is 
simultaneous with that of the plane. 

5. A particle moves under the action of gravity on a 
smooth surface of revolution whose axis is vertical; shew 
that its path cannot be a geodesic, unless it be a meridian 
section. 
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6. A smooth right circular cylinder is placed -with its 
axis horizontal, and a particle moving uniformly with velocity 
V along the lowest generating line receives a horizontal 
impulse at right angles to this line and just sufficient to carry 
it to the highest point of the cylinder. If the particle be 
prevented from leaving the cylinder, shew that its subsequent 
path is such that if the cylinder be developed its equation is 

y=ira — ^ tan"*e " ", 

and that the highest generating line is an asymptote to the 
curve. 

7. Determine the motion of a heavy particle moving in 
a smooth tube in the form of a circle, which revolves uni- 
formly about a vertical diameter. 

8. In the centre of a hollow sphere resides a repulsive 
force. A heavy particle is projected horizontally along the 
surface of the sphere from a point distant 60° from the high- 
est point with a velocity due to falling through the diameter 
by its weight only. Shew that it will be again moving hori- 
zontally at a point whose distance from the lowest point is 
tan-'^. 

9. A particle slides on a smooth helix of radius a and 
angle a under the action of a force to a fixed point in the 
axis equal to fi times the distance. Investigate the motion, 
and prove that the pressure cannot vanish .unless the greatest 
velocity of the particle be V/^aseca. 

10. A heavy particle moves in a smooth sphere ; shew 
that, if the velocity be due to the level of the centre, the 
pressure on the surface will vary as the depth below the 
centre. 

11. Two equal particles attracting one another with a 
force, the accelerating eflFect of which is p^ x distance, are 
placed in two rough straight tubes at right angles to one 
another, and the friction is equal to the pressure in each 
tube ; prove that, if they be initially at unequal distances, 



EXAMPLES. 199 

one moves for a time g- before the other begins to move, and 

that, while they are approaching the point of intersection of 
the tubes, they move in the same manner as the projections 
of the two extremities of a diameter of a circle upon a straight 
line on which the circle rolls. 

12. A particle is revolving on a smooth plane about a 
centre of force, the accelerating effect to the centre being 
/Lt X distance, and when the body arrives at an apse the plane 
begins to revolve with an angular velocity W^/* about the 
apsidal line; shew that the subsequent orbit described on 
the plane will be a portion of a parabola ; and that, when the 
particle leaves the plane, its velocity will be VS X velocity at 
the vertex. 

13. A smooth parabolic tube whose latus rectum is 4a 
rotates about its axis which is vertical, the vertex being down- 
wards, with uniform angular velocity w. Find m in order that 
a heavy particle may be in equilibrium at any point of the tube. 

If the angular velocity of the tube be greater than this 
and a particle be projected down the tube from any point with 
velocity just sufficient to make it reach the vertex, shew that 
the equation to the projection of the subsequent path, on a 
horizontal plane, is 

^ 2a + V4a' + r" 2a 

14. A heavy particle, in contact with the lower half of 
the internal surface of a fixed smooth spherical shell, is 
projected horizontally with velocity V, the radius through 
the particle making initially an angle a with the vertical. 
Find the pressure in terms of the velocity at any time and 
prove that if V cos a < 2ag, the particle cannot leave the 
surface, but that if F^cos a > 2ag, it may do so, and find the 
additional condition necessary. 

15. A heavy bead moves along a vertical circular wire 
■which revolves about a vertical straight line in its own plane. 
Find the time of a small oscillation, and the resistance on the 
wire. 
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16. A small bead slides on a smooth circular ring of 
radius a, which is made to revolve round a vertical axis 
passing through its centre with uniform angular velocity w, 
the plane of the ring being inclined at a constant angle a to 
a horizontal plane. Shew that the law of angular motion of 
the bead on the ring is the same as that of a bead on a ring 
of radius a cosec a revolving round a vertical diameter with 
angular velocity a> sin a. 

17. A smooth wire, in the form of a parabola, latus 
rectum I, revolves about its axis which is vertical, the vertex 
being uppermost, with uniform angular velocity = JgH ; a 
string, passing through a fixed ring at the focus carries, at 
one end, a small ring, mass m, which slides on the wire, and 
at the other end a particle, mass mf, which hangs freely. 
Given the velocity, F, of the ring at the vertex, determine the 
rate at which the ring describes the parabola at any point. 

If in. = 4m', and 2V^ = gl, prove that, at a time t after the 
ring has passed the vertex, the angle 6 between the two parts 
of the string is given by the equation 



''°*l=\/¥*- 



18. Three masses m,, m^, m, are fastened to a string which 
passes through a ring, and m, describes a horizontal circle as 
a conical pendulum while m^ and m„ hang vertically. 

If Wig drop off, prove that the instantaneous change of 
tension of the string is 

19. A particle is placed between two smooth co-axial circular 
cylinders of nearly equal radii, whose common axis is inclined to 
the vertical, and slides down under gravity. If /3 be the angular 
distance of its initial position from the lowest point of the 
cross-section through that position, shew that the particle 
will never press the inner surface if 2/8 < tt ; but if 2y8 > it,. 
the particle will pass from the inner to the outer surface, and 
back again, and so on, when <^, its angular distance at any point 
from the lowest point of the cross-section through that point, 
takes the successive values given by 3 cos ^ = 2 cos /8. 
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20. There are two points P and Q which move so that 
the line of motion of each relative to the other is always 
parallel to a given direction. If the motion of P, and the 
initial position of Q be given, shew how to determine the 
surface on which it must move. If the orbit of P be plane, 
prove that this surface is a cylinder. If the motion of P be 
that of a projectile in vacuo, and the relative velocity of 
P and Q constant, determine the motion of Q. 

21. A smooth hollow ellipsoid of revolution is fixed with 
its axis (2a) vertical, and a particle is projected from a point 
in the horizontal plane through the centre and on the inside 
surface with a velocity ij2ga and inclination a to the horizon. 
Find a in order that the greatest depth below the centre may 
be 2a/3, and find in that case the greatest height reached. 

22. A smooth cylinder, whose transverse section is a 
cycloid generated by a circle of diameter a, is placed with its 
axis horizontal, the axis of the cycloidal section being vertical 
and its vertex downwards. A heavy particle is allowed to 
fall from rest at any point of the surface and is attracted by 
a perfectly elastic plane perpendicular to the axis of the 
cylinder, with a force varying directly as the distance from the 
plane, whose absolute intensity is 2g/a, Shew that the path 
of the particle will be such that if the cylinder be developed 
it will develope into successive portions of a parabola. 

23. A smooth surface is generated by the revolution of 
the curve x'y = c* about the axis of y which is vertically 
downwards, and a heavy particle is projected along the sur- 
face with velocity due to the depth below the horizontal 
plane through the origin: prove that its path intersects all 
the meridians at a constant angle. 

24. A surface of revolution is such that if it be held with 
its axis vertical, and a heavy particle be projected along it 
with suitable velocity at any point in any direction, its path 
will cut every meridian of the surface at a constant angle. 
Shew that the surface may be generated by the revolution 
round the axis of y of the curve 

h(a>'-a')+a!'y = 0. 
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25. A parabolic wire, axis vertical and vertex downwards, 
rotates about its axis with uniform angular velocity. A ring 
slides down it under gravity ; prove that it may descend with 
constant velocity, 

26. A heavy string of given length is enclosed in a 
smooth straight tube, which is made to revolve uniformly 
about a vertical axis, so as to describe a right circular cone ; 
determine the motion of the string and the tension at any point. 

27. A surface is of the form traced out by the revolution 
of the curve z = c cos xjc about the axis of z : the surface 
being placed with its axis vertical, a particle is projected 
upon it in such a manner that it describes a horizontal circle 
in a given time t. Prove that the number of possible circles 
is even, except in that case in which the time of revolution 
satisfies the equation 

28. A heavy particle moves on a curve which revolves 
uniformly about a vertical axis; prove that the time of an 
oscillation of the particle about a position of relative equi- 
librium will be 

27r / p sin a. \h 
Q) VA; — p sin a cos" a/ ' 

p being the radius of curvature at the point of equilibrium, 
a the angle made by the normal at that point with the 
vertical, k the distance of the point from the axis of revolu- 
tion, and 6) the angular velocity of the curve. 

29. An anchor ring is formed by the revolution of a 
circle of radius (c) about an axis in its own plane, distant (a) 
from the centre of the circle. A particle is projected along 
the equator, of smaller radius with velocity {v), and ia acted 
on by a centre of attractive force in the centre of the axis, 
and equal at distance r to /tr" ; shew that if the particle be 
slightly displaced it will continue to return to its original 
path at equal angular intervals {6), where 

a — c {fia {a — c)" 



(?)-^ 



-1 
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30. A particle constrained to move in the surface of a 
smooth ellipsoid is under the attraction of an internal ellip- 
soidal shell, the two surfaces being confocal ; prove that if the 
particle be projected from an umbilicus with a given velocity, 
it will return to the umbilicus in a time which is independent 
of the direction of projection. 

31. Two infinite straight lines which are at right angles 
but do not meet attract according to the law of gravitation. 
Prove that, if a particle be projected from the middle point 
of the shortest distance between the lines in direction of the 
line bisecting the angle between them, it will continue to 
move in a straight line : and find the limits of the motion. 
Prove also that a particle will move with uniform velocity, 
under the attraction of the lines, in any smooth tube which 
takes the form of the curve of intersection of a certain hjrper- 
bolic paraboloid with any one of a certain series of oblate 
spheroids. 

32. A small smooth groove is cut on the surface of a 
right cone, axis vertical and vertex upwards, in such a 
manner that the tangent is always inclined to the vertical 
at the same angle /3. A particle slides down the groove 
from rest at the vertex ; shew that the time of descending a 
vertical height h is equal to the time of falling freely through 
a height Asec^/8. Shew also that the pressure is constant 
and that it makes a constant angle 6 with the principal 
normal to the path, such that 2 tsuajd Jcos" a — cos*/S = sin a, 
2a being the angle of the cone, 

33. A shot, fired at an angle of elevation (a), strikes a 
point at a horizontal distance (d) from the point of projection ; 
shew that if any subsequent shot falls within a small distance 
(c) of the point first struck, then the direction of projection 
must meet the unit sphere drawn with its centre at the point 
of projection within a small ellipse whose equation when 
referred to certain axes is very approximately 

d" («" cos" 2a + y" cos" a) = c" sin" a cos" a. 

34. Three particles of equal mass which attract one 
another according to the law of the inverse square, are free 
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to slide on three wires which form the edges of a prism whose 
base is an equilateral triangle. If the system is slightly dis- 
turbed from its position of equilibrium, prove that it executes 
a small oscillation in the time 2'7r Ja'/Sm ; m being the mass 
of a particle and a the mutual distance of the wires. 

35. A particle is free to move along a helix whose axis 
is vertical, and a centre of force whose accelerating effect is 
fi X distance resides in the axis of the helix. The particle is 
so placed as to be in equilibrium, and the centre of attraction 
then begins to move vertically upwards with a velocity V; 
prove that after a time t 

/* sin' a (s sin a - FO' + (s sin a - F)" = F", 

s being the arc of the helix measured from the position of 
equilibrium, and a the angle which the helix makes with the 
horizon. Hence determine s in terms of t. 

36. A circular tube of smooth bore has its centre fixed 
above a rough horizontal plane and is made to roll uniformly 
in contact with the plane. Shew that the motion of a particle 
of unit mass within the tube is given by 

cuf) — all" sin"* a sin <^ cos </> +^ sin a cos <^ = 0, 

and the pressures towards the centre and perpendicular to 
the plane of the tube are determined by 

a (<^ + O cos a)' + afl" sin' a sin" <^ + ^r sin a cos <^ = B, 

2a<j)il sin a cos ^ + an" sin a cos a cos ^ — ^ cos a = ;Sf, 

where fl is the angular velocity of the point of contact round 
the vertical and a the inclination of the plane of the tube to 
the horizon. 



CHAPTER X. 

THE HODOGEAPH AND THE BRACHISTOCHRONE. 

158. T}ie Hodo'graph. If from any fixed point a straight 
line be drawn parallel to the direction of motion of a moving 
point and of a length proportional to the velocity of the poirit, 
the locus of its extremity is the hodograph of the path of the 
point. 

Polar equation of the hodograph. 

If 6 be the Inclination, to any fixed direction, of the tan- 
gent to the path, and if the velocity —f{6), 

then r = cf(d) 

is the polar equation of the hodograph, c being any constant. 

For example, if a heavy particle slide down the arc of a 
smooth vertical circle from its highest point, the hodograph is 

r^=2gc(l-cosd). 

Again, if a particle describe an ellipse under the action of 
a force to its centre, v o= CD, Art. (105), and therefore the 
ellipse is its own hodogiaph. 

159. If OP and OQ represent, in direction and magni- 
tude, the velocities of a particle of the times t and t + 8t, PQ 
represents, by the triangle of velocities, the velocity imparted 
during the time Bt, and therefore if / be the acceleration of 
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the particle, PQ is the direction of the acceleration, and its 
length =fBt. 




Hence it follows that the tangent to the hodograph is the 
direction of the acceleration, and that, if o- be the arc of the 
hodograph, /=&, ihat is, the velocity in the hodograph is 
equal to the acceleration of the particle. 

If for instance a particle move in a plane curve under the 
action of a force making a constant angle with the direction 
of motion, the hodograph is an equiangular spiral. 

In general, if x, y, z he the co-ordinates of a particle in 
motion, and ^, 97, f the co-ordinates of the hodograph, we 
have 

l^ = x, 71 = y, f=i, 

and from these the equations of the hodograph can be found. 

Thus, if a heavy particle slide down a smooth helix, the 
axis of which is vertical, 

a; = a cos ^, y = asai.d, z = ad tan a, 

and 2gz = v^ = a!' + f + z' = a^^ec'aL^; 

:. f = sin cos a. \/2gad tan a, 7? = cos ^ cos a 'J^gaO tan a, 

and f = sin a ^2ga6 tan a. 

Hence ^ + rf = ^ cot'' a, shewing that the hodograph is a 
curve drawn on the surface of a right cone, a result which 
presents itself at once from the geometry of the case. 
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• 160. In the particular case of central forces, the hodo- 
graph is the reciprocal polar of the path, turned through a 
right angle. 




For, i{ SQ= V= h/p, SQ will be the radius vector of the 
hodograph, turned through a right angle. Or, which is the 
same thing, the hodograph is the inverse of the pedal curve 
turned through a right angle. 

Hence for a conic section described under the action of a 
force to the focus, the hodograph is a circle. 

If jo =f(r) be the equation of a central orbit, the equation 
of the hodograph is 



7=/(p^) 



P' 

For QE, the perpendicular on SP, is the tangent to the 
path of Q, and 



C" C' n-n C C 



In all cases of free motion under the action of parallel 
forces the hodograph is obviously a straight line. 
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161. Conversely, if the hodograph and its mode of de- 
scription be known, the path can be determined. 

Suppose for instance the hodograph to be a helix described 
with uniform velocity. We then have, 

x = a cos tot, y = a sin mt, z = a tan a . att, 

and the integration of these equations gives the equations of 
the path. 

From the first two we obtain the form 

('«-«)' + (y-/3)'=c", 

so that the path is a curve on the surface of a cylinder. 

162. If two particles describe the same curve, in the 
same direction, under the action of the same central force, 
the chord of the hodograph corresponding to their positions 
at any time represents the velocity of either relative to the 
other. 

For instance, if two particles describe the curve, 
r sin 3^ = a, under the action of a force to the origin, 
the hodograph is a three-cusped hypocycloid. , 

Now it is a known property of this hypocycloid that 
any tangent to it, bounded by the curve, is of constant 
length. 

Hence we infer that whenever the directions of motion 
of the two particles meet on the curve the velocity of either, 
relative to the other, is always the same. 

The Brachistochrone, 

163. The Brachistochrone is the curve along which a 
particle can be guided in a given field of force from one 
given point, or from one given curve or surface to another, 
so as to make the transit in the least possible time. We 
shall consider first some special cases and afterwards prove 
some general characteristics of brachistochrones. 



THE BRACHISTOCHRONE. 



209 



To find the brachistochrone for the case of a heavy particle 
in a vertical plane from one given point to another. 

Measuring y downwards from the starting-point 

i>^ = ^gy, 

and the expression 



fds Nl+ri'dx. ^ , 

— , or 1-^ — IS to be 

J v J 'J2av 



a minimum. 



Employing the ordinary processes of the Calculus of 
Variations, we obtain 



P- 






Hence 



+ 0, 



iV 



. dx I 



y 



2c-y' 



X = c vers ' - - '^2cy — y' 



is the brachistochrone, and this represents a cycloid having 
its cusp at the origin. 

164. A heavy particle moves on the surface of a smooth 
circular cone, axis vertical and vertex upwards ; it is required 
to find the brachistochrone from a given point to a given 
generating line. 

V 




B. D. 



14 
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If A be the starting-point, VA = a and VP = r, 
v' = 2(7 cos a (r — a), 
and the expression, 



|\/U) 



, , , +r sm'' a 

^ d^, 

r—a ^ 



where ^ is the azimuth al angle is to be a minimum, from 
which condition we obtain 

/dr-N" 2 . 2 r* sin" a — c (r — a) 
\d4>J c{r—a) 

as the differential equation of the brachistochrone. 

At the limit /3, employing the boundary equation, we 

find that jt = 0, and therefore that the brachistochrone is 
a<p 

horizontal at its lower extremity. 

The fact that the curve passes through the point (a, 0) 
theoretically determines c, and the radius to the lowest point 
is given by the positive root of the equation, 

r" sin'' a — c (r — a) = 0. 

165. A pwrticle moves vnder the action of a repulsive 
force from a fixed point varying as the distance ; and starts 
with the velocity '/Ji, . OA from the point A. 

To find the brachistochrone to another point B, we first 
observe that, at a distance r, 



and therefore dO 



v' 


= fir\ 


J" 


^\do) 




r 



is a minimum, the limits being constant. 

d0 
This leads to r^r=G, 

as 

shewing that the brachistochrone is an equiangular spiral. 
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If it be required to determine, in this case, the brachisto- 
chrone from the fixed point A to a. given curve, r=f(6), we 
have, in addition to the equation, rd9 = Cds, the boundary 
condition. 

Taking r^, 6^ as the co-ordinates of the bounding point B 
on the curve r =f(0), this condition is 

1 fdr\ 



y <<%)>' 



+ 



r^Ue. 



I 



J'H%1 ' 



Br. = 0* 



Mi 



1^ 



F 



0- 

Now, if BE be a small arc of the given curve and 
BOB = dd^, and if the dotted line BF represent part of the 
brachistochrone, and B'U the slightly variated curve, meeting 
in E the radius vector OB, then Sr^ = — BE. 

From the figure it will be seen that 

BE = EL-BL = BL cot EB - B'L cot BB' 0, 

and therefore Sr, = j/' (^,) - (^) | dO^. 

Substituting in the above equation, and observing that 
dO^ is an arbitrary quantity, we obtain 

fde\ 



■+1 = 0, 



U), 



See Todhunter's Integral Calculus, Art. (358). 



14—2 
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proving that the brachistochrone must intersect the given 
curve at right angles. 

To complete the solution, we obtain from rdd = Ods, the 
equation 

r = ae*""*", where a = OA, 

and, to find r^, 6^ and a, we have the above equation {A), 
with the equations, 

166. The brachistochrone for a particle moving in a given 
field of force. 

The system of the particle and the field, being a conser- 
vative system, as in Art. (143), we know that the velocity 
depends upon the position of the particle, and therefore, if v 
be its velocity when passing through the point (x, y, z), 

y =/(«. y, »)• 

For the brachistochrone we have to make the expression 

[^ or f^^I±Z±?,, 
J V J V 

a minimum, p and q standing for dy/dx and dzjdx. 

The methods of the Calculus of Variations (see Todhun- 
ter's Integral Calculus, Art. 364) lead to the equations, 



^A(l\_dn 






^^+P' + ^'fy Q - dx V^Vl+/ + g' 



which reduce to 



+p' + q'. 

d^y _dvdy dv _ 
ds' ds ds dy~ ' 

d^z dvdz dv _ 
ds' ds ds dz 



i^y, 
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dii dz 

Multiplying by -p and j- respectively, and adding the 

results, we obtain the symmetrical equation 

d^x dv dx dv _^ 
ds^ ds ds dx 

Any two of these three equations determine the brachisto- 
chrone. 

167. The brachistochrone for a particle constrained to 
move on a given smooth surface. 

Taking K and L to represent the left-hand members of 
the equations (A), we have in this case 

r(KSy + LB2)dx = 0; 

and also, if (j) (x, y, z)=0 be the given surface, 

dy ^ dz 
We hence obtain the single condition 

d^ d4' 
dy dz 

and this equation, with ^ (x, y, a) = 0, determines the brachis- 
tochrone. 

168. In the case of a particle moving in a field of force, 
if t) be the velocity of the particle, and V the potential 
energy, the equation of energy is 

From this equation we obtain 

dv dV „ 
mv^r = — j— =toJl, 
ote ' dx 

if mX be the acting force. 
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The equations of Art. (166) now become 
ds^ ds ds ' 

dsr ds ds 

8^_ ^^^ 4- Z=0 
d^ dsds 

If \, fi, V be the direction cosines of the binormal we 
obtain 

and hence it follows that 

the osculating plane contains the resultant of the acting forces. 

Again, multiplying by the direction cosines (I, m, n) of 
the principal normal, and adding, we find that 

-+lX+mY+nZ=0; 
, P 
that is, the component of the acting force in direction of the 
principal normal is equal to — mv^/p. 

Now, for free motion, the force along the principal normal 
is equal to mv^/p. 

If then the normal force be reversed in direction, the 
tangential force remaining unchanged, a free path becomes a 
brachistochrone, and the converse is equally true. 

In other words the forces are reflections, or images, of 
each other with regard to the tangent, both in direction and 
magnitude. 

This theorem is due to Professor Townsend, and is given 
with illustrations in Vol. xiv. of the Quarterly Journal of 
Mathematics. 

For instance, if a particle move in the curve, s = 4a sin <p, 
under the action of a force inclined to the direction of motion 
at the angle 7r/2 + cf), it will be found that the force is 
constant. 
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The image of this case is the cycloidal brachistochrone 
under the action of gravity. 

For another example take the case of an ellipse described 
freely under the action of forces to the two foci, each varying 
inversely as the square of the distance. 

The same ellipse will be a brachistochrone for repulsive 
forces from the two foci, each varying inversely as the square 
of the distance from the other focus. 



EXAMPLES. 

1. A point moves in a straight line under the action of 
a force varying as the distance from a point in that line ; 
prove that the corresponding point in the hodograph moves 
as though acted upon by a similar force. 

2. One particle describes a given orbit about a centre of 
force, and another particle describes the hodograph of that 
orbit under the action of a force in the pole of the hodograph, 
shew that the product of the accelerations of the particles at 
two corresponding points of their orbits varies as the product 
of the central distances of those points. 

3. If P and Q be the tangential and normal forces, and 
</) the inclination of the tangent to a fixed direction, the 
hodograph is 

4. A smooth elliptic tube is placed with its major axis 
vertical and a particle allowed to slide down it, starting from 
rest at the highest point ; shew that the hodograph is given 
by the equation 



'<-U 



r = c sm 



||cot-^(|cot.)}. 



5. Prove that the hodograph of a central orbit can 
itself only be a central orbit under the action of a force to the 
origin from which its radii are drawn when the central orbit 
is an ellipse or hyperbola. 
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6. A heavy particle moves on a rough curve in a 
vertical plane so that the pressure on the curve is constant. 
Prove that its hodograph is a conic described as about a 
centre of force in the focus. 

7. If a particle describe a lemniscate under the action of 
a force to the pole, prove that the hodograph is of the form 

r = a' sec' — s — • 

8. If a particle move in a brachistochrone in an open 
field of force the pressure on the constraining curve is 2ini^/p. 

9. A rough tube in the form of a cycloid is placed with 
its axis vertical and vertex upwards. A heavy particle is 
projected along the tube from the vertex with a given 
velocity V, find the velocity in any subsequent position. 

If the coefficieat of friction be tan \ and the initial 
velocity be to that which would be acquired in descending 
freely down the tube, supposed smooth, as sin X, : 1, prove 
that the hodograph is a circle. 

10. Find the hodograph in the cases of motion' in a 
cardioid under the action of a force to the cusp. 

11. One circle rolls uniformly on the circumference of 
another, on the outside ; find the hodograph of a point on the 
circumference of the rolling circle. 

12. Find the hodograph in the cases of the motion of a 
heavy particle on a smooth cycloid, the axis of which 
is vertical and the vertex (1) upwards, (2) downwards. 

13. A particle is moving under the action of a force 
perpendicular to and proportional to the distance from the 
line of zero velocity, shew that the brachistochrone is 
a circle. 

14 Prove that a parabola is a brachistochrone, 

(1) for a constant force from the focus ; 

(2) for a force from the directrix varying inversely a» 
the square of the distance from the directrix. 
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15. Prove that if the force vary inversely as the cube of 
the distance from a fixed point, the brachistochrone will be 
an equilateral hyperbola. 

16. Shew that the parabola is brachistochronous for a 
force acting perpendicularly from its axis, and varying directly 
as the axial and inversely as the square of the focal distance, 
the line of no velocity coinciding with the axis. 

17. A particle moves in a vertical plane in a medium 
whose resistance is hf : determine the hodograph. Shew 
that it will be an algebraic curve if n be an odd integer. 

Defining the instantaneous parabola as the parabola that 
would be described if at any instant the resistance cease to 
act ; shew that the vertex of such a parabola is at any instant 
moving downwards at an angle tan"' {^ tan <p) to the horizon, 
where ^ is the angle the particle's path makes with the horizon. 

18. Two particles are describing free paths in one plane 
which are holographs to one another; if the particles be 
always at corresponding points, prove that the paths must be 
conic sections, and find the nature of the forces acting on the 
particles. 

19. A body moves on a right circular cone, the velocity 
varying as the nth power of the cosine of the angle of 
inclination to the vertical ; and the body moves along the 
curve of quickest descent from one given point to another. 
Shew that, if the cone be developed, the path will become a 
curve such that the perpendicular on the tangent varies as 
some power of the polar subtangent; and find the curves for 
the cases n = \ and n = 0. 

20. If the velocity of a carriage along a road is propor- 
tional to the cube of the cosine of the inclination of the 
road to the horizon, determine the path of quickest ascent 
from the bottom to the top of a hemispherical hill, and shew 
that it consists of a spherical curve described by a point of a 
great circle which rolls on a small circle described about the 

pole with a radius -^ , together with an arc of a great circle. 

How is the discontinuity introduced into, this problem ? 
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21. Prove that any curve which is a free path for a 
force to a fixed centre is also a brachistochrone for an equal 
force enveloping its caustic by reflexion from the fixed centre 
as focus. 

22. If the particle move in the brachistochrone between 
two given points on a surface of revolution, prove that the 
area swept over by the radius vector on the horizontal plane 
is proportional to the action. 

23. A projectile moves under gravity in a uniform 
medium whose resistance varies as the velocity. Prove that 
the hodograph of the trajectory is a straight line, and that 
the velocity of the point on the hodograph is proportional to 
the horizontal velocity of the projectile. 

24. Find the hodograph of an elliptic orbit described 
under the action of a force to the focus, and hence prove that 
the mean value, taken with regard to time, of the inverse 
square of the radius vector is equal to the product of the 
reciprocals of the semiaxes. 

25. A particle moves freely under the action of a force 
whose direction is always parallel to a fixed plane, and 
describes a curve which lies on a right circular cone and crosses 
the generating lines at a constant angle, prove that its 
hodograph is a conic section. 

26. A heavy pafticle is projected from a given point 
along a smooth groove cut on the surface of a right circulai' 
cone, whose axis is vertical and vertex upwards, with the 
velocity due to the depth from the vertex. Prove that, if 
it reach another given point not more than half way round 
the cone in the least possible time, the curve of the groove 
must be such as would if the cone were developed become a 
parabola with the point corresponding to the vertex as focus. 

27. A particle, acted on by a central attractive force 

whose accelerating effect at a distance r is . /'^ ^ „ , a being 

a constant, is projected from a given point with the velocity 
from infinity ; prove that the form of the groove, in which it 
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must move in order to arrive at another given point in the 
shortest possible time, is an hyperbola whose centre coincides 
with the centre of force. 

28. A particle is constrained to move on a surface of 
revolution under the action of forces the directions of which 
pass through the axis, and which depend upon the distances 
from the axis or from fixed points in it ; find the differential 
equation, (in r and 6, or in any other form,) to the projection, 
on a plane perpendicular to the axis, of the brachistochronous 
path between two points on the surface, and prove that the 
velocity at any point is proportional to the distance from the 
axis, and to the sine of the angle between the path and the 
generating curve through the point. 

If the surface be a hemisphere, and the force be attractive 
and vary as the distance from the axis, it may be shewn that 
when the starting-point is in the rim of the surface, .the 
projection is a straight line. 

29. Find the differential equations of the brachistochrone 
on the surface of a sphere which is rotating round a diametral 
axis with uniform angular velocity. 

Prove that if r and be the co-ordinates of the projection 
of the particle on a plane perpendicular to the axis, r wiU be 
proportional to the resolved part of the force of constraint 
perpendicular to the meridian plane of the particle at any 
instant, and that under certain conditions the equation be- 
tween r and 6 assumes the form 

a = r cosh md. 

30. The velocity of the cun-ent in a stream is proportional 
to the distance from the bank. A man who swims at a given 
rate wishes to get as far as possible down the river in a given 
time ; shew that he must start from the bank at an angle 
whose tangent is proportional to that time. 
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MOTION OF TWO PARTICLES ACTING ON EACH OTHER. 



169. If two particles, attracting each other, move in a 
plane, we know that their centre of gravity is either at rest 
or is in motion with a velocity constant in magnitude and 
direction. 

Having given the velocities at any instant we can find 
the velocity of the centre of gravity, and by reversing this 
velocity on the whole system we find the velocities of the 
two particles relative to their centre of gravity, and the case 
is then reduced to that of a central force. 

In all cases the force of each particle on the other is 
proportional to the product of the masses and a function of 
the distance, and therefore by a proper choice of units is 
represented Isy the expression mm! <j) (r). 

If m, m' be the masses of the particles, and u, u' their 
initial velocities relative to their centre of gravity, these 
velocities are in parallel and opposite directions, and are such 
that 

mu = m'u' . 

It is evident that the two paths about G are similar 
curves. 
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If PQ = r, and if mm' <j) (r) be the force exerted by each 
particle on the other, then, considering the motion of P, this 
force 



, , (m+m' „n) 



which is a function of the distance OP, and the motion is 
therefore determined as in Chapter VII. 




If the path of P with regard to be determined in the 
form, OP ='f{0), the path of P relative to Q is given by the 
equation, 

m + m ^ •' ^ ■' 

Or, we can determine the path of P relative to Q by 
£nding the initial velocity of P relative to Q, and observing 
that the acceleration of P relative to Q is 

im + m')(f>{PQ), 

which again reduces the case to that of a force to a fixed 
centre. 
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170. Motion of two particles in a plane attracting each 
other with a force varying as the distance. 

The force on P=m'm PQ=m (m+m') OP, and the accelera- 
tion of P in the direction PG = (m+ m') GP, hence it follows 
that P describes an ellipse about Q as centre in the time 
lirlJm + to', and that, if w be the initial velociJ;y of P relative 
to G, the semidiameter conjugate to QA = ujjm + m'. 

If u, u be the initial velocities of P and Q relative to G, 
so that mu = m'u, the initial velocity of P relative to Q 

= u + u' = {m + to') u/mf, 
and the acceleration of P relative to Q = (to + to') PQ, so that 
the periodic time is ^ir/Jm + m , and the semidiameter, 
conjugate to AB, of the relative path 

= u Jm + to'/to'. 

These last results are of course at once derivable by geometry 
from the preceding. 

171. Motion of two particles in a plane when the la/iv of 
attraction is that of the inverse square of the distance. 

Taking the force between the particles to be 
TOOT'/(Distance)'', the acceleration of P in the direction PG 
= m'/P(^ = m"/(m + m'f P G\ 

and hence it follows that the path of P relative to (J' is a 
conic of which (? is a focus. 

This conic is a parabola, ellipse, or hyperbola according as 
m" is equal to, less than or greater than im'^l{m, + m'YAO. 

If the relative path is an ellipse, its transverse axis 2a is 
given by the equation 

2to" 



M =- 



■■\AG 2a)' 



(m+m'y 
and the periodic time = 27ra* (to + m')/m'K 

In the same manner if the law of attraction be that of 
the inverse cube of the distance, the relative paths may be 
equiangular spirals, provided the relative velocities are 
properly adjusted. 
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172. If the two particles are not initially projected in 
the same plane, we must find the velocity of the centre 
of inertia of the system, and, by reversing it on each body of 
the system, we shall obtain their velocities relative to the 
centre of inertia. These velocities will be in parallel direc- 
tions and such that mu = m'u', and the plane passing through 
them is the plane of the relative motion. 

Hence it is seen that the actual motion consists of the 
motion in the plane, while the plane, remaining parallel to 
itself, moves with the centre of inertia. 

173. We can also obtain these results from the equations 
of motion. 

For, if X, y, z be the co-ordinates of one particle, x , y, z' of 
the other, r the distance between them, and R the force of 
each on the other, the equations of motion are. 



mx = — R , 

r 


my = — R - — ^ , mz = ~ R 


mx = R -, 

r 


m'y'-Ry-^ , m'z'-R'-' 
" r r 


[ence we obtain 




X —x' y - 
f 


-y z —z p ™ + ™' 
/ — , — ■ R , , 



X — X y — y z — z 

and, integrating, we find that 

(y - y') {z - z') -(z- z) (y - y') = A, 
(z — /)(« — x) —{x — x) (i — z) = B, 
ix-a!) iy-y') -{y-y) {x-af) = G, 

A, B, and G being constants, 

and .-. A(x-x') + B{y-y') + G{z-z') = 0, 

shewing that the line joining the particles is always perpen- 
dicular to the line 

ill! _y _ z 

A~'B'"G- 
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174. Motion of two heavy particles, connected by an 
inextensible string, and projected in any manner. 

If the initial distance of the particles from each other be 
less than the length of the string, there will be, after a certain 
time, a jerk of the string. The velocities perpendicular to 
the string will be unchanged, and the change of the velocities 
in direction of the string will be determined by the considera- 
tion that the momentum of the system in that direction will 
not be affected by the jerk. 

For the subsequent motion, since the tension of the string 
produces equal and opposite momenta in any given time, it 
follows that the horizontal momentum^ in any direction, of 
the system is constant, and that the vertical momentum 
imparted to the system is the same as if there were no 
string. 

If then u, V be the component horizontal velocities in 
given directions, at any time, of one particle, and u, v' of the 
other, 

mu + m'zt' and mv + mv' 

are each constant, and if w, w' be the initial vertical velocities, 
measured downwards, the vertical momentum of the system 
at the time t is 

mw + m'w +{m + tn) gt. 

Taking then a, 0, 7 as the component velocities of the 
centre of inertia, the horizontal resultant ^a" + /3^ is constant 
in magnitude and direction, and 

(m + m') 7 = mw + m'w + (m -f m') gt, 

so that the motion of Q is the same as that of a projectile. 

Further, if we imagine the velocity and acceleration of 
reversed on the system, we shall have the case of" two 
particles connected with G by strings of given length, and 
consequently the motion of each will be circular, and the 
tension of the string will be constant. These are particular 
cases of the theorems of Arts. (41) and (45). 
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175. We can obtain the same result by means of the 
equations of motion. 

If T be the tension and I the length of the string, these 
equations are 

„x — x' .. mV—y' ■■ m^ — z' 

mx = — T — = — , tny^ — T ^ '^ , mz = mg^T — j — , 



The addition of the several pairs of equations gives the 
first result. 

Also we find as in Art. (172) that the string is always 
perpendicular to a certain fixed direction. 

Further we have 

{x-xy+iy-yr + iz-zy = l\ 
and therefore 

{x-x')(x-x') + {x-x'y+ =0. (a). 

But from the equations of motion 

... ™/l l\x — x'„ 
ic-x' =-T{ — + — ] — j— , &c. 
Vm m J I 

and substituting in the equation (a) we deduce that T is 
constant. 

176. Motion of a number of free particles, attracting each 
other with forces proportional to the distance. 

In this case, by a well-known theorem, the resulting 
action on each particle is directed to the centre of gravity of 
the system, and is proportional to the distance from it. The 
particles therefore describe, relative to G, ellipses of which 
G is the centre, and in the same periodic time. 

B. D. 15 
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EXAMPLES. 

1. Two bodies attracting each other with a force which 
varies inversely as the cube of the distance are projected in 
parallel directions ; find the condition that the relative paths 
may be equiangular spirals. 

2. If two particles of masses fi, fi attract according to 
the law of gravitation and be projected with velocities v, v', 
making an angle a with each other ; shew that their orbits 
relative to their common centre of gravity will be para- 
bolas, ellipses, or hyperbolas, according as 

^'-2w^cosa+z)"< ^^^'^^\ 
> c 

where c is their initial distance apart. 

.3. Two bodies, the masses of which are in and m', are 
projected from the points A, B, and attract each other 
according to the Newtonian law. The body m is projected 

from A in the direction BA -with a velocity a / ™ , and 

711 is projected from 5 in a direction BP with a velocity 



/m -l-m' 
\/~AB-- 



cos PBA : 



determine completely the path of either with regard to the 
other. 

4. The co-ordinates (x, y), {x^, y^, of the simultaneous 
positions of two equal particles are given by the equations 

x = ad — 2a sin 0, x^ = a9, 

y = a-acos0, y^ = -a + acoae; 

prove that, if they move under their mutual attractions, 
the law of force will be that of the inverse fifth power of the 
distance. 
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5. Two particles move under the action of their mutual 
attractions, one of them being constrained to remain on a 
fixed smooth wire in the form of a plane curve : if the path 
of the other be an involute to this curve and the two particles 
be always at corresponding points, the curve has for its 
intrinsic equation 

s = ae 2 , 
where m is the ratio of the masses of the particles. 

6. Two equal bodies attract each other with a force 
varying inversely as the fifth power of the distance, and they 
are projected with equal velocities, in opposite directions, at 
right angles to the line joining them ; prove that there are 
two velocities, in the ratio of 1 : ,^2, for each of which the 
relative orbits will be circles. 

7. Two masses m, m' are connected by an inextensible 
string of length a. The extremity A to which m is attached 
is compelled to move with uniform acceleration in a straight 
line under the action of a force P in the straight line, and the 
extremity B to which m' is attached, is compelled to describe 
a circle round A with uniform angular velocity tu under the 
action of a force Q perpendicular to AB. Find P and Q, and 
prove that the least value of P is 

mf j-t;— provided aco^ be < 2/. 

8. Two smooth cii-cular rings (of radius a) are placed in 
a vertical plane with their centres in the same horizontal 
line at a distance 3a. Two equal beads (of mass m) slide on 
these rings and are connected by a thin elastic string, of 
which the natural length is 3a and modulus of elasticity 
SXmg. They are held as far apart as possible and then let go. 
Find when they come to rest. 

In the particular case in which \ = 1, find the whole time 
of the motion. 

9. Two equal particles can move on a fixed smooth 
circular wire and attract each other with a force varying as 

15—2 
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the distance between them. Prove that their centre of 
gravity moves with uniform angular velocity, and that the 
relative motion of one with respect to the other is the same 
as the motion of a simple pendulum. 

10. Two beads of equal mass repelling one another with 
a force varying inversely as the square of the distance are 
free to slide on a parabolic wire. If they are initially at the 
extremities of the latus rectum, prove that if properly 
projected the line joining them will always pass through the 
focus of the parabola. 

11. The attraction between two equal particles, each of 
mass m, is /im*/r', when r is the distance between them, and 
they are projected with equal velocities on the same side of 
the line (c) joining them in directions not parallel but 
equally inclined to that line ; prove that the path of each 
will be an ellipse, parabola, or hyperbola, according as the 
initial component of each velocity in direction of the line c 
is less than, equal to, or greater than ^2/*m/c^. 

12. Two small rings, each of mass m, which attract each 
other with the force ma^ x distance, are placed on smooth 
wires Ox, Oy, inclined to each other at a given angle, which 
commence to move in their own plane with angular velocity 
o), and continue to move uniformly. Determine the motion 
of the rings. 
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ENERGY AND MOMENTUM. 



177. It is intended in this Chapter to illustrate the use 
of the principles of momentum and energy which were laid 
down in Articles (40), (43) and (48) of Chapter IV. 

In many cases problems of motion are very rapidly and 
easily solved by the aid of these principles, and in all the 
cases to which they are wholly or partially applicable, the 
problem of determining the motion of a body or a system is 
reduced to the solution of equations containing differential 
coefficients of the first order, or simple time-fluxes of the 
co-ordinates of the system. 

178. Motion of two spheres which attract each other 
according to the law of nature, of given masses m and m', and 
given radii a and a, placed originally without kinetic energy 
with their centres at a given distance cfrom each other. 

Supposing that the configuration of zero potential energy 
is when the spheres are in contact the potential energy of 
the initial configuration, which is the work done in separating 
the spheres, 



=/. 



mm , mm mm 
dr- 



a+a' r a -^^ a C 

During the subsequent motion let u and m' be the 

velocities of the two balls when their centres are at a 
distance r from each other. 
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The principles of momentum and energy give the two 

equations, 

mu = m'u', 



imu' + imu H ; — , — = 



mm mm 



a+a r a+a 



or 



^ [mv!' + mV) = mm' ( j , 



from which u and u are at once determined in terms of the 
distance. 

179. Motion of a simple pendulum. 

If a simple pendulum of length I start from the inclination 
a to tlie vertical, the work done by gravity as the pendulum 
falls to the inclination 6 is mg {I cos 6 -I cos a), and the kinetic 
energy is ^mPO". 

Equating these we find that 

^' = ^(cos^-cosa), 



and 



•"• dd~V 2g 



'^9 Jcoa ^ — cos a ' 
If a is very small, this is approximately 
dt_ /I 1_ 

from which we obtain ^ = a cos a/^ f as in Art. (126). 

180. Motion of two equal heavy particles, fastened to the 
ends of a rod without weight, and oscillating in a vertical 
plane inside a smooth sphere. 

Taking a for the radius and 2c for the length of the rod, 
the equation of energy is 

2 [^id'-e^] = 2mgja^-c' (cos 9 - cos a), 
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6 being the inclination of the rod to the horizon, 



or 






Comparing this with the first equation of the last article 
we see that the length of the equivalent simple pendulum 
is 



181. Motion of a compound pendulum, that is, of any 
rigid body, or connected system of bodies, about a fixed 
horizontal axis. 

G being the centre of gravity of the system and GO its 
distance from the axis, let 6 be the inclination of 60 to the 
vertical at any time during the motion. 

If P be the position of a particle mass m of the system, 
and if OP = r, the kinetic energy of the particle m is \mr^ff', 
for the angular velocity of OP is the same as that of G. 

Hence the equation of energy gives 

% (hmr^e') = Mga (cos 6 - cos a), 

if 0(r = a, and if = the total mass. 

The expression S {mr^) is called the moment of inertia of 
the system about the axis, and is generally represented by the 
expression M¥, so that 

6^ = -t/ (cos 9 - cos a). 

Comparing this with the first equation of Art. (179), we 
see that the length of the equivalent pendulum is F -r- a, so 
that if I be the length, 

la = k\ 

The point in OG at the distance I from is called the 
centre of oscillation of the system, the point being the 
centre of suspension. 
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182. The evaluation of the expression "t (mr^) for 
particular cases is an exercise in the Integral Calculus. 

In the performance of the calculation two facts are of 
great utility; these are 

(1) That the moment of inertia of a rigid body about any 
axis is equal to the moment of inertia about a parallel axis 
through the centre of gravity together with the product of the 
mass by the square of the distance between those, parallel 
axes; 

(2) That the moment of inertia of a plane lamina about 
any axis perpendicular to the plane is equal to the sum of the 
moments of inertia about any two axes in the plane, per- 
pendicular to each other, drawn through the foot of the axis. 

For the first let / be the distance of any particle from the 
axis, and r its distance from the parallel axis through G. 

Then if h be the distance between the axes, 

2 (mr") = tm (r^ + h^- 2hr cos 6) = % (mr') + Mh'. 

For the second, if x and y be the distances of any particle 
of the lamina from the axes in a plane 

2 {mr') = tm {x^ +y')='Z (ma;') + S (my'). 

For convenience a few simple results may be stated, taking 
in all cases ilf as the mass of the body, and J/F as representing 
the moment of inertia. 

For a straight rod of length I about an axis through one 
end perpendicular to the rod, k' = ^P ; and hence, if the axis 
pass through the middle point, k' = -^l^ 

For a circular ring, about the line through its centre 
perpendicular to its plane, F = r'. For a circular lamina about 
the line through its centre perpendicular to its plane k' = ^r" 

For a parallelepiped of edges a, b, c, about the edge c, 

M' = i{a!' + b''). 
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For an elliptic area about the transverse and conjugate 
axes, F = {V, and Ji? = \a^, 

and about the line through its centre perpendicular to its plane 

For a sphere about a diameter, F = |r'. 
For a solid ellipsoid about the axis c, 

183. Expressions for linear and angular momenta. 

Considering motion in one plane, if x and y be the 
co-ordinates of a particle m of the system, the linear 
momenta parallel to the axes, are 2 {mx) and % (my), or, if ^, rj 
be the co-ordinates of the centre of gravity, M| and Mt). 

The moments about the origin of the momenta m,x and my 
being — m,xy and Tnyx, the angular momentum of the system 
is 

2m (xi/ — yx). 

In polar co-ordinates mrd is the part of the momentum 
perpendicular to the radius vector, and therefore the angular 
momentum is 

% (mr'd). 

If A be the area swept over by the radius vector, 
2A=xy — yx = r'^d, 
so that the angular momentum is 

2tmA. 

Again, if p be the perpendicular on the tangent to the 
path of the particle m, the angular momentum of the system is 

2 (msp), 

and, since pds = r'dQ, and p = oo-~—y -j-, 

this expression at once transforms itself into either of those 
preceding. 



234 MOMENTA. 

In the case of a single rigid body, revolving about an axis 
with which it is rigidly connected, 6 is the same for all the 
particles, and the angular momentum is 

Mk'^e, or ifFw. 

184. For motion in three dimensions the expressions for 
the linear and angular momenta are 

2 {m£), "t {my), % (mz), 

2m {yz — zy), 2m {zab — xz), 2m {xy — yx). 

If we take f, i\, f as the co-ordinates of the centre of 
gravity, and x, y, z as the co-ordinates, relative to Q, of a 
particle m, the angular momentum about the axis of z 

= 1{m{^+x){r, + y)- (ri + y) (l + x)}, 
= Mi^Tj - 7)^) + 2m (xy -yx), 
since 2 (nix) = 0, and 2 {my) = 0. 

Hence it follows that the angular momentum of a system, 
about any assigned axis, is the sum of the angular momentum 
due to the motion of the particles of the system relative' to 
the parallel axis through the centre of gravity, and of the 
angular momentum due to the mass of the system supposed 
to be concentrated at, and moving with, the centre of 
gravity. 

It may be instructive to present the proof of this state- 
ment in another form. 

Let and G be the projections of the assigned axis and of 
the centre of gravity on a plane perpendicular to the axis, 
GA the projection of the line of motion of G, and FK the 
projection of the line of motion of a particle. 

Taking m as the mass of the particle and u as the 
component in the line FK of its velocity, and taking EG 
parallel to FK, 

The angular momentum about the axis 

= 'Z{mu.OF) = t{mu.OE) + ^{mu.GK). 
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If u be the velocity of G in the direction GA, the first 
term, which is the sum of the moments about of a number 
of momenta in lines through G, is equal to the moment of 
their resultant, and therefore 

= Mu.OK 




The second term 

= S {m (m — tt cos 6) GK] + u% {m GK cos 6). 

But '2<{mGK COB 6) = t{m.KL)=-0, 

and therefore the second term represents the angular mo- 
mentum due to the motion of the particles of the system 
relative to the centre of gravity. 

185. In the case of a single rigid body, when the motion 
is entirely in two dimensions, an expression for the angular 
momentum is 

Mp^^ + MFco, 

if p and ^ be the co-ordinates of the centre of gravity. 

Take, for instance, the case of a number of rigid bodies, 
rotating about the shme fixed axis with given angular velocities, 
and becoming suddenly, or gradually, connected together. 
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In this case the total angular momentum is unchanged, 
and therefore, if mFw be the original angular momentum of 
one of the bodies, and il the final angular velocity of the 
system, 

186. Expressions for kinetic energy. 

For motion in two dimensions, the expression in rect- 
angular co-ordinates is 

and in polar co-ordinates, 

itm(r' + r'e'). 

For the case of a rigid body in motion about a fixed axis, 
the kinetic energy is 

^t {mr'6') or ^Mk^d'. 

For motion in three dimensions the expression for the 
kinetic energy in rectangular co-ordinates, is 

in cylindrical co-ordinates, 

|2m (r" + r'e' + z'); 
and in polar co-ordinates, 

Other modes of expression can also be given and will be 
employed when necessary. 

If X, y, z be co-ordinates relative to the centre of gravity 
the kinetic energy 

= i.S{m(|-f-^)' + (^-f2/r4-(r+in, 

= iM (1^ + f -1- ?^) -H \%m (*» + f -1- z'). 

So that the kinetic energy is the sum of the energy due to a 
mass if at the centre of gravity and of the energy due to the 
motions of the particles of the system relative to the centre 
of gravity. 
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187. In all eases in which no external forces are in 
action the linear momenta and the angular momenta remain 
constant. 

The principle of the conservation of energy of a mechanical 
system, that is to say, the assertion that the sum of the 
potential and of the visible kinetic energies is constant, 
applies to all those cases in which the potential energy 
depends on the configuration of the system, and in which 
the change of potential energy, due to a change of con- 
figuration, is independent of the manner in which that 
change is made. 

There is no doubt that, in any system, the total energy 
remains unchanged, unless extraneous force act on the 
system, but, as in the csise of impacts taking place between 
bodies of the system, there may be an apparent loss of kinetic 
energy, which is fully accounted for by the development of 
invisible kinetic energy in the form of heat, or in some other 
form. 

Or again, kinetic energy may be created by explosions, 
but in this case, the visible kinetic energy, together with the 
heat added to the system, are the equivalent of the potential 
energy which was lying dormant in the explosive matter 
while in its quiescent condition. 

Internal friction, if due to the sliding of two surfaces on 
each other, is destructive of visible kinetic energy, while, on 
the other hand, visible kinetic energy may be created by the 
action of live things, as for instance in the case of a man 
walking on a rough plank, or a rough ball, or climbing a 
moveable rope. 

In such cases the system is said to be not dynamically 
conservative, although it is really conservative if all the 
transformations of energy be taken into the account. 

' 188. If an elastic string form part of a system, the gain 
of potential energy due to its extension from its natural 
length is 

^ (Tension) (Extension) ; 
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for the work done in pulling out the string 

= rTdx=rj{x-l)dx = ^-^{r-iy, 

as may also be shewn by a simple geometrical figure. In 
such a case the contraction or extension of the string implies 
a transformation of energy, the loss, or gain, of potential 
energy due to the contraction or extension, being represented 
by a change in either, or both, of the kinetic energy, and of 
the potential energy due to configuration, irrespective of the 
string. 

Energy imparted to a system by the action of an extraneous 
couple. 

Any state of motion of a plane can be represented by a 
state of rotation about an instantaneous centre in the plane. 



J7 



If a small displacement, S<^, be made round the in- 
stantaneous centre U, the work done by the force of the 
couple 

= P . EBS^-P.EAS<f, = P . ABh^= GS(f>, 
G being the moment of the couple. 

Hence, if 6 be the total angular twist of the couple, the 
work done 

/■« ♦ 

' = Gd(f) = GO, if G be constant. 
Jo 

We now proceed to illustrate these general statements by 
their applications to some particular cases, 
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189. Motion of a heavy rod placed with its lower end in 
contact with a smooth horizontal plane, and let go. 

If a be the initial inclination to the vertical, and 6 at any- 
subsequent time, the work done by gravity is 

mg a (cos a — cos 6), 

and the kinetic energy is 

^m(y'' + Jc'O^), where y = a.cos d. 

Hence we obtain 

a" 

g- (sin^^ + ^) ^^ = ag (cos a - cos 6), 

^2 Qg cos a — cos 
a 3 sin^^ + 1 

190. Motion of a heavy rod, constrained to slide in a 
vertical line, with its lower end on the curved surface of a 
smooth hemisphere, the hemisphere sliding on a smooth hori- 
zontal plane. 

If 6 be the inclination to the vertical of the radius to the 
point of contact, and a its initial value, the work done by 
gravity is mga (cos a — cos 6), m being the mass of the rod. 
If M be the mass of the hemisphere the kinetic energy of the 

■ system is 

(d \'' fd . \' 

-^.acos^j + I J/It-: asin ^j , 

and therefore 

(m sin^6l + M cos^6') eP = -*"? (cos a - cos 6). 

191. Motion of a heterogeneous sphere rocking on a rough 
horizontal plane, the whole motion being parallel to one vertical 
plane. 

Taking as the point of contact of the end of the radius 
GO through Q when it is vertical, x, y, as the co-ordinates 
of Q, CQ = c, and the radius = a, the equation of energy is 

|m {x" + y' + kW] = mgc (cos — cos a), 

where a; = a^ — c sin 9, and y =a — c cos 6 ; 

d' {a^ + c' - 2ac cos 9 + F} = 2go (cos 6 — cos a). 
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192. Motion of two equal rods, AB, BG, jointed at B and 
moving, on a smooth horizontal plane, about the fixed point A. 

In this case the angular momentum about A and the 
kinetic energy are both constant. 




Taking 6 and ^ as the inclinations to a fixed line on the 
plane, the velocity of the centre of gravity, G, oi BG is com- 
pounded of its velocity relative to B, 
that is, a^ perpendicular to BG, and of the velocity of B, 
■which is 2a6 perpendicular to AB ; 

4a^ ■ 
the angular momentum of AB is m-^ 6, and that of BG is 

o 

a" • • 

m ^<f> + ma4> [a + 2a cos (^ - 6)} + m2a6 {2a + a cos (cj) — 6)] ; 

hence the equation of momentum is 



^ (J^ + 2 cos ^ - ^) + ^ (f + 2 cos </) - ^) = a 
Again, the square of the velocity of G 

= a^^ + 4a''^' + 4<a^<jie cos ^^T^, 

4a' • 
the kinetic energy of AB is m -^ 6^, 

o 

a" ■ 
and that oi BG due to rotation is «i ^ ^^ ; 
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.". the equation of energy is 

V« 6" + 1 0' + 4(^(9 cos ^^ = C, 
G and C being constants given by the initial conditions. 

These two equations determine and <f). 

193. If a solid body is rotating about a fixed axis, and 
is changing its shape and size, without the action of any 
external force, its angular momentum remains constant, and 
this determines the change of angular velocity. 

If for instance a sphere rotate about a fixed diameter, 
changing its size, but retaining its shape and its homogeneity, 
the angular momentum, which is | Mr'a, remains constant. 

If the radius change to r, the change in the kinetic 
energy is 



i M (r"(o" - 7^m') or ^ M -. {r' - r") <o 



T 



194. Motion of a heavy rod swinging about its upper 
extremity which is freely jointed to a fixed support. 

If be the inclination of the rod to the vertical, and ^ its 
azimuthal velocity, the angular momentum about the vertical 
through the fixed end and the energy are respectively, 

S {mr' sin"^ . ^} 

and i 2 {mrW + mr"- sin"^ , ^'} + % (a - a cos &), 

if we assume that the configuration for zero energy is when the 
rod is vertical and at rest. 

Each of these expressions being constant, we obtain for 
the determination of and ^ the equations, 

sin"^ = O sin^'a, 

|a(^^ + ^''sin''^)+5'(l-cos^) 

= f a («B^ + O" sin^a) +.9 (1 - cos a), 

0) and fl being the initial values of Q and 0. 

B. D. 16 
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Eliminating <f> and taking the time-flux of the resulting 
equation, we obtain 

iad- iaiV sin* a cosec''^ cot + 3gsm6 = 0. 

The condition that the rod may revolve uniformly, so as 
to describe a right circular cone of vertical angle 23, is 

4aH''cos a = 3g. 

If while thus revolving the rod receive a slight displace- 
ment, not disturbing this relation, the small vibrations in 6 
will be determined by putting ^ = a -f- i/r, when •\/r is small in 
the above equation. 

The result is the approximate equation, 

4a cos a'^ + S^r (1 + 3 cos ^a) -^ = 0, 

so that the period of the oscillation is 

4!7rja cos a / JSg (1 -t- 3 cos'^a). 

195. Motion of a heavy horizontal ring, fitting on a 
smooth vertical cylinder, and supported by a number of verti- 
cal strings fastened to its upper edge. 

If the ring, when in equilibrium, be started with a given 
angular velocity w, it will rise until the potential energy, 
stored up by the elevation is equal to the original kinetic 
energy, that is to a height A such that 

mgh = ^ ma'co", 
a being the radius. 

As the ring rises the strings will form helices on the 
surface of the cylinder, and, taking I for the length of each 
string, and 6 the angle through which the ring turns in 
rising through the height z, we have the geometrical 
equation 

P = (I -zf -f- a^e", and .-. a^BB ={l-z) z. 

The equation of energy is 

i TO (i' -I- a'&') = J maW - mgz, 

and these equations give 6 and z in terms of z. 
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If, instead of starting the ring witli an angular velocity, 
it be set in motion by a horizontal couple G, twisted through 
an angle /3, the energy imparted to the system is Q^. 

Part of this energy appears in the form of a change of 
potential energy due to change of configuration, and its 
amount is 

The difference, ff/3 — mg {I — Jl^ — a"^^}, is represented by 
the kinetic energy with which the ring starts off in its new 
configuration. 

196. If a heavy elastic ring, in the form of a horizontal 
circle, he placed on the surface of a smooth sphere and allowed 
to dip down, we can determine the motion by observing that 
the kinetic energy is increased by the fall, and diminished 
by the extension of the ring." If a be the radius of the 
sphere, 27rasina the initial length of the ring, and be 
the angular distance of each point of the ring from the 
vertex at any subsequent time, the equation of energy is 

12/2 / a\ ^ a (sin ^ — sin aV 

*mad = mqa (cos a — cos 0)—-^. zva : . 

^ ^ ^ ^2 sma 

The condition that the string should just slip over the 
sphere is that 

61 = when = ^, 
2 

which gives mg sin a. cos a = -rrX (1 — sin ay. 

197. A circular wire ring of mass M, carrying a small 
bead of mass m, lies on a smooth horizontal table, and is 
capable of turning about a fixed point in its circumference. 
An elastic thread the natural length of which is less than 
the diameter of the ring has one end fastened to the bead 
and the other end to the fixed point. It is required to 
determine the motion when the initial position of the thread 
coincides very nearly with the diameter of the ring, 

16—2 
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The angular momentum is always zero, so that if OP the 
thread be inclined at an angle (f) to the initial position of the 
diameter OA, 

where r=2a cos {<f> + 6). 




Again the equation of energy is 

M . 2a'e' + m(r' + r^') = j {(2a - Tf -{r- If}, 

and these equations theoretically determine 6 and <f). 

When the string contracts to its natural length the kinetic 
energy retains a constant value until by the motion of the 
bead the string is again put into a state of tension. 

198. If an elastic thread, in the form of a circle on a 
smooth horizontal plane, be set rotating with a given angular 
velocity, the principles of angulat momentum and energy give 
the equations 

mrd' = ma^w, 

Im (r' + r'd') = \maW - '^ (»• - a)' J 
and those equations determine r and d in terms of r. 
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199. Motion of a wife ring on a smooth horizontal plane 
produced by an inject alighting upon it and moving uniformly 
round the arc of the ring. 

As the insect starts with a finite motion there must be an 
impulsive-action, that is, of the nature of a kick, between the 
insect and the ring in direction of the tangent. 

Take M, m, as the masses and u as the velocity of the 
insect relative to the ring. 

If V, V be the actual initial velocities, in contrary directions, 
of the centre of the ring and of the insect, 

MV=mv. 

If w be the initial angular velocity of the ring, we have 
the geometrical condition, 

V+aa) + v = u. 

Again the angular momentum about any vertical line is 
equal to zero. 

Taking the angular momentum about the vertical line 
through the initial position of the centre of the ring, 

Ma^(o = mva, 

and these equations determine V, eo and v. 



During the subsequent motion, G remains at rest, and 
the angular momentum about is zero, so that if 0. and be 
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the angles turned through by the ring and the radius to the 
insect, 

mPG''e + MGQ^d - Ma% = 0, 

or m0 = {M + m)<f) . 

This equation, and the geometrical condition, a(d + ^) = u, 
determine 6 and <j}. . 

200. A remarkable application of the principle of energy 
has been made by Professor C. Niven in discussing the 
motion produced when a heavy elastic string, suspended 
from one end, is cut at any point*. 

To illustrate this application we take a simple case, in 
which the action of gravity has no effect. 

An elastic string has one end fastened to a fixed point on a 
smooth horizontal plane, and the other end is drawn out to 
any assigned disto-i^B) ci^^d is then let go; it is required to 
determine the subsequent motion. 

Taking a as the natural length and I as the stretched 
length of the string, the tension T is X (Z— a)/ a, and if dx be 
the natural length of an element at the end of the string, its 
potential energy, before the end is let go, which is half 
tension x extension. 



= h~dx = i,.x(l^)dx. 



When the end is let go, this energy is set free, and is 
immediately converted into kinetic energy. 

Taking m as the mass of unit ■ length, and V as the 
instantaneous velocity of the end of the string, the kinetic 
energy is ^mdxV, and therefore, 

y _ T _ Ix I — a 

JmX \/ m a ' 

The first element being started with this velocity the 
next element will be under the same initial conditions, and 

* On a case of Wave motion, by Professor C. Niven, Messenger of 
Mathematics, Vol. VIII, 
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will acquire the same velocity, and all the elements in 
succession will acquire the same velocity, so that a wave 
like motion will be propagated from the free end to the 
fixed end of the string. 

To find the velocity of transmission of the wave, we 
observe that when the wave is passing over the element PQ, 

A. P Q B 

the tension at P is T and the tension at Q is zero, and 
therefore in the time dt the momentum generated in PQ is 
Tdt. 

But this momentum is mda; . V, and therefore 

so that the velocity of transmission is constant with regard 
to the natural length. 

Hence the time in which the wave travels fi-om B to 
A = ajm/jx, and in this time the free end B will have 
traversed the space VaJmlJx which is equal to I — a. 

It follows therefore that, when the wave reaches A, the 
string is in its unstretched condition, and every element has 
the same velocity V in the direction BA. 

If we assume that Hook's Law holds for compression as 
well as for dilatation, the kinetic energy will be gradually 
converted into the potential energy of compression, which 
will in its turn be reconverted into the original kinetic 
energy. 

If Hook's law does not hold for compression or if the 
string is so constituted that it is reduced to rest on arriving 
at its natural condition, the kinetic energy, which is ap- 
parently lost, is really converted into heat. 

201. We can explain from first principles why it is that 
the release of the end of the string instantaneously results in 
the production of a finite velocity at that end. 
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Considering a small element at the end B, at the moment 
of release, the force on the element is T and its mass is mdas, 
so that we have a finite force acting on an infinitesimal 
mass. 

Now if, by means of a mental microscope, we imagine 
the mass magnified so as to become a finite mass, and the 
force T magnified in the same proportion, we shall have the 
case of a very large force acting upon a finite mass, the result 
of which is, as we know, the production of a finite velocity in 
a very small time, and the smaller we take the element at 
the end B, the more closely do we tend to the ultimate 
form, which is the instantaneous production of velocity at 
the end. 
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1. A heavy particle slides down a chord of a vertical 
circle to the lowest point of the circle, and then ascends the 
curve ; prove that in no case can it rise through more than 
one-sixth of the total arc. 

2. A and B axe two pegs very near together and in the 
same horizontal line. A perfectly flexible string of length 
I is fastened at A and hangs over B, the portion between A 
and B hanging down ; the loose end begins to descend from 
the position o f equi librium : prove that the final velocity of 
the string is j2gljB. 

3. If a system of bodies initially at rest be acted on by 
no forces but the attractions of its several parts, and at any 
subsequent time become united as a single solid body, shew 
that this body will be at rest. 

4. A particle is attached to a smooth string which passes 
over a rough circular arc in a vertical plane ; the particle, 
initially at the end of a horizontal diameter, is drawn up 
with constant acceleration gf-jr; prove that the work expended 
in drawing it to the vertex of the circle is to the work which 
would be done in lifting it through the same height in the 
ratio 6 -(- 4/i — TT/i : 4. 
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5. The two ends of a homogeneous rod are moveable on 
the arc of a fixed smooth conic, having its axis vertical and 
vertex downwards ; if the length of the rod be greater than 
the latus-rectum, and if it be placed in a horizontal position 
and slightly displaced, find the greatest kinetic energy which 
it acquires. 

6. A small heavy ring, moveable on a smooth circular 
wire fixed in a vertical plane, is attached by an elastic string 
without weight to a point at a distance below the lowest 
point of the circle equal to its radius, and when the ring is at 
the lowest point of the circle the string is unstretched. If 
the ring be drawn along the wire till the string becomes a 
tangent to the circle arid then let go, determine the velocity 
with which it wiU reach the lowest point of the circle. 

7. A particle is placed in an uniform straight tube, 
which is moveable in a horizontal plane about an axis 
through one end, and the mass of which is equal to that of 
the particle. The tube being set in motion, shew that the 
angle, which the direction of motion of the particle makes 

IT 

with the axis of the tube on leaving it, lies betweeii^ and 
tan"'|. 

8. A cylinder whose surface is smooth, stands on a 
smooth horizontal plane on one of its circular ends ; find the 
impulse at a given point of its surface which will cause it to 

' fall over. 

9. The nut of a screw rests on a smooth horizontal 
plane, over a hole cut so as to allow a free passage for the 
screw, and the screw descends through ^the nut by its own 
weight; determine the motion, 1st, when the nut is fixed, 
2nd, when it is moveable. 

10. Two equal particles, connected by a stiff wire with- 
out weight, are placed in a vertical circular tube, one being 
at the highest point, shew that, when the other reaches the 
lowest point, the velocity of each is the same as if they had 
been unconnected from the beginning of the motion. 
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11. A ring slides on a smooth wire bent into the form 
of a plane vertical curve and is attached by an elastic 
string to a fixed point in the plane of the curve; if it 
start initially from a position in which the string is just 
not stretched, prove that it will descend through a vertical 
space which is a third proportional to the natural length 
of the string and its extension at the lowest position, sup- 
posing that the modulus of elasticity is twice the weight of 
the ring, and the string is stretched throughout the motion. 

12. Two equal weights W are connected by a string of 
length 21, whose weight per unit of length is w, which passes 
over a small puUy. The system is put in motion by adding 
a weight W at one end. Shew that when either weight has 
moved through a distance a;, the kinetic energy will be greater 
than if the string were weightless by |(? — aif w. 

13. The extremities of a uniform heavy rod of length 
4a slide on the circumference of a three-cusped hypocycloid 
whose plane is vertical, one of the cusps being at the 
highest point of the circumscribing circle whose radius is 3a ; 
prove that the length of the isochronous simple pendulum 
is 4a/3. 

14. Four equal particles connected by inelastic strings, 
forming the sides of a square, mutually repel each other with 
a force /j, (distance) ; if one string be cut, then (6) the angle 
either string makes with its original position is given by 

ff' . (2 - sin'' 0) = 4ifi sin 0(2 + sin 0). 

15. A number of uniformly distributed particles move 
with the same velocity v in the same direction. In this 
medium is placed a body of any form and such that all the 
particles impinging on it adhere. Shew that, if M denote 
the mass of the body at any time, and u its velocity 
M{v—ii) will be constant. What information can be drawr 
from this fact as to the ultimate state of motion, and th( 
time when this is arrived at ? 

16. Two equal shells are connected by a thin tube, th( 
whole system having no mass, and they contain matter whicl 
is transferred uniformly from one to the other in time i 
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When the masses in each are equal the system has an 
angular velocity w communicated to it. Shew that the 
curve traced out by the middle point of the tube is given by 
the J)olar equation r = a tanh 29lcot, where 2a is the distance 
between the centres of the shells. 

17. A particle of given weight is fastened to a string 
which passes over a smooth circular arc in a vertical plane : 
the particle initially at the extremity of a horizontal diameter 
is drawn up to the vertex with constant acceleration g : prove 
that the work done in drawing it up the last half is to the 
work done in drawing it up the first half as 

4V2 + 7r-4 : 4>-Jrirj2. 

18. Two equal particles are revolving in the same direc- 
tion in the same ellipse, under the action of a force tending 
to a focus; shew that, if they become rigidly connected when 
they are at the extremities of a focal chord, they will after- 
wards move about their centre of gravity with an angular 
velocity which varies inversely as the length of the chord, 
and that, wherever this takes place, the initial velocity of the 
centre of gravity will be the same. 

19. A heavy elastic string, in form of a ring, is placed, 
with its plane horizontal, over a smooth cone, the axis of 
which is vertical ; find the position of equilibrium. Also, if 
the string be held in contact with the cone at its natural 
length, and let go, find how far it will descend. 

20. Three equal particles at rest, tied together by three 
equal strings of length a, so as to form an equilateral triangle, 
repel each other with a constant force f. If one string be 
cut, shew that the equation to determine the motion is 

ae^ (3-2 sin=^) = 3/(2 sin 6 - 1), 

20 being the angle between the strings. 

21. A uniform rod is placed with one extremity at the 
middle point of the line joining two equal centres of force 
attracting inversely as the square of the distance, and at 
right angles to that line ; find the velocity with which the 
centre of the rod will reach the line. 
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22. Two equal inelastic rods of given length, fastened 
together hy a smooth hinge, are placed on a vertical plane 
with their other extremities at opposite sides of a hole oi 
given size in a smooth horizontal table. If motion be allowed 
to take place, determine the condition that the rods may just 
reach their position of unstable equilibrium. ^ 

2.3. A cube is rotating with angular velocity « about a 
diagonal, when one of its edges which does not meet that 
diagonal becomes fixed ; shew that the angular velocity about 
this axis will be q)/4\/3. 

24. One end of a string (length a) is attached to a 
smooth circular wire of radius a, whose plane is vertical, at 
one extremity of its horizontal diameter, and the other end 
to one extremity of an inelastic rod of length a, the other 
extremity of which is made to slide along the wire by means 
of a small ring. If the rod and string are held initially in a 
horizontal position, and then abandoned to the action ol 
gravity, the rod will first come to rest when its middle poini 

I3J3 
is at a distance a below the horizontal diameter, 

ol) 

25. ABODE is a pentagon, formed of five equal uniforn 
rods freely jointed together. The pentagon is placed with its 
plane vertical, and angular point A uppermost ; the angles i 
and E slide freely along a smooth horizontal rod. Investigatf 
a differential equation of the second order for the determina 
tion of the inclination of BO or DE to the vertical. 

26. A ring rests upon two smooth horizontal bars whicl 
in the position of equilibrium subtend an angle 2a at thi 
centre ; shew that, if the ring be disturbed by twisting i 
through a small angle about its vertical diameter, the lengtl 

of the simple isochronous pendulum will be ^ cot a cosec a. 

27. A fine circular tube, radius c, lies on a smooth hori 
zontal plane, and contains two equal particles connected b 
an elastic string in the tube, the natural length of which i 
equal to half the circumference. The particles are in contac 
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and fastened together, the string being stretched round the 
tube. 

If the particles become disunited, prove that the velocity 
of the tube when the string has regained its natural length is 



v; 



27rX,mc 



M{M+2m)' 

where M, m are the masses of the tube and each particle, and 
A, is the modulus of elasticity. 

28. If in the previous question one of the particles be 
fixed in the tube, and if the tube be moveable about the 
point at which the particle is fixed, prove that when the 
string has regained its natural length the angular velocity of 
the tube 



W: 



vKm 



M (2m + M)c' 

29. A solid hemisphere, mass ■ M, is moveable on a 
smooth horizontal plane, on which its flat surface rests, about 
its vertical radius which is fixed. A very fine tube, the in- 
side of which is smooth, is fixed on its surface,' commencing 
at the vertex and ciitting all the meridian lines at a constant 
angle a, and a particle mass m runs down this tube from the 
vertex ; prove that just before the particle arrives at the 
horizontal plane the angular velocity w of the tube is such 
that 

w" {md' + Mh^) (ma? cos'a + M¥) = 2'm'ga^ sm'a. 

If the tube be closed at the end on the plane, and the particle 
be inelastic, what is the subsequent motion of the system ? 

30. A particle moves on a smooth parabola (of latus 
rectum 4a) and is acted on at every point by a repulsive 
force from the focus which varies as the focal chord through 
the point; shew that the kinetic energy of the particle 
varies as 

(r + 4a) (r - 2a) + 2a'' log '^-^^ . 
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31. A particle P slides in a circular groove (radius a) ir 
a horizontal plane, and is attached to a point A of the groov< 
by an elastic string, natural length a. Shew that the potentia 
energies of P at 5 in the two cases when the string ii 
stretched directly from A to the particle, and when it lies ir 
the groove, are in the ratio 1 : (tt — 1)^ 

32. A thin uniform circular ring is set rotating wher 
hot about its centre, and its radius diminishes in cooling by £ 
fraction proportional to the time. If no forces act, shew 
that the angle through which the ring has revolved in time i 
is Q,at/r, where a, il are initial radius and velocity, r the 
final radius. 

33. On the surface formed by the revolution of a para- 
bola about its directrix is placed a uniform elastic ring. Ii 
the plane of the ring be perpendicular to the directrix, shew 
that the time of a small oscillation is 2 jMair/T, where M is 
the mass of the ring, T the tension in the position of equili- 
brium, and 4a the latus rectum of the parabola. 

34. Two particles m, m slide in a smooth circular groove 
of radius a, whose plane is vertical, and are connected by a 
weightless rod whose length subtends an angle a at the 
centre of the circle; find an expression for the velocity ol 
either particle at any instant, under given initial conditions 

' and shew that the length of the simple equivalent pendulum 
for finite oscillations is 

m + m' , . r, m'sina 

, where tan p = 



m cos 13 + m' cos {a — ^)' ^ m + m'cosa' 

35. A fine string is placed in a smooth cycloidal tube o; 
same length with open ends. The tube is placed in a vertical 
plane with base of cycloid horizontal and vertex upwards 
The string being slightly disturbed, investigate the motior 
completely, finding the velocity at any subsequent time 
Shew that when the string leaves the tube the velocity is 
that due to a fall from rest through eight-thirds of the 
diameter of th^generating circle and that this takes place 
after a time Ja/g cos"' j2/'3 from commencement of motion. 
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36. A circular disc rolls down a rough curve in a vertical 
plane ; if the initial and final positions of the centre of the 
disc be given, prove that, when the time of motion is the 
least possible, the curve is an involute of a cycloid. 

37. AB is a vertical rod and a weight C of mass m is 
suspended from ^ by a weightless rod of length I, while a 
weight of mass M is connected to C by a second rpd of length 
I, and can slide freely on AB. If the whole system be made 
to rotate about AB with uniform angular velocity eo, and d 
be the angle which AG makes with the vertical when there 
is relative equilibrium, shew that 

cos ^=4-,! + , 

CO i \ m / 

and that if the system be slightly disturbed the time of a 
small oscillation is 

27r { m' (4Jf + m) mH" - 4>M(2M + m)Y ] * 

38. Two centres of force of equal strength, one attractive 
and the other repulsive, are placed at two points, S and H, 
the law of force being that of the inverse square of the 
distance. Shew that a particle if placed anywhere on the 
plane bisecting 8S at right aligles will oscillate in a semi- 
ellipse of which S and H are the foci. 

89. On a smooth wire bent into the form of an ellipse, 
a small ring is placed, which is attached to the foci by two 
elastic strings of the same material. Whose natural lengths 
are equal to the shortest focal distance. Prove that, if the 
ring be placed at a very small distance from an extremity of 
the major axis, the velocity at any point varies as the dis- 
tance from the major axis, and that the ratio of the pressures 
on the curve at the extremities of the axes is 6 (1 — e) : a. 

40. A particle is suspended so as to oscillate in a cycloid 
whose vertex is at the lowest point; if it begin to move from 
a point distant a from the lowest point measured along the 
curve, and the medium in which it moves gives a small 
resistance kv^ to the acceleration, prove that before it next 
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comes to rest energy lias been dissipated which is 8ka/3 of its 
original value. 

41. A tube in the form of a plane curve 

{x' + b')y + a' = 

rotates freely about the axis of y which is vertical and 
measured upwards ; the mass of the tube is M and its radius 
of gyration k; a heavy particle of mass P is capable of sliding 
in the tube, and the velocity of rotation is such that P is in 
equilibrium with respect to the tube : shew that its equi- 
librium will be stable or unstable according as Pb" is greater 
or less than Mk'. 

42. A heavy circular disc rests on a rough horizontal 
plane at A, a light elastic string is fastened at A, and, lying 
partly in a small groove in the rim of the disc, is just long 
enough to reach a point B vertically above A where also it is 
fastened. If the disc be drawn aside in its own plane and 
let go, find the velocity of its centre when passing through 
its initial position. 

43. Three equal rods OA, OB, 00, of length a are 
jointed freely at 0. The extremities A, B and are con- 
nected by strings of length a and the system is placed upon a 
smooth table with A, B and G in contact with the table. 
The string AB is then cut ; shew that, when the angle 
between OA and OB is 26, 

96 - 144 sWe + 64 sin*^ + 13 tan^g + 9 tan^g (deV 
3-4sin'=6' \dt) 

_144ff / /2_N/4£sm^\ 
a VV3 2 }• 

44. Four equal uniform rods, jointed freely so as to form 
a rhombus, are laid upon a smooth horizontal plane; the 
system is acted on by a repulsive force, tending from the 
centre of the rhombus, and varying inversely as the square of 
the distance : prove that, if 2a be the initial value of an 
acute angle of the rhombus, 26 the angle between the rods 
containing this angle at the time t, 

[dtj ^^""' ^' ^°S tan 2 tan [j-^j cot -^ cot {-^ - -j . 
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45. A perfectly rough rod is gently placed with one end 
upon another rod of equal mass and in the same vertical 
plane, moving with the velocity J^go on a smooth table. If 
the initial inclination of the first rod to the horizon be a, and 
its length 2a, shew that it will just rise to a vertical position 
if 

2a (1 — sin a) (5 + 3 cos^a) = 3c sin^a. 

46. Six equal uniform rods are jointed together, so as to 
form a hexagon ; every particle of each of two opposite rods 
repels every particle of the other rod with a force varying 
inversely as the square of the distance ; prove that, if the 
rods be arranged in the form of a regular hexagon, and left 
to themselves, then if 6 be the angle between either of the 
repelUng rods, and one of the adjacent rods, after a time t, 

(2 + 3 cos^^) ^ varies as (1 + 4 sin''6l)^ - 2 sin - 2 

^ ,- , (l + 4sin»^)* + l 

+ V3-log!^ — . ' . 

° Znjd sin 

47. An endless string passes round the rim of an elliptic 
disc and a smooth peg in a horizontal plane in which the 
disc is revolving with uniform angular velocity to about the 
peg, the major axis produced always passing through the 
peg. The distance between the foci is 2c, that between the 
centre and the peg is a, and the radius of gyration round a 
vertical axis through the centre is h. Shew that when a 
slight disturbance is given, small oscillations take place', 
whose periods are 27r/n, where 

m^A^(a"-c^) = cV(a' + A'). 

Tripos, June, 1882. 
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CHAPTER XIII. 

EQUATIONS OF MOTION. 

202. We have endeavoured in the preceding chapter to 
illustrate the application of the principles of the conservation 
of momenta, and of the conservation of energy, leading at 
once to differential equations of the first order for the 
determination of the motions of bodies. 

We now proceed to consider the more general cases in 
which, by the action of external forces, momenta, or energy, 
or both, are imparted to, or taken from, a system, and also to 
explain the method of determining the actions and reactions 
between the bodies of a system. 

It has been shewn in Chapter iv., as a result of Newton's 
Laws of Motion, that the aggregate of the time-fluxes of 
momenta of the bodies of a system is the exact equivalent of 
the aggregate of the acting forces. 

The phrase ' effective forces ' is usually applied to what 
we have called the time-fluxes of momenta, and, in this 
language, the system of effective forces is the exact equiva- 
lent of the system of acting forces. 

If impulses be applied to a system, the aggregate of the 
changes of momenta of the particles of the system is the 
exact equivalent of the applied impulses. 
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203. Recapitulating from Chapter iv., we observe that, 
for the determination of the motion of a body or of a system, 
we have, as a result of the laws of motion, the following 
principles : 

(1) The time-flux of the linear momentum of a system, 
in any assigned direction, is equal to the sum of the forces 
acting in that direction. 

(2) The time-flux of the angular momentum of a 
system, about any assigned axis, is equal to the sum of the 
moments, about that axis, of the acting forces. 

(3) The change, in any assigned direction, of the mo- 
mentum of a system is equal to the sum of the applied 
impulses. 

(4) The change of the angular momentum of a system, 
about any assigned axis, is equal to the sum of the moments, 
about that axis, of the applied impulses. 

204. The linear momenta, parallel to the coordinate 
axes, of a system are 

t [mob), 2 {my), t, {mz), 

and the angular momenta, about these axes, are 

"Zm {yz — zy), 2m (zx — xz), 2m (aiy — yx). 

Hence it follows that the mathematical forms of the 
statements (1) and (2) are as follows, 

(1) t(m&)=X, 2(mi/)=r, t{mz) = Z, 

(2) 2m (jfz — zy) = L, 2m {z'x — x'i) =M, 2m {x'y — yx) = N. 

Or these equations can be obtained, as in Art. 53, from 
the principle. Art. 46, that the system of the time-fluxes of 
momenta of the several particles of a system is the exact 
equivalent of the system of acting forces, and therefore that 
the sums of the components of the one system and their 
moments about the axes are the same as those of the other 
system. 

17—2 
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In the case in which impulses are applied to a system, 
the mathematical forms of the statements (3) and (4) are 

(3) tm{u'-u)=P, %m{v'-v) = Q, tm(w'-w)=R, 

(4) Sot {y (w' — w)—z(v' — v)] = G, 
Sm {z (w' — u)—x (w' — w)}=H, 
Sm {x(v' —v) —y{u' — u)}= K, 

where P, Q, R, are the sums of the applied impulses in 
directions of the axes, and G, H, K the moments about the 
axes of those impulses, 

205. Independence of the motions of the centre of gravity 
and of the system relative to the centre of gravity. 

If ?. Ill K he the coordinates of G, the centre of gravity, 
the equations (1) become 

|SW = Z, Ti-%{m)=Y, U(rn) = Z, 

shewing that the motion of G is the same as if the whole 
mass were concentrated into a particle at that point, with 
all the extraneous forces acting upon it. 

Again, if we take x, y, z as the coordinates, relative to the 
centre of gravity, of a particle m of the system, its accelera- 
tions are x + ^, y + i], Js+ f, and, if L, M, N' be the moments 
about the axes through G, of the acting forces, the equations 
(2) are replaced by 

tm {y (;z + t) - z {y + rf)] = L, &c., 
or, since S (m^) = 0, and S {mz) = 0, 

%m {yz — zij) = L, &c., 

shewing that the motion relative to the centre of gravity is 
independent of the motion of the centre of gravity itself. 

206. In the case of impulses being applied to the 
system, if the velocities of the centre of gravity change from 
a, b, c to a', b', c, the equations (3) become 

M(a;-a)=F, M(b'-b) = Q, M{o'-c) = B, 

M being the mass of the whole system. 
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Again, taking the instantaneous position of the centre of 
gravity as the origin, and taking u, v, w as the velocities of 
m relative to the centre of gravity, so that the actual 
velocities of mare u + a,v-\-h,w + c, the first of the equations 
(4) becomes 

Sm {y {w' + c' — w — c) — z {v +h' —V — h)} = G, 

or ^m {y {w' —w)—z{v' — v)} = G. 

These results shew that the changes of motion of the 
centre of gravity, and the changes of angular momentum 
about axes through the centre of gravity, due to impulsive 
actions, are independent of each other. 

207. To illustrate at once the use of these principles, 
consider the case of 

A man walking on a large rough sphere, so as to make 
the sphere roll in a straight line on a horizontal plane, the 
man keeping himself at a constant angular distance (a) from 
the highest point of the sphere. 

Take M, m as the masses of the sphere and the man, and 
let o) be the angular velocity of the sphere at any instant. 

The velocity of the man is aw parallel to the plane, and 
the time-flux of his momentum is therefore maw. 

For the sphere the time-fluxes of the linear momentum, 
and of the angular momentum about the centre of gravity 
are 

Macs and Mla^a. 

Hence taking moments about the horizontal axis, perpen- 
dicular to the motion, through the point of contact, we 
obtain 

Ma^d) + M^a'ai + maah = mga sin a, 

or «i) {7Ma + 5mA) = bmg sin a, 

where h is the constant height, above the plane, of the centre 

of gravity of the man. 

We may also solve this problem by finding the rate of 
change of the angular momentum, at any time, about the 
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axis fixed in space which passes through the point of contact 
at that time. 

To do this we observe that, at any time, the angular 
momentum of the system about the point of contact is equal 
to 

^Ma^rn + mahm. 

After the lapse of an interval ht of time, the angular 
velocity is m + hw, and the linear velocity of the centre of the 
sphere and of the man is a (w + ha). 

Observing that the distances from the assigned axis of 
the lines of acceleration of the centres are the same as at the 
time t, the angular momentum at the time i + 8i is 

Ma^ (w + Sw) + f ifa" (o) + Sw) +ma{(o+ Sm) h, 

and the rate of change is therefore 

^Ma^ti) + mahw, 

which is equal to the moment mga sin a of the acting forces. 

If the reactions and frictions be required, we observe that 
the time-fluxes of the linear momenta of the sphere and the 
man are 

Mcub and matb, 

so that, if F' be the friction between the sphere and plane, 
and jR, F the reaction and friction between the man and the 
sphere, 

Mad) + mam = F 
mad) = i? sin a — i^'cos a 
= R cos a + i'^sin a — mg, 
and these equations determine F, F' and B. 

208. This system is not, from a purely mechanical point 
of view, a conservative system. 

The work done by friction upon the sphere is not equal 
and opposite to the work done by friction upon the man, and 
the energy of motion at any time is due to the difference 
between the amounts of work done upon the two bodies. 

Thus if the figure represent two consecutive positions, 
P being the point of contact, the horizontal distance 
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PP' = ahe, and if P'0'Q = Sd, the point P of the sphere is 
carried to Q. 




Hence, if P'L, ^^be perpendiculars on the tangent at P, 
the work done by friction upon the sphere is F. PN, and the 
work done upon the man is F. { — PL). The sum of these 
= F. LN = Fah9, and the work donp upon the system 

= {Fade. 



But, the acceleration of the man in the direction of the 
tangent at P being aw cos a, it follows that 
mam cos a = mg sin a — F, 
and therefore the work done 



■/' 



(mga sin a — Tna^'df cos a) d0. 



This is transformed into energy of motion, or kinetic 
energy, the measure of which is 

Equating these two expressions, we find that 
JaW {^ M + m + m cosa) = mgasma. 0, 

and, taking the time-fluxes of each side of this equation, we 
obtain the same equation for m as before. 

The fact that kinetic energy is produced and increased is 
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a proof that potential energy is being lost somewhere. The 
explanation is that the man's power of exerting himself is 
diminishing ; he is getting tired, or, in other words, the man 
is a machine which has acquired potential energy by being 
wound up, and is running down. 

209. A heavy chain passes over a rough pulley, moveable 
about a horizontal axis through its centre, and the portions 
hanging down, which are of different lengths, are coiled up amd 
held close to the ends of the horizontal diameter ; if both coils 
be let go at the same instant what is the subsequent motion ? 

The coils will fall freely, each leaving behind a straightened 
portion, and, at the time t, each will have fallen through the 
space ^gf. 

Take a for the radius of the pulley, h and c for the lengths 
of the portions coiled up, b being greater than c. Then if 
be the turn of the pulley in the time t, the lengths b', c of 
the pieces in the coils at that time will be 

* - iigt' - a^) and c - (Igt^ + aO). 

The velocity of each point of the straight pieces and of 

the portion in contact with the pulley will be ad, and the 
velocity of each coil will be gt. 

Let Mk^ be the moment of inertia of the pulley, m the 
mass of the whole chain, and I its length, so that 

l = b + c + ira. 
Then the angular momentum of the system will be 

M¥e + j{gf + -rra) a'd + ^' gta - '^ gta, 

or MFe+j{ge + 'ira)a''e+''^{h-c + 2ae). 

Taking the time-flux of this expression and equating it 
to the moment of the acting forces which is 

mb' mc' 

'^(b-c + 2ad). 
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we obtain the equation 

from which, by integration and the introduction of initial 
conditions, can be determined. 

210. Motion of a heavy rod sliding between a smooth 
vertical plane and a smooth horizontal plane in a vertical 
plane perpendicular to both. 

The angular velocity in any position is at once deter- 
mined by the principle of energy, but the question is intro- 
duced for the sake of further illustrating the meaning of the 
phrase angular momentum. 




If AB be the rod, and E the instantaneous centre of the 
motion, the velocity of G is am, and the angular momentum 
about E is ma'ci} H- m¥m, or | ma^co. 

After a time St, the rod having turned through an angle 
Bd, the perpendicular distance from H of the line of motion 
of G' is 2a cos Sd — a, which to the first order of infinitesimals 
is equal to a. 

Hence the new anguletr momentum about E is 

ma^ (co + Sa>) + mk^ (« -I- Bw), 

and therefore the rate of change of the angular momentum 
about E is f ma^oi which is equal to mga sin ; 



$■■ 



■■ 7^ sin d, and 0^ = ^ (cos a - cos 0). 
4sa ' 2a ^ ' 
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This is one view of the case, and another is to observe 
that aa^ and osto are the accelerations of G in the direction 
GO and perpendicular to it, so that the time-fluxes of 
momenta are maco', mad), and mMa, and the moments of 
these about E are equal to mga sin 6. 

The reactions R, E in the directions AE, BE are given 
by the equations, 

ij' = — {maO cos 6) = ma (d cos 6 — 6^ sin 6), 

H — mg = -T: (— mad sin 6) = — ma (0 sin + 6^ cos d). 

It will be seen from these equations that R' vanishes and 
changes sign when 

3 cos = 2 cos a, 

shewing that the rod will then leave the vertical plane. 

If it should be required to take moments about 0, it will 
be seen that the angular momentum is ma"© — toFm and 
therefore that the equation of motion is 

^ma^o) = mga sin 6 + R'2a cos d — R2a sin 6, 

but then the preceding equations must be employed for the 
elimination of E and R'. 

211. Motion of a rigid body about a fixed axis. 

If ft) be the angular velocity of the body at any instant, 
its angular momentum is M (A" + }?) as, h being the distance, 
OQ, of the centre of gravity from the axis and Mk^ the 
moment of inertia about the line through G parallel to the 
axis. 

Hence if N be the moment of the acting forces, 

M{k^ + h:')^ = ir, 

or, if be the inclination of the plane through G and the 
axis to a fixed plane through the axis, 

M{k^ + K')0 = N. 
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If r be the distance of a particle m from the axis, its 
accelerations in the directions of r and perpendicular to it 
are respectively — taV and m. 

Taking the fixed axis as the axis of z and 0(7 as the axis 
of X, the components of these parallel to x and y are 

— ctf^a; — wy and — a^y + ax. 

Hence the time-fluxes of the momenta and their moments 
about the axes are respectively 

Xm (— f^x — wy), 2m (— m^y + mx), o, 

and Sm {m^yz - axz), "tm {— a?xz — iays), 2{ma) {x' + ?/^)}, 

or, -M(o\ Mah, o, 

and Dw" - Ei), - Eoi" - Da, M (F + h^) w, 

where D and E represent the quantities, %myz, and 'S<mzx. 

The first three of these expressions are equal to the sums 
of the acting forces and of the reactionary stresses of the axis, 
and the next three are equal to the sums of the moments 
about the axes, of the same quantities*. 

Suppose that the body is connected with the axis at two 
points at distances c and c' from 0, and that U, V, W, and 
U', V, W are the stresses upon the axis at these points. 

Then, if X, Y, Z, L, M, N be the sums and moments of 
the acting forces, we shall have the equations 

-Mio-'h = X-U-U', 
Mah=Y-V-V\ 
o^Z- W-W, 
Dai'-E<i, = L-Vc-V'c, 
-E(o'-Da) = M+Uc+ U'c'. 

212. Impulses applied to a body in motion about a fixed 
axis. 

* It will be seen in the next chapter that these expressions can be 
also obtained by first writing the expressions for the angular momenta and 
then employing the general expressions given in that chapter for the rates 
of change of the angular momenta. 
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If w' — 6) be the change of angular velocity due to the 
application of impulses, and K the moment of the impulses, 
the change of angular momentum is given by the equation 

M{l<?+h?){<o'-(o)=K. 

Taking the axes as in the last article, and observing that 
m (&)' — to) r is the change of momentum of the particle m in 
the direction perpendicular to r, of which the components 
are —m{a>' — at) y, and m (w' — «b) x, we find that the sums 
and moments of the changes of momenta are respectively 

0, M (ca — <b) h, 0, 
and -E(to'- ft)), - D (ft)' - <o), M (F + A") (o)' - ft)). 

Equating these expressions to the sums and moments of 
the applied impulses, and of the reactionary stresses, we ca;n 
calculate the latter quantities. 

The right-hand members of the equations in the preceding 
article will be the expressions for the sums and moments, if 
the symbols employed be supposed to represent the applied 
impulses and the impulsive stresses on the axis at two 
points. , 

213. We have defined, in Art. 181, the centre of oscilla- 
tion of a compound pendulum. 

We can shew that the centres of oscillation and suspension 
E and are convertible. 

For OE.OG=OG' + ¥, 

whence OG.EG = ]£', 

shewing that and E are convertible. 

214. Centre of percussion. 

If a single impulse can be applied to a rigid body which 
is capable of motion about a fixed axis, so as to produce no 
impulsive stress on the axis, the line of the impulse is called 
the line of percussion, and the point in which it meets the 
plane through G perpendicular to the axis is called the 
centre of percussion. 
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If 0) be the angular velocity produced the sums and 
moments of the changes of momenta will be 

0, Mcoh, 0, -Ea>, -Da>, ikf (F+A')w; 

OG being the axis of a?, and Oz the fixed axis as in Art. 211. 

The single impulse P must therefore be in the direction 
of the axis of y, and, if ^, f be the coordinates of the point 
in which its line of action meets the plane scy, we must have 

~Em=-P^, -Dw = o, M{k' + h')co = P^.. 

Hence it follows, as a necessary condition for the existence 
of a centre of percussion, that B, or 2 [my 2), must vanish, 
and that, if there is a centre of percussion, its distance from 
the axis is the same as that of the centre of oscillation. 

When U, or 2 (mzxj, vanishes, the centres of oscillation 
and percussion are coincident. 

215. Motion of two heavy rods AB, BG jointed at B, and 
swinging in a vertical phme about the end A which is jointed 
to a fixed horizontal axis. 

If 6 and ^ be the inclinations of AB and BG to the 
vertical, the angular momentum of the system about A, la 
and 2h being the lengths of the rods, is 

m^ e + m%<l> + m'h<l>{h + 2a cos {j>- 6)] 

+ m'2ad {2a + h cos (^ - 6)], 

and the time-flux of this expression 

= — mga sin 6 — m'g (2a svnO + b sin 0), 
Next, the accelerations of O being compounded of &0 and 
5^^ perpendicular and parallel to GB, and of 2ad and 2ad^ 
perpendicular and parallel to BA, we obtain by taking 
moments about B for the rod BG, and dividing by m' 

ji'^ + |'^ + 2a^6cos((/)-6l) 
o 

+ 2a6'b sin (<j) — 0) = — gi sin 0, 

or ib4> + 2a {^' cos (^ - 6) + 6" sin {^-6)]=-g sin ^. 
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Or for a second equation we might have expressed the 
constancy of the energy which is 

^ma'e' + imVf + ^ {b'4>' + ^a'S" + iab^d cos (0 - e)} 

— mga cos 6 — m'g (2a cos ^ + 6 cos ^). 

In either case we obtain two equations for the determina- 
tion of 6 and <\>. 

The horizontal and vertical components of the momentum 
of the system are respectively 

Triad cos 9 + m'60 cos ^ + m'2ad cos 0, 
and mad sin 6 + m'b^ sin ^ + m'2ad sin 9. 

The time-flux of the first of these is the horizontal com- 
ponent of the stress at A, and the time-flux of the second 
increased by the weight of the rods is tlie vertical com- 
ponent. 

In the same manner the stress at B is determined by 
writing down the horizontal and vertical components of the 
momentum of the rod BG. 

216. Motion of a heavy sphere, the centre of gravity of 
which is eccentric, on a smooth horizontal plane. 

If the sphere have no initial kinetic energy, the centre of 
gravity G moves in a vertical line O 0, and if OQ = y, the 
equation of moments about G or about any point in the 
vertical line GP through the point of contact P is, with the 
notation of Art. 189, 

myc sin 9 H- mh^9 = — mgc sin 9, 

where y = a — c cos 9. 

Substituting, multiplying by W and integrating we obtain 

(9' (F + c^ s\n^9) = G+2gc cos 9, 

which is the equation of energy. 

The reaction, B, at P is given by the equation 

B — mg = my. 
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If the plane be rough so that the sphere rolls, the equation 
of moments about P is 

mk^d + mxy + myc sin ^ = — mg . c sin 0, 

where a; = a^ — c sin 0, and y = a — c cos 9, 

making the substitutions and integrating we obtain the result 
of Art. 189. 

The horizontal and vertical reactions at P are given by 
the equations mx = — F, my = R — mg. 

217. Motion of a plane la/mina, of any given shape, on a 
smooth plane, when a given point of the lamina is made to 
move in a given manner, and the lamina is besides acted upon 
by known forces. 

If A be the given point, and G the centre of inertia of the 
lamina, take as the inclination oi AG to a, fixed line in the 
plane, so that 6 is the angular velocity of the lamina. 

If _/ and /' be the accelerations of the point A in the 
direction AG and perpendicular to it, which are known 
functions of the position of A, or of the time, the accelera- 
tions of G in the same directions are/— a^^ and/' +a^, 
and the time-flux of the angular momentum about G is 
Mk'0. 

Hence, if iV" be the moment about A of the acting forces, 

M(f' + ae)a + Mk'0=I^, 

the equation which determines the angular motion of A G. 

If P, Q be the requisite constraining stresses at A, and 
X, Y the resultant forces, in the direction AG and perpen- 
dicular to it, 

M{f- a^) =X + P, and M(J' + a0) = Y+ Q. 

218. Motion of a plane lamina, bounded by a curve, 
rolling on a fixed curve under the action of given forces. 

We have first to solve the kinematical question of the 
time-flux of the angular momentum about the point of 
contact. 
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The angular momentum being the sum of the angular 
momenta due to the rotation and the motion of the centre of 
gravity, the first part is Mk^at. 




For the second, taking w as the angular velocity when the 
point P of the rolling curve is in contact with the point A of 
the fixed curve, and Q as the consecutive point of contact, the 
angular momentum at ^ = Mr'co, if 

. AG = PG' = r, 

In the consecutive position, when the motion of (?' is 
perpendicular to QG', the angular momentum about A 



= M(r + Sr) (ft) + Sto) r, 

iP is an infinitei 
ince 

= Mr {rBca -\- a>Br), 
ux of the angula 

= Mr'a + Marr, 



remembering that AP is an infinitesimal of the second 
order, and the difference 



Hence the time-flux of the angular momentum due to 
the motion of G 
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and consequently the equation of motion is. 

L being the moment about P of the acting forces. 

If p, p be the radii of curvature at P of the rolling curve 
and the fixed curve, and if the arc AQ = Ss, 

mbt = — + — , 
P P 

and, if ^ be the angle between the line A G and the normal 

at A, 

t 

mrr = — ar sin 6s = — to^r sin 6 ^" . ; 

P + p' 

so that the equation of motion takes the form 

M (¥ + O " - Mto'r sin 9 -^ = L. 

P+P 

If the fixed curve be a straight line 

mSt = — , 
P 

and the equation is then 

M (F + r^)o>- Ma'pr sin d = L. 

219. The result of the preceding article may be other- 
wise obtained. 

In Art. 25, it is shewn that the acceleration of the point 
P, when at A, in direction of the normal at A is 

o>W/(P+P')- 

The acceleration of G relative to A, in the direction 
perpendicular to -4 G^ is ro), and therefore the actual accelera- 
tion of G perpendicular to ^ (? is 

rcb — a^pp' sin 0/{p + p). 
Hence, equating momenta about A, 

MFa + Mr {roa - ay'pp' sin e/{p + p')] = L. 
B. D. 18 
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220. The investigation of the two preceding articles is 
the infinitesimal case of the following general statement. 




If Q be the linear momentum of a body, in motion in one 
plane, when P is the instantaneous centre, and Q' at a 
subsequent time when P' is the instantaneous centre, G 
being the centre of inertia, the change of the angular 
momentum about P is 

JlfF («' - ffl) + Q' (r' + PP' cos 0) - Qr. 

221. As a particular case consider the motion of a heavy 
uniform circular disc of radius c rolling on the curve, 
s = cf{<p), starting from the highest point, from which s and ^ 
are measured. 

In this case, ^ = 0, 
and «= |1 + ^^1 c/(,^)^=(l +/</,) ^, 

and the equation of motion becomes 

^ |-{[1 +/(<^)] <!> +/" (<^) 4>1 = Mgc sin ^. 
Suppose the curve to be a cycloid, s = c sin ^ ; 
then cos | ^ - sin | ^" = f . ^ sin | , 
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the integral of which is 



3c^=cos^| = 2^/x-cos*| 



and therefore w^ = -^ f 1 — cos* 1 1 • 

3c V 2/ 

To find the pressure we have the equation, 

shewing that E vanishes, and therefore that the disc flies off, 
when 5 cos = 3. 

At the instant of flying off, w^ = 24^/25c, and the velocity 
of the centre of the disc is 2j&gc/5. 

222. Change of motion produced in a lamina, moving in 
any manner in its plane, produced hy its impact on a rough 
curve. 

"We suppose the roughness to be so great that there is no 
sliding, and we have simply to express the fact that the 
angular momentum round the point of contact is unchanged. 

P being the point, let v be the component perpendicular 
to OP of the velocity of G, w and a' the angular velocities 
just before and after the impact ; then 

M {F + r^) m = MH'm + Mvr. 

Suppose for example that the disc of the preceding 
article, just after flying off the cycloidal arc impinges on a 
fixed rough peg just beneath its lowest point. 

In this case 

oC f ■ C .9 I 

— r- CO = ^ ft) + c a) COS f , 

from which we obtain 15m' = Ilea. 

The disc will then turn round the peg as a fixed point, 
and the equations of motion will determine the angle 
through which it turns before leaving the peg. 

18—2 
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223. In general if a rigid body, or system of any kind, 
be in motion, and if a straight line of the sy^em suddenly 
become fixed, the angular momentum of the system about 
the axis is unchanged. 

In the case of a single rigid body this at once determines 
the angular velocity about the axis. 

Thus, if Q be the linear momentum of a rigid body 
perpendicular to the axis which becomes fixed, p the distance 
from the axis of its centre of inertia G, and H the angular 
momentum about the line through G parallel to the axis, 
the angular velocity is given by the equation 

Mk^ beinff the moment of inertia about the axis which 
becomes fixed. 

224. Tendency of a rod in motion to break at any assigned 
point. 

Imagine a rod of small section and of any shape, its axis 
however being a plane curve, to be in motion in that plane 
under the action of forces in the plane. 

Taking any cross section, through any point P of the axis, 
the stress at this section, that is, the action and reaction 
between the two parts of the rod separated by the cross 
section, may be represented by two forces T and iV at P in 
directions of the tangent and normal to the axis, and a couple 
G in the plane of the axis. 

The velocities and accelerations of the various points of 
the axis having been previously determiued, the quantities 
T, N, and G can be found by writing down the equations of 
motion of either of the two parts of the rod, including T, iV, 
and G amongst the acting forces. 

Now a rod may break in three ways ; the internal 
molecular forces may not be sufficient to withstand the force 
T in direction of the tangent, or they may give way in 
direction of the normal, or the moment about P of the mole- 
cular forces may be overpowered by the couple G. 
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In other words the rod may break by tearing, by shearing, 
or by snapping, and the quantities T, N, and G are, respec- 
tively, the measures of the tendencies to break in these three 
ways. 

To illustrate, take the case of a heavy straight rod swing- 
ing in a vertical plane about one end, and examine the 
tendency to break at the middle point. 

Writing down the equations of motion of the lower half 
of the rod, and taking r as the distance from the axis -of a 
point in the rod, we obtain 

\ m — rO = N — ^mg sin 0, j m-^ r6' = T- ImgcosO, 



f 

J a 



m-^r (r — a)d= G — Imqa sin 6, 
la ^ 



where 6 and 6 are known functions of 6, and 'these equations 
determine the values of T, N, and G at the middle point of 
the rod. 

225. If a rod have its state of motion suddenly changed 
by impulsive action, impulsive stresses are created at all 
points of the rod, and the method of determining them is the 
same as in the previous case. 

If for instance the free end of the swinging rod, supposed 
inelastic, be suddenly stopped by impinging against a fixed 
surface, and if T, N, and G then represent impulses, the 
equations are 

fia Air 

r=0, -m^Td = N-P, 

J a 



/ 



2a 
^ dr • j-i in 

2a ^ 



where P, the impulse at the free end, is given by the equation, 
2mad = 3P. 

226. Determination of initial stresses, and initial accelera- 
tions, when some of the constraints of a system, -previously in 
equilibrium, are removed. 
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In such cases the equations of motion should be written 
down for the configuration of' the system at the instant of 
release from constraint. 

These equations, in combination with the kinematical 
relations of the system, will be sufficient for the determination 
of the required stresses. 

The equations are simplified by the fact that the linear 
and angular velocities are zero, so that radial and transversal 
accelerations take the forms r and rd, and normal accelerations 
are evanescent*. 

Examples. (1) Two rods AB, CD, of lengths 2a and 
2b. are connected by equal strings AC, BD, of length c, and the 
system is supported, with the rods horizontal, by a fixed hori- 
zontal axis through the middle point of AB ; if one string AG 
be cut, it is required to find the initial tension of the other. 

Let o), (o, aud m" be the initial angular accelerations, in 
the directions figured, of the two rods and the string. 

-4 



c 




The vertical acceleration of O, the centre of gravity of CD, 
= bco + cm" cos a + aa, 
and its horizontal acceleration = ceo" sin a. 
Hence the equations of motion are 



m ^ 0) = Ta sin a, 
o 



* Some illustrations of the method of finding initial stresses are given in 
an article in the Mathematical Messenger for 1866. 
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m' (60)' + cm" COS a + am) — mg— T^vn a, 
mem" sin a = T cos a, 

m' ^ m' = T.h sin a, 
o 

which determine the tension and the angular accelerations. 

(2) A heavy rod, of length 2a, is supported against a 
smooth fixed sphere hy a horizontal string fastened to its upper 
end A, and also to the highest point of the sphere ; if the 
string he cut it is required to find the initial pressure on the 
sphere. 

If a be the angular distance of the vertex from P the 
point of contact, it will be found that PO = a sin^a. Observ- 
ing that the acceleration of P is wholly tangential, and taking 
o) as the initial angular acceleration of the rod, it follows 
that mPO is the acceleration of G perpendicular to the rod, 
and therefore taking moments about P 

a* 
m^m + mPG^m =,mgP G cos a. 

We have also mmP G = mg cos a. — B, 

and we obtain iJ (1 + 3 sin* a) = mg cos a. 

227. Determination of the initial radii of curvature of 
the paths of assigned points of a system, when the system is set 
in motion in any given manner, or, being in a state of equi- 
librium, has some of its constraints removed. 

If the velocity and direction of motion of an assigned 
point of the system be known, the expression for the normal 
acceleration, v^/p, determines the curvature, 1/p, for the 
acceleration of the point in the direction of the normal to its 
path is obtainable from the equations of motion of the 
system. 

Examples. (1) Two particles, m and /*, are connected by 
a string passing over a smooth fi^ed horizontal rail, and, the 
portions of string, of lengths a and b, being vertical, the 
particles are projected horizontally, in opposite directions 
perpendicular to the rail. 
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The initial equations of motion are 

m (f-re')=mff - T, m (r^+ 2r^) = 0, 
fi(p-p<j>'^=fig-T, fi(fi4, + 2p<i>) = 0. 

If u and V be the velocities of projection, then, initially, 
r = a, p = h, r=0, p = 0, ad = u, hj> = v, 
and therefore ^ = 0, ^ = 0, 

m{r-'^^=mg-T, p, (ji -^'^=p.g-T, 

and these equations, with the equation r+ p=0, determine 
r, p, and T. 

The initial radii of curvature JR, R' of the paths of m and , 
fi are given by the equations 

m^=T-mg, m^, = T-/xg, 

assuming the concavities to be upwards. 

If T is less than either mg, or p,g, the concavity in that 
case will be downwards. 

(2) A rod AB is moveable in a vertical plane about the 
end A, and a string BG carries a heavy particle at G ; the 
particle is held in a given position in the vertical pla/ne through 
the rod, and is projected in the direction perpendicular to BG 
in the vertical plane. 

If 6 and 'be the inclinations of AB and BG to the 
vertical at the moment of projection, the initial equations of 
motion are 

M-j- + mb^ {b + 2a cos (^ - &)] - mbcf)" 2a sin (0 - 6) 

+ m2ad {2a + b cos (^ - 6)] + m2a6^ b sin (0 - 6) 
= Mga sin 9 + mg (2a sin ^ + & sin 0), 
and b^ + 2a£ cos (0 - ^) + 2a^' sin (^-e)=-g sin (j>, 
where 2a and b are the lengths of AB and BC. 
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Initially, if u be the velocity of projection, 
^ = 0, and u = b<f), 
and the preceding equations determine 6 and ^. 

The acceleration of the particle in the direction CB is 
initially bcjy' — 2a6 sin (^ — 6), and this is equal to u^/p if p be 
the initial radius of curvature of the path of 0. 

228. If a system have initially no motion, and we wish 
to find the initial curvature of the path of any assigned 
point of the system, we must first find the initial direction 
of motion, and then, observing the small displacements which 
take place in a very short time, we can sometimes obtain the 
curvature by an immediate application of the Newtonian 
expression for the diameter of curvature, viz. (arc)'' -=- perpen- 
dicular subtense. Sometimes however it is necessary to take 
the analytical expression, in Cartesian or polar co-ordinates, 
or in some other system, and to expand, in ascending powers 
of the time, the various terms contained in these expressions. 
An illustration of each case will be sufficient to explain the 
methods. 

(1) Two rods, AB, BC, freely jointed together at B, and 
moveable about the end A, are held in a horizontal position so 
as to form a straight line ABG, and are then let go; 
it is required to find the initial curvature of the path 

of a 

Let fi, m be the masses and 2a, 26 the lengths of AB 
and BG, then, if w and «' be the initial angular accelerations 
of AB and BC, it can be shewn, by taking moments about A 
for the system and about B for the rod BC, and combining 
the equations, that 

ft) b m+2fjL 

a' a iM 
Now supposing that, after a short time t, 9 and ^ are 
the inclinations of AB and BC to the horizontal, it follows 
that the horizontal and vertical displacements of G are 

2a + 26- 2a cos ^ — 26 cos ^, and 2a sin + 2b sin ^, 
or, approximately, 

ae" + b4? Wi^2ae +2hj>.. 
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The initial tangent to the path of G is vertical, and 
consequently 

2p = Limit of —^,-^. 
The first approximations to 6 and ^ are 

and we hence obtain 

2ab b{m+ 2(1)'' + afi' ' 

(2) A plane lamina, which is moveable about a horizontal 
axis on its plane, is inclined to the horizontal at an angle a, 
and a heavy particle m is placed upon it at a distance c from 
the axis and below the axis ; it is required to determine the 
initial curvature of the path of the particle. 

If 6 be the inclination at any time, the equations of 
motion are 

MFO + mr (rd + 2r6) = mgr cos 0, 

r — r6^ = g sin 6. 

The expression for the radius of curvature is 



r^6^ + 2i^e-rier-re) 

and we have to expand in powers of t, the various terms of 
this expression, which can be effected by Maclaurin's 
Theorem. 

Taking mP to represent Mk^ + mc^, we obtain, from the 
equations of motion, 

V gc cos a ... „ -^ ^ 
r^ = gsina,0^=^, — , r, = 0, 6^=0, 

I, _g-ccos'a / 2c^\ ,iv _ ^r" sin a cos a /^ 7c\ 
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Now 




0=e-t-}- 


..., r=r„t+..., 


and 


ffr 


-re=(e„r 


"o -'"0^0)3+ 


and therefore 










n z 




(ro' + o%'f 
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and, making the requisite substitutions, we obtain p^ in terms 
of a, I, and c. 

If a = 0, it will be found that 

3c' 3mc' 



Po' 



c" - 1" Mh' ' 



the negative sign shewing that the concavity of the initial 
path is outwards vfrom the axis. 

229. Application of the principle of virtual work. 

If at any instant the geometrical configuration of a 
system be contemplated, and if a geometrical displacement 
be imagined, the virtual work of the time-fluxes of momenta, 
or of the effective forces, and of the acting forces will be the 
same. 

We must however include in the phrase acting forces 
any internal forces such as the tensions of elastic strings, 
or sliding frictions, by means of which, work is done on the 
system. 

Considering a single rigid body, i. e. a material system of 
invariable form, if F be the time-flux of the linear momentum 
in any direction, and Ss the displacement of the centre of 
gravity in that direction ; and if K be the time-flux of the 
angular momentum about an assigned axis through the 
centre of gravity, and 8(j) the angular displacement about the 
axis, then the corresponding portions of the virtual work 
are FSs and KS^. 

(1) Consider for example the case of the two rods in 
Art. 215. 
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Taking x and y as the horizontal and vertical co-ordinates 
of G, we obtain 

4a'' ■■ V .. 

m -^ 686 + rti -^ j>h^ + m.'diSx + mij^y = m'ghy — mga sin 6W. 
o o 

Now a; = 2a sin ^ + 6 sin ^, and y = 2a cos 6 + b cos ^, 

from which Sx and Sy are obtained in terms of B6 and B^, 
and observing that S^ and b^ are arbitrary quantities and 
independent of each other, their coefficients must each 
vanish, and we thus obtain the equations for the determina- 
tion of 6 and ^. 

Example. (2) Motion of an extensible circular ring, 
placed horizontally over a smooth surface of revolution the axis 
of which is vertical. 

Let s represent the distance along a meridian arc from a 
fixed level to the ring, r its radius and a the depth of its 
plane. The accelerations of any point of the ring down the 
meridian arc and perpendicular to it are s and s^/p, and there- 
fore, if we imagine a displacement by slightly shifting the 
ring downwards on the surface the equation of virtual work 
is, m being the mass of the ring, 

msSs = mgBz — TB (27rr), 

dz „ ^dr 
or ms = mg -^ zttT-^ , 

an equation which can also be obtained by considering the 
meridional motion of an element of the ring. 

Observing that T=X{r — a)/a, and that r=f{z)', 
this equation determines the acceleration along any 
meridian. 

(3) Four equal rods, of length 2a, are jointed together in 
the form of a square OADB, and suspended from the joint 
0, the square form being maintained by a string OB; 
if the string be cut it is required to find the change of stress 
atO. 

Take a as the expression for the initial angular accelera- 
tion of each rod ; then if G and H be the centres of gravity 
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of OA and AD, the initial vertical accelerations of G and H 
are aailji and ^aajj^ ; 

and the initial horizontal accelerations are each aw/J^, also 
the time-flux of the angular momentum of each rod is 

If we imagine D pulled through a small space, so as to 
displace each rod angularly through the small angle 6, the 
linear displacements of and H are, vertically, aOjJ^, 
Sa9/j2, and horizontally each is a6/j2 ; also the vertical dis- 
placement of the centre of gravity K of the system is a6j2. 

Hence we obtain 

2m -^ — 1- 2m -^ (- 4<m —^ — h 4m — ^— = 4!mga0J2, 

Z Z 2i o 

from which lOaw = Sg/j2, and therefore the acceleration of 
K is Sg/5, shewing that the pressure on the point of support 
is instantaneously diminished by three-iifths of the weight of 
the system. 

If Pbe the horizontal stress at D, it can be determined 
by giving the rod AD a small arbitrary twist, 6, about A, 
breaking the connection at D. 

The equation of virtual work will be 
a' «rt Smaw aO mam ad ^^ , -n a r=: 

from" which P = — — ■ 

If Q and R be the actions at A upon OA in the directions 
DA and OA, these quantities may be found by giving DA a 
twist about D, and OA a twist about 0, breaking in each 
case the connection at A. 

The equations obtained are 

ma^« Smoo, ae^^rmm ae^j^^^Q_ aO 

^ J2 J2 J2 J2 "^ Jr 
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a'w n maco a9 maw ad ^„ - ad 

-" 3-^-72- -Jl-TT-^^^'"^""^ 71' 

and from these we find that 

Ii = -iu'mgJ^ and Q = ^^mgj2. 

In solving this question our object has been to illustrate 
the use of the principle of work, but the same result may be 
obtained from the initial equations of motion of the rods, 
which are 4^ai«„ ^g^ 

ma^co „ Pa 



EXAMPLES. 

1. A smooth sphere is at rest on a smooth horizontal 
plane, and an equal sphere is placed gently upon it, so as to be 
in contact very nearly at the highest point ; prove that the 
centre of the upper sphere will describe a portion of the arc 
of an ellipse, and that when 6 is the inclination to the 
vertical of the line of centres, 

ad^ (1 + sin" 0) = 2g{l- cos 6). . 

Shew that the spheres will part' company when 

CQS0 = j3-l. 

2. Two equal smooth spheres rest in contact on a 
smooth horizontal plane and another sphere is placed between 
them, so that motion ensues. Find the pressure between 
them at any time in terms of the inclination to the horizon 
of the lines joining their centres. 
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3. If two weights be suspended by a weightless string, 
which passes over a rough circular cylinder of given mass, 
the space described by either in any time is independent of 
the radius of the cylinder. 

4. Two equal smooth spheres are placed one upon the 
other and both in contact with a smooth vertical wall. 
If the lower one just leave the wall, prove that they will 
separate when the line joining their centres is inclined to the 
horizon at an angle cos~^(§), the motion being supposed to 
take place in a vertical plane. 

5. Four equal rods are jointed together so as to form a 
square ABGD, and the system is suspended from the point 
A, the square form being maintained by a string connecting 
A and C. Find the tension of the string. 

If the string be cut, prove that during the subsequent 
motion, 

aS" (1+3 sin" 6) = 3g Tcos 0--j=), 

2a being the length of each rod, and 6 the inclination to the 
vertical. 

6. Three equal smooth balls are kept in contact with 
each other on a smooth horizontal plane by a string passing 
round them, and a fourth equal ball rests upon the three ; if 
the string be cut, what is the initial change of pressure 
between the upper ball and each of the lower ones ? 

7. Four equal smooth inelastic circular discs, of radius 
a, are placed in one plane with their centres at the four 
comers of a square of which each side is 2a. They attract 
one another with a force varying as the distance. A blow 
being given to one of them in the line of one of the diagonals 
of the square, investigate the whole of the subsequent 
motion. 

8. A solid sphere resting on a smooth horizontal plane, 
is suddenly divided into two equal parts by a vertical plane 
through its centre. It is required to determine the initial 
horizontal pressure between the two parts and the initial 
vertical re-action of the plane. 
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9. The middle point of a uniform rod is fixed midway 
between two centres of force, which attract with a force 
varying inversely as the square of the distance. Prove that 
the time of a small oscillation is 



where II is the mass of the rod, 2c its length, 2a the distance 
between the centres of force, and fiBx/r^ the attraction on an 
element Bx of the rod at a distance r. 

10. A rod of given length is formed into the quadrantal 
arc of a circle, and is made to rotate about an axis through 
one end perpendicular to its plane. 

Supposing the arc to become suddenly fixed to its axis, 
find the measure of the tendency to break off; and shew 
that, if the rod were formed into a semi-circular arc, the 
tendencies to break off in the two cases would be compared 
by the ratio 47r — 8 : tt. 

11. A rough cylinder rests on a horizontal plane. Find 
the least velocity of a second cylinder of given larger radius, 
which will, after impinging upon it, pass over it. 

12. If a bullet of mass m be fired with velocity u per- 
pendicular to the face of a block of wood of mass M, placed 
on a smooth horizontal plane, and remains just imbedded, 
prove that the angular velocity acquired by the block is 

mbu 
{M + m)]£' + m{a' + b')' 

where a is the distance of the centre of gravity of the block 
from the face struck, and b is the distance of the point struck 
from the foot of the perpendicular drawn from the centre of 
gravity of the block to the face. 

13. A uniform rod of length 2a is rotating, in a vertical 
plane, about its middle point, which is fixed, with an angular 
velocity jQirgja. At the instant the rod is horizontal, the 
ascending end is struck by a ball of equal mass, which was 
dropped from a height 37ra ; and when it is next horizontal. 
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the same extremity is struck by a second equal ball similarly 
dropped. The elasticity being perfect, determine the subse- 
quent motion of the rod and balls. 

14. A wire in the form of the portion of the curve 
r = a (1 H- cos 6) cut off by the initial line rotates about the 
origin with angular velocity a ; shew that the tendency to 
break at the point W = 'ir is measured by 12V2mtBV/5, 
where m is the mass of a unit of length of the wire. 

15. A rod rests horizontally upon two supports; if one 
support be suddenly withdrawn, find an equation to deter- 
mine where the initial strain on the rod is greatest. 

16. A rough cylinder of radius a loaded so that its 
centre of gravity is at a distance h from its axis is placed on 
a board of n times its mass, which can move on a smooth 
horizontal plane. Find the time of an oscillation when the 
system is slightly disturbed from its position of stable 
equilibrium, and prove that if I be the length of the simple 
equivalent pendulum 

{n + 1) {Ih-h^) = n{a-hY. 

17. A circular disc is suspended from a fixed point by 
four equal strings symmetrically attached to its rim, and 
inclined at an angle a. to the vertical. If two of the strings 
be cut, shew that the initial tension of each of the others is 
to the weight of the disc in the ratio 

cos a : 1 + 5 cos'' a. 

18. A circular ring, mass M and radius a, lies on a 
smooth horizontal plane, and a fly, mass m, alighting upon it 
starts off and crawls round the ring, with a velocity v, which 
is uniform relative to the ring. Prove that the angular 

velocity of the ring = 7^-? — s — =^ • 
^ ° {M+ 2m) a 

19. If the ring in the previous question be vertical and 
moveable about its centre of gravity, and if the fly start off 
and as before move uniformly relative to the ring, find its 

B. D. " 19 
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angular velocity in any position, supposing the fly to start 
from the lowest point. Also find the least ratio of the 
masses in order that the fly may ever be at the highest point 
of the ring. 

20. A flat square board ABGD, moveable about its 
centre on a smooth horizontal plane, has attached to ^ a 
fine string AP (= AB) which carries a paHicle P ; P is 
projected .horizontally from B at right angles to AB. If the 
mass of the board is nine times that of the particle, find the 
angular velocities of the string and board when AP and AD 
are in the same straight line. 

21. A heavy circular disc is supported from a point 
whose height above it is equal to the radius by three equal 
strings attached to the circumference at equal intervals. 
One of the strings being cut, shew that the tension of the 
others is immediately diminished in the ratio of 2 : 3. 

22. If one end of a rigid rod of length 6a be made to 
move in the circumference of a circle of radius a with the 
uniform angular velocity w round the centre ; shew that at 
the time t, the angle between the rod and the radius of the 
circle to that end is given by the equation 

cot|=e^ 

4 
the rod being initially in a radius produced. 

23. Two rods AB, BG connected by a Hinge at B are 
in motion on a smooth horizontal plane, the end A being 
fixed. If, initially, AB has no angular velocity, that oi BC 
being co, shew that when BG has no angular velocity that of 
AB will be bco/2a and the angle between the rods will then 
be cos"' {2 (26 — a) /3b}, 2a and 26 being the lengths of the 
rods, which are supposed equal in mass. 

24. A sphere falling vertically impinges on a fixed 
inclined plane, the sphere having an angular velocity a about 
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a horizontal axis parallel to the plane. If it be reflected 
vertically, shew that its angular velocity is 

{be" - 9e) a)/(5 - 9e), 

e being the modulus of elasticity. 

25. A smooth spherical shell of mass M rests on an 
inclined plane, being fastened to a point of the plane by a 
string ; a particle m rests inside the sphere ; prove that if 
the string be cut, the ratio of the initial pressure between 
the sphere and the particle to that between the sphere and 
the plane is 

m (1 — sina cos a) 
{M + m) cos a ' 

where a is the inclination of the plane to the horizon. 

26. The ends of a straight rod are moveable on two 
smooth fixed rods, intersecting each other at right angles ; if 
the rod be set in motion, prove that when is its inclination 
to either fixed rod, the measure of the tendency to break 
at any point is proportional to sin 29. 

27. Two equal rods AB, AC are jointed together and 
rest symmetrically over a smooth sphere; the junction of 
the rods at A being severed, what is the initial pressure of 
each rod on the sphere ? 

Suppose the sphere divided by a vertical plane through 
A, perpendicular to the plane of the rods, and imagine the 
left-hand hemisphere to be suddenly annihilated ; it is 
required to determine the initial action at A. 

28. P and Q are two points in a uniform rod equidistant 
from its centre. The rod can move freely about a hinge at P. 
The hinge is constrained to move up and down in a vertical 
line. If the motion be such that Q moves in a horizontal 
line, determine the velocity when the rod has any given 
inclination, the rod being supposed to start from rest in a 
horizontal position. 

19—2 
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In the case in which the whole length of the rod = J3 . PQ, 
shew that the time of a complete oscillation 

= (2^)t(rirypQ/2^ 

In this case also find the equation to the hodograph of 
the middle point of the rod: 

29. A number (n) of equal uniform rods, AA^^, A^A^, 
A^A^, &c., are jointed together at their ends A^, A^,... and 
the end A of the first rod is attached to a fixed point. The 
rods are held so as to form a straight line AA^...A^, the end 
A„ being free, and the supports are simultaneously removed. 
Prove that if w be the weight of a rod, and a = lo°, the 
initial action at A^ is equal to '^ 

w ( — 4)'' sin*"" a cos°" a — cos"" a . sin^" a 
2V(3)~' sin'"' a + cos''"' a. " 

30. AB, BG, CD are three equal uniform rods freely 
jointed together and moveable about the extremity A ; 
the rods fall from a horizontal position of rest : prove that 
the radius of curvature of the initial path of the extremity 
D of the further rod is -f-^ a, where a is the length of each 
rod. Prove also that the initial stresses at G, B and A are 
in the ratio of 1, 4 and 15. 

31. An arc of a circle is placed in its position of equi- 
librium in a vertical plane resting on a perfectly rough 
horizontal plane and slightly disturbed in the former plane ; 
shew that the square of the time of oscillation varies as 
ai sin a, a being the radius of the circle, and 2a the angle 
subtended at its centre by the arc. 

32. A ball is projected from a point in a perfectly rough 
horizontal plane, without any rotation ; if the coefficient of 
frictional elasticity be 2/5, prove that the horizontal velocity 

of the ball, after the w"" reboundj will be -j^ + (— f)" -j^, where 

u is the horizontal velocity of projection. 

33. Two equal rods, connected by a hinge, which allows 
them to move in a vertical plane, rotate uniformly about a 
vertical axis through the hinge ; and a string, whose length 
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is double that of either rod, is fastened to their extremities, 
and supports a weight at its middle point. Determine the 
angular velocity when in the position of relative equilibrium 
the rods and the string form a square ; and supposing the 
weight slightly displaced in a vertical direction, find the 
time of a small oscillation. 

34. A smooth plane of mass M is freely moveable about 
a horizontal axis lying within it and passing through its 
centre of gravity, the radius of gyration of the plane about 
the axis being k. The plane being inclined at an angle a to 
the vertical, a sphere of mass m is placed gently upon it. If 
initially the centre of the sphere be in a vertical through 
the axis of the plaae, and if h be its initial height above 
that axis, shew that the angle ^, which the initial direction 
of motion of the centre makes with the vertical, is given by 

{M¥ + m/t') tan = MF tan a. 

35. A uniform beam of mass M and length 2a can turn 
round a fixed horizontal axis at one end ; to the other end of 
the beam a string of length I is attached, and at the end of 
the string is a particle of mass m. Determine the relation 
that must hold in order that, during a small oscillation of 
the system, the inclination of the string to the vertical may 
be twice that of the beam. 

36. If a given power P raise a given weight Q through 
a given space in the least possible time, on a wheel and axle, 
the masses of which are M and M' respectively, prove that 
the ratio of their radii must be 






37. A uniform heavy beam of length 2c is supported in 
a horizontal position by means of two strings, without weight, 
each of length h, which are fastened to its ends, the other 
ends of the strings being fixed ; in equilibrium each of the 
strings makes an angle a with the horizon : find the time of 
a small oscillation when the system is slightly displaced in 
the vertical plane in which it is situated, the strings not 
being slackened. 



294 EXAMPLES. 

38. A circular ring hangs in a vertical plane on two 
pegs. If one be removed, prove that, Pj, P, being the 
instantaneous pressures on the other peg, calculated on the 
supposition that the ring is (1) smooth, (2) rough, 

P^ : P/ :: 4 : 4+ tan" a, 

where a. is the angle which the line drawn from the centre of 
the ring to the peg makes with the vertical. 

39. A heavy bar is suspended in a horizontal position by 
two equal and parallel vertical strings attached to its ends, it 
is then set swinging so that the strings move in vertical 
planes perpendicular to the bar, if one string breaks when 
the rod is in its lowest pcsition, prove that the tension of the 
other string is instantaneously diminished by one half its 
value. 

If the second string be cut when the bar is vertical, prove 
that the subsequent rotation will be uniform and round a 
horizontal axis fixed in direction ; but if the second string 
be cut at any other time, the vertical plane containing the 
bar will rotate with an angular velocity varying as sec''^', and 
6 will increase at a rate varying as Va + b &&& 6, where Q is 
the inclination to the horizon and a, h are constant. 

40. A chain of mass m and length I hangs in equilibrium 
over a smooth pulley, an insect of mass M alights gently at 
one end and begins crawling up with uniform relative velocity 
V; shew that the velocity with which the chain leaves the 
pulley will be 

41. A man walks on a large rough ball so as to make 
the ball roll straight up an inclined plane of inclination a, 
keeping himself at an angular distance yS from the highest 
point of the ball ; prove that the acceleration of the man is 

„ sin /8 — 2 sin a 
^ 7 + locos'" Ha + /3) ' 
taking the man and ball to have equal weights. 
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42. A light uniform la.mina in the form of a regular 
trapezoid is suspended by one of the parallel edges, and a 
weight »?^ is uniformly distributed over the opposite edge; 
supposing the lamina to be elastic only in the direction of 
the breadth, find the position of equilibrium. 

Shew that the time of a small oscillation is 



I ml (log a — log h) 
^''V 2X(«-6) ' 

when 2a and 2J are the lengths of the parallel edges, I is the 
breadth of the lamina when unstretched, and X the modulus 
of elasticity. 

43. The extremities of a uniform heavy rod of length 2c 
slide on a smooth wire in the form of the parabola £e^—4a2/=0, 
the axis of the parabola being vertical, and c > 2a. If the 
rod be slightly displaced from its position of stable equi- 
librium, prove that the time of a small oscillation is 

2gc \ l 

44. Four equal uniform rods are jointed together so as 
to form a square ABGD, and the system is suspended from 
the joint A, the square form being maintained by an elastic 
stiing joining A and G. 

Find the tension of the string, and, the modulus of 
elasticity being twice the weight of one of the rods, prove 
that, if C be slightly depressed, the length of the simple 
isochronous pendulum will be 5 J. (7/12. If, when there is 
equilibrium, the string be cut, prove that the initial pressure 
at C is equal to one-tenth of the weight of one of the rods, 
and that the initial acceleration of C is equal to Qg/5. 

45. A cylindrical mass of snow rolls down an inclined 
plane covered with snow of uniform depth e ; gathering up 
all the snow it rolls over, and always remaining circular. 
Prove that it will move with uniform acceleration g sin a/5 if 
initially when its radius is a it be started with velocity 
aj27rg sin a/5e, where a. is the inclination of the plane to the 
horizon. 
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46. Three particles A,B, G are connected by two strings 
AB, AC and placed in a line on a smooth table. The 
extreme particles B and C are then projected at right angles 
to the strings with velocities u, v. Prove that the initial 
curvatures of the paths of the extreme particles are respec- 
tively 

(q + m)— +q r (p + m) j- + p ~ 

^^ 'a ^ J a 

> ., and . . ,. , 

m, p, q being the masses of the particles, and a, b the lengths 
of the strings. 

47. Two particles of masses m^, m^ are tied to the 
extremities of a string that passes through a bead of mass M, 
the whole is placed on a smooth table with m„ m^ at the 
acate angles and M at the right angle of a right-angled 
triangle, if the particles at the ends be projected with 
velocities %, u^, perpendicular to the respective strings, then 
shew that the initial radii of curvature of their paths are pj, p^ 



where 



48. A circular disc of mass M, radius a, and moment of 
inertia about the centre MK", is spinning with angular 
velocity O and impinges normally with any velocity on a 
rough rod resting on a smooth plane. Shew that the angular 
velocity immediately after impact becomes reduced to 

ma;'+{M + m)IP 

49. Two uniform rods AB, BC oi masses m, m' freely 
jointed at B lie upon a smooth horizontal table and AB is 
struck perpendicular to its length at a point between A and 
B ; shew that the point B will begin to move in a direction 

making with BO an angle tan"' ■^— r J cot af ; a. beinff 

° 1 4m-l-m ) ° 

the angle between the rods. 



m,ii/ _ 




P, 


m, M m. 
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50. A spherical shell of mass m, whose outer surface is 
rough and of radius a, has its inner surface smooth and of 
radius b ; a particle of mass m moves inside while the shell 
rolls_ on a rough table, shew that if the excursions of the 
particle be a on either side of the vertical, then 
[ilia" -f k') + ma' sin'^] 6' 

= ^ [ilf (a' + F) + ma'] [cos - cos a]. 

61. A smooth massless rod HM of length l + 2a. turns 
freely about a hinge at one end H. A string of length I is 
fastened at the end M and also at a point >S in a horizontal 
line with H and at a distance 2a J2 from H. A smooth ring 
of mass m is slipped over the rod and string at M and moved 
up the rod until the string is tight and the rod horizontal ; 
it is then allowed to fall, find the velocity of the ring at any 
instant before it slips off the rod. Shew that the tension of 
the string when the ring has fallen through a vertical height 
m mg Ba' + 2y'' 

mg being the weight of the ring. 

52. A smooth thin spherical shell of mass M and radius 
a rests on a smooth inclined plane by means of an elastic 
string which is attached to the sphere and to a peg at the 
same distance from the plane as the centre of the sphere and 
a particle of mass m rests on the inner surface of the shell. 
In the position of equilibrium the string is parallel to the 
plane, find the times of oscillation of' the system when it is 
slightly displaced in a vertical plane and prove that the arc 
traverised " by the particle and the distance traversed by the 
centre of the shell from their positions of equilibrium can 
always be equal if 

Mg + mg (1 + cos a) =\a(l + cos a)/c, 

where X is the coefficient of elasticity of the string, and c its 
natural length. 

53. A uniform circular disc moving in any way is placed 
gently upon a rough horizontal plane. Assuming that the 



298 EXAMPLES. 

friction between any element of the disc and the plane varies 
as the relative velocity and is in a direction opposite to it, 
find the motion of the disc, and shew that if u and a be the 
velocity of the centre and the angular velocity about it at any 
instant, uco^ = u^w, where m„ and a^ are the initial values of u 
and m. 

54. A number (n) of equal uniform rods Afi^B^, A^C^B^,. . . 
are placed on a smooth horizontal plane so that the end 
A^ of the 2nd is in contact ^nth. the middle point C^ of 
the first, the end A^ in contact with 0^... and the angles 
C^A^B^, C^A^B^... are each equal to 6, so that the figure 
Afififi^.^.G^ is a portion of a regular polygon. At the end 
-4j an impulse P is applied inwards in the direction making 
•in angle 7r/2 - 6 with A^C^. Prove that the impulse between 
the 7''" and r + 1 1'", supposing them smooth and rigid, 

= P(/SV-a'',8'-)/(/3"-a"), 

where a and /3 are the roots of the equation 

s''-(2sece + 3cose)^+l =0. 



CHAPTER XIV. 
Motion in three Dimensions. 



230. We now proceed to consider the motion of a system 
referred to three rectangular axes, either fixed, or moving in 
a given manner. 

As in Art. (28) we employ 0^, 0^, and 0^ to represent the 
angular velocities of the system of axes. 

Taking m^, a>^, and a>^ as the angular velocities, at any 
instant, of a rigid body about the axes, it follows as 
in Art. (28) that the angular accelerations are respectively 



^2 - «3^1 + «1^3> 

From the definition of the linear momenta and the 
angular momenta of a system it follows that these 
quantities are vectors and are subject to the parallelo- 
grammic law. 

Let p^, j>^, p^ represent the linear momenta of a system 
in the directions of the axes, and h^, \, \ the angular 
momenta of the system about those axes. 

Then it follows, as in Art. 28, that, if we take OL, OM, 
and Olf to represent either the quantities jo„ p^, p^ or the 
quantities h^, \, h^ the rates of change of these quantities 
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are, on the same scale, the velocities of the point of which OL, 
OM, ON are co-ordinates, and are therefore respectively 

Pi-M+M] K-K^. + KOA 

h -pA +pA \ and h, - h^e^ + h,0^ I . 

The equations of motion of the system are obtained by 
equating these expressions to the components of the acting 
forces and of the acting couples. 

The equations of motion, in the forms thus obtained, were 
first given by Mr E. B. Hayward, F.R.S., of St John's 
College, Cambridge. 

They are contained in a paper published in 1856, in 
Part I., Vol. X., of the' Cambridge Philosophical Transactions. 

231. If x, y, z be the co-ordinates of a particle m of 
the system, and if u, v, w be the component velocities of 
the particle, 

p^ = %mu, p^ = %mv, p^ = tmw ; 

/ij = Sm {wy — vz), \ — Sot {uz — w^), \ = Xm {vx — uy). 

The total motion of the system at the instant in 
question is thus represented by three linear momenta in 
the directions of the axes and three angular momenta about 
those axes. 

These are equivalent to a single linear momentum and a 
single angular momentum. 

232. If the origin be not a fixed point, the expressions 
for the rates of change of the linear momenta are unaffected, 
but the expressions for the rates of change of angular 
momenta will require modification. 

Let a, /8, 7 be the component velocities of the origin, and 
suppose the axes to have no rotation. 
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Since h^ = Sm (wy — vz), 

the angular momentum, at the time t + it, about the axis Ox, 
fixed in space 

= tm {{w + hw) {y + Sy + 0Bt) - {v + Sv) (z+Sz + vSi)} 
= h, + Sh^+(p^/3-p,y)St, 

and, subtracting \ and dividing by Bt, we obtain the 
additional term 

so that the complete expression for the time-flux, about the 
instantaneous position of the axis^ of the angular mo- 
mentum is 

If the origin be the centre of gravity of the system, the 
expressions for angular momenta and their rates of change 
are those of Art. (230). 

It will be seen that the terms pfi—p^'i of the previous 
article disappear in this case, for 

p^ = Ji/3, and p^ = My. 

233. Motion of a rigid body about a fixed point. 

In this case 

u = Z(o^ — yWg, V = xo}^ — zai^, w = ya>^ -^ xa^, 

and therefore 

Aj = "Zm (y^ + z') (Bj — S (mxy) cUj — S (mxy) a^, 

and, if we represent the three moments of inertia by 
A, B, and the three products of inertia by I), E, F 
we have 

\ = Bm^ — Dctfj - F(o^, 



h, =■ Ceo. — Ew, — Deo. 



If the expressions D, E, F all vanish the axes are said to 
be principal axes ; if two vanish, the corresponding axis is a 
principal axis. 
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In the case of a sphere, or a solid bounded by any 
regular polyhedron, when the centre is the origin, D, E, F all 
vanish, and A, B, G are all the same, so that the angular 
momenta take the forms 

Aa^, Aa^, Aio^. 

In the case of a solid of revolution, or of a regular 
pyramid, the axis of which is one of the axes, D, E, F all 
vanish, and the angular momenta are 

Am^, Aco^, Cwj. 

In the case of a plane lamina, when one axis is perpen- 
dicular to its plane, D and E vanish, and the angular 
momenta are 

Am^ - Fco^, Bco^ - F(o^, (A + B) w^. 

234. If the axis of z be fixed in space, the time- 
fluxes of angular momenta about the instantaneous positions 
of the axes are 

It may be instructive to obtain these expressions directly. 
Thus, at the time t + ht, the angular momenta about Ox', Oy , 
the consecutive positions of Ox, Oy, being \ + SA,, \ + Bk^, 
it follows that the angular momenta about Ox and Oy are 
respectively 

{h^ + M;) cos 0,St - {\ 4- S^J sin O^U, 
{\ + Sh,) cos e^St + (h^ + Sh^) sin e,St, 

and, subtracting h^ and h^ and dividing by St, we obtain, in 
the limit, the expressions given above. 

The general expressions of Art, 230 may be obtained in a 
similar manner. 

235. "We are now in a position to solve some problems, 
and we commence with the motion of a sphere on a rough 
plane, under the action offerees the resultant of which passes 
through the centre of the sphere. 

Referring to fixed axes the linear momenta are mx, my, 
and the time-fluxes of the angular momenta are 
Aw^, Au)^, Aw^ where A = Imc^jo. 
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Assuming X, Y as, the forces, and taking moments about 
the lines in the plane through the point of contact parallel to 
X and y, we obtain 

— mijc + Aw^ = — Yc, mxo + Aio^ = Xc. 
We have also the geometrical conditions, 

« - cwj = 0, y + c<o^ = 0, 
and we hence obtain 

mx = ^X, my = f F. 

If the frictional reactions be required, they are given by 
the equations 

mx=F+X, my = G+Y, 

so that F=-^X and G = -^Y. 

If the plane be made to revolve uniformly, with the 
angular velocity D, about the axis of 2, the equations of 
motion are the same, but the geometrical conditions are 

x — ceo^ = — O^/, y + ca)j = fla;. 

If in this case there be no forces in action, the elimination 
of (Bj and ojg leads to the equations 

7x+2ny = 0, 7y-2D,x=0, 
or, if 7n = 2n, « + «'(«?- a) = 0, +n'(y-h) = 0, 
where a and b are constants. 

Integrating these equations and eliminating the time, we 
shall find that the path of the centre of the sphere is an 
ellipse, of which the point (a, b) is the centre. 

236. To illustrate the use of two moving axes, consider 
the motion of a rigid body about a fixed axis. 

Taking, as in Art. 211, the line OG^ as the axis of x and 
the fixed axis as the axis of «, 

u = — ya>, V = xa>, w=0, 
and therefore, 

h^ = — Em, h^ = - Da>, h^ = Cm. 
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Hence Ji , - h^O^ =.-Em + Dm', 

h^ + h/, = -Do}-E(o\ 

and equating these expressions to the moments of the 
acting forces, we obtain, as in Art. 211, the stresses on 
the axis. 

237. A circular disc, the plane of which is vertical, and 
centre fixed, is rotating about a horizontal axis through its 
centre perpendicular to its plane, which axis is itself rotating 
freely in the horizontal plane through the centre, and an 
insect crawls in a given manner on the disc. 

Taking the figure of Art. (247), let ZG be the plane of 
disc, G being a given radius of the disc. 

The equations of motion are obtained by observing that 
the angular momentum about Oz is constant, and that the 
time-flux of the angular momentum about Oi'' is equal to the 
moment about OF'oi the weight of the insect. 

Let p be the distance of the insect from 0, and ^ the 
angular distance of p from OG measured in the direction GE, 
so that p and are known functions of the time. 

Putting ZG= 6, and XZG= i/r, we obtain 

Mk'-^ + mp' sin" (9 + 4>)y{r=G. 

If Aj, /ij, be the angular momenta about OK and OF, 
h^ = mp^'yjr sin {6 + </>) cos {0 -f- 0), 
h^=2Mk'e + mp'{e + 4)- 
Hence we obtain, since h^ + h^yfr is the time-flux of the 
angular momentum about OF, 

2Mk'e + mp^ {6 + 4,) + 2mpp (6 +<i>)+mp^f^ sin {0+<fi) cos {6 +(ji) 

= mgp sin (6 + ^), 
and and t^ are determined by' these equations, 

238. Motion of a heavy sphere on the interior rough 
surface of a vertical cylinder. 

The figure being a section by the horizontal plane through 
the centre of the sphere, take the axis (3) through C vertically 
upwards and measure z upwards. 
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The accelerations of G in the directions (1) (2) and (3) are 
— (a — c) ^^ {a — c) <f>, z. 

In this case, since h^ = Am^, \ = Aw^, and ^3 = ^, the time- 
fluxes of the angular momenta about the instantaneous 
positions of the lines (1), (2), and (3) are 

Ad)^ — Aca^^, Ao}^ + A(o^^, Aw^. 




Taking moments about CP, PT, and the vertical through 
P, we obtain 

0), —a>^<j> = 0, Aa)^ + Aco^'^ + mcz=—mgc, Ada^—m {a—c) C{jb = 0. 

Expressing the fact that the point P of the sphere has 
no velocity, the geometrical conditions are 

(a — c)(^ + cwg = 0, z — c(o^ = 0, 

we at once see that ^ and o), are constant, that cw^ = <^i, and 

therefore that Az+A^^z+Trufz is constant, or that if 2^^=7n\ 

z + w'z=C, 

shewing that the ball rolls up and down, between two fixed 
levels, in the time tt/w. 

If the cylinder, instead of being fixed, be made to revolve 
with a constant angular velocity a about a vertical generating 
line through the point in the figure, the angular velocity 
of the line CE is co+ij), and the accelerations of C in the 
directions (1), (2) and (3) are, putting 6 for a — c, 

aoi' cos(fi — h{a>+ ^y, b(f> — aw" sin (j), z. 
B. D. 20 
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Hence, taking moments about the same axes as before, 
we obtain, 

I cebj — b 0+ ato" sin 0=0. 

The geometrical conditions are that the velocities of the 
point P of the sphere and of the point P of the cylinder are 
the same, 

cwj + b (a) + <ji) — am cos ^ = aw — aw cos <p 

or cwj + i (o) + 0) = ao), 

and z — cwjj = 0. 

Eliminating m^ we find that 

76^ = Saw'' sin ^, 

an equation which determines the angular motion of the 
centre of the sphere relative to the cylinder. 

239. Motion of a heavy sphere on the interior rough 
surface of a cone having its aocis vertical and vertex 
downwards. _^ 

The figure being a section of the system by the vertical 
plane through the axis of the cone and the centre of the 
sphere, the accelerations of G are 

r — r<ji', r(j) + 2r<^, z, 

and the time-fluxes of angular momenta are the same as in 
the preceding case. 

The geometrical conditions are 

r — ctOjj sin a = (1) 

r^ + cw, sin a + cco^ cos a = (2) 

i — cwj cos a = ( 3) . 

Taking moments about PE, PG, and the line through P 
perpendicular to the plane of the figure we obtain 

(Aw^ — Ao}J>) sin a + Aw^ cos a — m {r^ + 2r0) c = 0, . .(4) 

{A cij — Aco^^) cos a — ^ Wg sin a = (5) 

Ad)^ + Aeo^ ^ + m{r — r^") c sin a + mzc cosa =- mgc cosa. . .(6). 
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From (4) and (2) we find that r^ + 2r^=0, or that r'<j)=Ji, 
From (4) and (5) it follows that Wg = 0, or that w^ = n. 




Lastly from (6), with the aid of (1), (2), (3), and the 
preceding results, we find, if we write u for 1/r, the equation, 

d^u 2 + 5 sin" a , o sin a cos a „ en cos a 



d<f^- 



+ 



AV 



-f- 



240. The general problem of the motion of a sphere on 
any surface of revolution may be treated in the same manner, 
or we may employ three moving axes. 

Taking the axes as in the figure, and taking u, v, w as the 
velocities of 'C in the directions (1), (2), and (3), the geo- 
metrical conditions are 

u — ca^ = 0, V + cco^ = 0, M) = 0. 
Since ^, = cos 6, 6^ = 6, 6^ = <p sin 6, 

u — vd^ + w0^= cw^ + C(Bj0 sin 6, 
V — wO^ + u6^ = — ceil + CMjC^ sin 6, 
w — u6^ + v9^= — CQ)^d — cwi ^ cos 0, 

which are the accelerations of C. 

20—2 
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Hence, if L, M, N be the moments of the acting forces 
about PT, about the line through P perpendicular to the 
plane AOP, and about PC, the equations of motion are 

A (tOj — w^^ sm6 + (ojl) — mc (— co), + ca)J> sin 6)=L,...i, 

A (mj, - ft)g^ cos + co^<j) sin 9) + mc (ca^ + cwj^ sm6) = M,.. .ii, 

A («3 - (0^6 + mj) cos d) = N.. .iii. 




It will be seen that G moves on a parallel surface of which 
A is the vertex, and if AN = z and CN = r, the relation 
between r and z is known, so that z =f{r). 

Hence if s be the arc AG 

ceUj = M = s = — p9, 
if p be the radius of curvature of AG sA C. 
We also have ctOj = — v = — r<p. 

If for example the surface be a sphere, and gravity the 
only force in action, 

Z = 0, iV = 0, and M= — mgc cos 6. 
Also, in this case, 

cwj = — ad, cwj = — a cos 6^, 
and therefore, from equation iii, 

W3 = 0, or ft) = n. 
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These values of m^, m^, m^ being substituted in equation 
i, we obtain 



and therefore 



a cos d<^ — 2a sin 6 6(j)=^ end, 



cos I 



en 



C+f-sin^. 



Substituting in equation ii and integrating we obtain a 
differential equation of the first order for 6. 

This last however is more easily obtained from the 
equation of energy which is 

a'ff' + a' cos' 0^^ + f c" (w^' + o)/ + co^') =D + 2ga cos 9, 

or 0' + sec^^ (c + f ^ sin ^J =^ + ^ cos 0, 

C and E being constants determined by initial conditions. 

241. Motion of a rough sphere on the surface of a fat 
disc, which is moveable on a smooth horizontal plane, the 
upper surface of the disc being perfectly rough. 




We shall suppose that the centre of gravity of the system 
has no motion; this will be the case if the disc be initially at 
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rest, and if the sphere, in a state of rotation about a diameter, 
be placed gently upon the disc. 

In the figure is the projection on a horizontal plane of 
the centre of gravity of the system, ^ of the centre of gravity 
of the disc, and G of the centre of the sphere ; Ox, Oy are 
fixed directions. 

Taking f, r), and x, y, as the co-ordinates of E and 0, 
measured in opposite directions, and D, as the angular velocity 
of the disc, the- geometrical conditions are 

x-C(o=- ^-n(y+rj), (1) 

y + C(o^ = -'i] + n{x + ^) (2). 

Taking moments for the motion of the sphere, about the 
horizontal tangent lines parallel to the axes, 

mxc + rnk'^di^ = 0, myc — wMia^ = 0, 

and therefore x + -|c(»j = A, y — |cq)j = B (3), (4). 

The angular momentum of the system about any 
assigned vertical line is constant, and if the sphere have 
initially no rotation about the vertical diameter this constant 
is zero. 

Taking moments about the vertical line, fixed in space, 
through which E is passing, 

MK^H = mx (y + Tj) - my (x + 0, 

or APK^D, = m{m + M){xy-yx) (5). 

We have besides mx = M^, and my = Mr), and we thus 
have seven equations to determine the seven unknown 
quantities. 

If the original axis of rotation of the sphere be above the 
line Ox and parallel to it, so that initially 

<B, = n, and «j = 0, 

we obtain x + fcwj = (i, y — -Icwj = B. 

The elimination of to, and to^ leads to 

2a; {M+ m) + bMx = - ^yH (ilf + m), 

2y{M + m) + ?>My- 5MB = 2«n {M + m). 
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and, substituting for O its value from (5), these equations 
take the forms 

(a + hif') X = hxy if, (a + hx^) y = ixy x + c, 
where a, b and c are constants. 

The integration of the first of these equations gives 

a + by^=Ca?, 

shewing that the path in space of the centre of the sphere is 
a hyperbola, (a result given in the Tripos Examination, 
Jan. 1882). 

It should be mentioned that n is the initial angular 
velocity of the sphere just after having been placed in contact 
with the disc. 

If CO be the angular velocity of the sphere about the 
diameter parallel to the axis of x before the contact, and if X 
be the angular velocity of the disc immediately after the 
impact, n and X are determined by the equation 

mJc'n — my^G = ml^a, 

combined with the preceding equations (1), (2), and (5) in 
their initial forms. 

242. Motion of a heavy rod AB, the ends of which slide 
on a fixed vertical rod OB, and a horizontal rod OA, which is 
made to revolve uniformly. 

If r be the distance from G, in the direction GA, of a 

point P of the rod, the accelerations /, /' of the point in the 

d^ d^ 

directions LP and NP, are jp PL - a^PL, and -^ PN, 

where PL, PN are the perpendiculars upon OB and OA, so 

that Pi = (a + r) cos 0, and PN= {a - r) sin 0. 

Taking moments about the line through E perpendicular 
to the plane OAB, we obtain 



/. 



m~^{{a + r)f am e-{a-r)f' cos d] = mga cos 9. 
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Substituting for / and /' their values, and integrating, 
this reduces to 

8+ cousin 6 cos 6 = — -^ cos 0. 

We have solved this question by an appeal to first princi- 
ples, but it may be instructive to indicate the method of 
dealing with it by the aid of the expressions for angular 
momenta. 




JV" ^ 



Taking for axes the line GA, and the lines through G 
perpendicular to and in the plane OAB, 

0^=-(o sin 6, 0^ = 6, 0^ = (o cos 6, 

and ^j = 0, Ajj = mh^co^, h^ = mlc^to^. 

The acceleration of G in the plane OAB, perpendicular 
to OG =ad + asm6cos,6 .a)\ Art. 15, 

and the rate of change of the angular momentum about the 
second axis = rnVio^ + ml^w^ a sin 6. 

Hence the equation of moments about the line through E 
perpendicular to the plane is 

a^ a' 

ma' (6 + sin 6 cos 0co^) + m ^ w^+m-^ co^m sin ^ = - mga cos ; 

and, observing that co^ = and that a>^=a) cos 0, this reduces 
to the equation previously obtained. 
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If the system instead of being made to revolve uniformly 

be set in motion and left to itself, we shall have, taking (f> for 

the azimuthal motion, and neglecting the inertia of the rods 

OA, OB, 

3ff 
6 + cf>^ sin dcQs6 = — -^ cos 0, 

with the additional equation, derived from the fact that the 
angular momentum about OB is constant. 



/: 



m-^ (a + rf cos^ d.<j>= C. 



243. Steady motion of a heavy body in the form of a solid 
of revolution, rotating uniformly about its axis, one point of 
which is fixed while the axis has a constant inclination to the 
vertical (a), and a constant azimuthal motion (O). 




Taking moving axes as in the figure, the second axis 
being perpendicular to the plane of the paper, 

6^ = -D, sin a, 6^ = 0, 6^ = D, cos a, 
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also tBj = and aJ^= — D, sin a, and, taking moments about 
the axes, we obtain 

Atu^ = 0, 0(0^ n sin a + Aco^ O cos a = mga sin a, Cw^ = 0. 

Putting n for oj, this gives 

GD,n - AD,^ cos a = mga, 

as the condition for steady motion. 

TT 

If a = -^ , CD.n=mga, so that if the angular velocity n be 

imparted to the body about OC, when OG is horizontal, 
and 0(7 be then started with the angular velocity mga/Cn 
about Oz, the axis 0(7 will continue to revolve in a horizontal 
plane. 

In the general case, when the motion is not steady, take 
■yjr as the azimuthal motion, so that 

e^ = -fsme, 9^ = d, ^3 = 'f cos^, 

and therefore 

Ad)^- Aaj^-yjr COS 6 + Cco^O = 0, 

A6),+ Cco^^ sin + ^(Bji/r cos 6 = mga sin 0, 

Owg — Aa>^0 — Aci}^-\jr sin = 0. 

Now o), = — i^r sin 0, and a^ — 0, and we find that a^ is a 
constant (n) and that 

- A^f- sin - 2-4 1^^ cos + Cn0 = 0, 

Ad + Cnyjr sin — Ayj/'^ sin cos6 = mga sin 0, 

two equations which completely determine the motion. 

If the motion be very nearly steady, the small oscillations 
are determined by putting 

0=oi + cf), and ■<^ = il +')^ 

and neglecting the squares and products of the small quanti- 
ties (p and X- 

These results are roughly illustrated by observing the 
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motion of an ordinary spinning top on a rough horizontal 
plane. 

The most complete illustration is obtained by means of a 
Gyroscope. 




A heavy brass solid ring is moveable about the diameter 
0(7 of a circular brass framework, and, holdipg this frame- 
work, a rapid rotation can be imparted to the ring. This 
can be effected by looping a string to a peg at E, winding up 
the string and pulling it out sharply. 

This being done, the point may be held by a string, 
and OG placed at any inclination to the vertical. 

Or, if a small peg be fixed at underneath the rim of 
OG, this may be placed on the cup ^ of a fixed vertical 
stand KL, and then the axis OG may be seen to revolve 
horizontally. 

244, Steady motion, about a fixed point 0, of a rigid 
body so constituted that two of the principal moments of inertia 
at the point are equal. 

In this case, of which the preceding is a particular case, 
the constraining couple is equal to 

{CD,n — AH^ cos a) sin a. 
liCn = AH cos a, this expression vanishes, and the steady 
motion continues without the action of any extraneous force. 



316 CASE OF TWO EQUAL MOMENTS. 

245. Motion of a rigid body about a fixed point under 
the action of no extraneous forces, the body being so constituted 
that A and B are equal at the point 0. 

The body is supposed to be set in motion in a given 
manner, or by means of given impulses. 

The moments about the principal axes of the given 
impulses are the initial values of the angular momenta 

A(o^, Am^, 0(0^. 

There being no forces in action the angular momenta 
about any fixed lines through the point remain unchanged 
and therefore the resultant angular momentum is a constant 
quantity, H, and the axis of resultant angular momentum is 
a fixed line. 

This line, which is called the invariable line, we shall take 
for Oe. 

Take 00 as the axis of (3), and, for axes of (1) and (2) 
the line in the plane zOG perpendicular to OG, and the line 
perpendicular to the plane zOC. 

Then if i|r be the inclination of the plane zOC to a fixed 
plane through Oz, 

0, = -i^sin0, 0.^ = 0, ^3 = iir cos ^, 

and the equations of motion are 

A(b^ — Am^yir cos 6 + CwjS = 0, (i) 

Acd^+ Coj^yirsm 6 +Aa)^-^ cos 6= 0, (ii) 

Gm^ — Aa^B — Am^-^sm 6 = (iii). 

We have also Wj = — i/r sin 0, and co^ = 0, and therefore, 
from (iii), it follows that Wj is constant. 

Now, H cos 0=Gco^, and therefore it follows that is 
constant. 

From equation (i), we find that w^ is constant and there- 
fore that ■<^ is constant. 

Further since —Hsva.0 = A<o^, we obtain Ayir = H. 
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The condition, Gta^ sin 6 + Aw^ cos ^ = 0, derived from (ii), 
simply expresses the known fact that the angular momentum 
about the line in the plane ^t 0(7 which is perpendicular to Oz 
is zero. 

The conclusion is that the angular velocity about OG is 
constant, and that the plane zOG revolves with uniform 
angular velocity JEf^J. about the axis of resultant angular 
momentum Oz. 

246. What has been proved of motion about a fixed 
point is equally true of the motion of a rigid body relative 
to its centre of gravity. 

This can be easily illustrated by tossing into the air a 
solid body of any symmetrical shape, such as a piece of wood 
in the form of a circular cylinder, or in the form of a cir- 
cular cone, or any regular prism or regular pyramid, taking 
care to give the body rather a rapid rotation about its axis. 

In all such cases, in whatever manner the body may be 
thrown up, its axis will be seen to describe uniformly a right 
circular cone about a line through the centre of gravity the 
direction of which remains unchanged. 

This line is the axis of the resultant angular momentum 
originally imparted to the body. 

If the Gyroscope described in Art. (243) be mounted in 
a fixed framework so as to give the diameter OG free motion 
about the fixed point G, we obtain an apparatus for directly 
demonstrating the fact that the earth has a motion of 
rotation independently of its motion of translation. 

The ring being set rotating with great rapidity, so as to 
continue rotating for some hours, it will be seen that its 
position relative to the room in which the macl^ine is 
situated gradually changes; and, as we know that the 
direction of the axis of rotation of the ring does not change, 
it follows that the earth itself is in a state of rotation. 

247. Euler's Equations. In the case of the motion of a 
single rigid body about a fixed point or about its centre of 
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gravity, if we take for our moving axes three straight lines 
which are always coincident with three given lines in the 
body, 



If further we take these three lines to be principal axes, 

and the equations of motion take the forms 

A6)^ — {B—C) cOjWj = L, 

B(i,,-{C-A)(o,co, = M, 

C^^-{A-B)w^a^ = N, 
which are Euler's Equations. 

Geometrical equations connecting the angular motions about 
three moving axes with the motion of the hody referred to lines 
fixed in space. 

If OA, OB, OG be three lines fixed in the body, and OX, 
Y, OZ three lines fixed in space, and if these lines end on 
the surface of a sphere, the position of the body will be 
completely determined by the quantities a^, Q, <^, if 

■^=CZX, e = ZG, 4>=AGE. 

z 




Moreover the motion is completely determined by the 
rotation d about OF, the rotation 1^ about OZ and by the 
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rate of separation <j} of the plane OCA in the body from the 
moving plane ZGK 

This system must be equivalent to the system of angular 
rotations w^, m^, and co^ about OA, OB and 0(7. 

Expressing this equivalence we obtain, 

(0^ = 6 cos FA + '^ cos ZA = 6 sin ^ — yjr sin 6 cos (j), 

co^ = cos FB + yjr cos ZB = 6 cos (p + yjrsinO sin 0, 

CU3 = 1^ cos d+<p. 

These equations may be employed in the discussion of 
the general problem of the motion of a rigid body about a 
fixed point. 

For this however we refer the student to Poinsot's 
Nouvelle TMorie de la Rotation des corps solides, to Dr 
Routh's Rigid Dynamics, and other treatises. 

248. Impulses. We have given in Arts. (200) and (201), 
the principles which determine the effects of impulses, and 
the equations for the calculation of those effects. 

If smooth inelastic bodies impinge on each other, it must 
be carefully borne in mind, that the velocities, immediately 
after impact, of the points of the bodies in contact with each 
other, are the same in the direction of the common normal 
to their surfaces. 

If however two perfectly rough inelastic bodies impinge 
on each other, the geometrical condition is that the velocities 
of the points of contact are the same in any direction. 

If when a system is in motion, a straight line in the 
system is suddenly fixed, the impulses called into action 
have no moment about the line, and consequently the 
angular momentum about it remains unchanged. 

If a point of the system be suddenly fixed, the change 
of motion is determined by the fact that the angular 
momentum round any straight line whatever, through the 
point, remains unchanged. 



320 ILLUSTRATIONS OF WORK. 

la the case of a single rigid body, if u, v, w be the 
velocities of the centre of gravity, and q)j, to^, a, the angular 
velocities about principal axes through the centre of gravity, 
the changes of these quantities due to impulses whose com- 
ponents are P, Q, R, and moments, about axes through the 
centre of gravity, G, H, K are given by the equations 

M{u'-u) = P, M(v' -v) = Q, M{w'-w) = R, 
A {CO,' - «.) = G,B («; - o,,) = 11, C («; - 0)3) = K 

The solution of problems involving impulses may some- 
times be facilitated by the use of the principle of virtual 
velocities. 

For any imagined geometrical displacement the virtual 
moment of the changes of linear and angular momenta is 
equal to the virtual moment of the applied impulses. 

It may be ■well to notice that if a couple be displaced 
about a line parallel to its plane the virtual work is zero, so 
that if a couple is displaced about an axis not perpendicular 
to its plane, all that is necessary is to find the component of 
the couple about the axis of displacement. 

The solutions of the two following problems will serve as 
further illustrations of the application of the principles of 
momentum and energy. 

249. A system, consisting of four equal rods forming a 
square ABCD, having universal joints at A, B, G and D, is 
rotating freely with an angular velocity n about the line EF 
joining the middle points of BC and DA ; it is required to 
determine the changes of motion produced when the point A 
is suddenly fixed. 

In order to mark directions take the axis of z per- 
pendicular to the plane of the square, and let c6,, eo^, w^, co^ be 
the angular velocities of AB, BG, GD, DA immediately after 
A is fixed. 

Expressing the fact that the angular momentum of the 
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rods AB, BG about the straight line AG is unchanged, we 
obtain 



or 



5(»j + Wjj = — In. 
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Further the angular momenta of ABG about AG, and 
of BGD about BB are unchanged, and therefore 



a a?(o^ _ a^n . a\ 



f^ + aK+2.,,) -^-3-^ = 3-^ + -^, 



a a (o„ 



a a co„ an an 



or Sw^ + «3 = 2ji, 

3cOj + 2a)j + 2(B3 + 3«j = 2n. 

Further we have the geometrical condition obtained by 
equating the two expressions for the velocity of C which is 

2aa)^ + 2aa)^ = iato^ + 2aco^ 

or Wj + o>2 = Wj, + w^. 



B. D. 
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From these equations we find that 



«, oj„ a, m. 



9 17 3 5 14" 

If P, Q, R he the impulses at B, 0, D, we obtain, by 
taking moments about A, B, C, for the rods AB, BC, CD, 

a' (a), + 2«,) + F (<B, - «) = 2«Q„ 

a" (0)3 + 2(bJ - a'« — Fft)j = 2aR, 

and therefore Q = 0, 14P = wa, 14iJ = — na. 

Finally the impulse at A which is the change of linear 
momentum of the system 

= awj + (ao)g H- 2aft) J + (aw, + 2ae»j) + aw^ = ^ na. 

250. J. CM60, the edges of which are twelve equal uniform 
rods hinged together, is hung up hy one corner, the cube form 
being maintained by a string joining this corner with the 
lowest corner. Jtis required to find the initial .change of stress 
at the point of support when the string is cut. 



Jf 



.n 



Oh^ 



Thp corner being the point of support and the diagonal 
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OD vertical, it is clear that the initial angular accelerations 
of OA, OB, 00 will be respectively in the planes AOD, 
BOD, GOD and will be equal to each other ; and further 
that the angular accelerations of all the other rods will 
be the same and will be, respectively, in parallel planes. 

If ft) represent this initial angular acceleration, 2a«, which 
we shall call 2f, will be the linear acceleration of A in the 
direction AD, of B in direction BD, and of C in direction CD. 

Taking accelerations parallel to OA, OB, and OG, we 
obtain the following forms, where K and L are the centres of 
the rods GE, ED. 

The accelerations of G are 

/V2,/V2,0, 

the accelerations of K relative to G are 

of E relative to G, 

0,/^2,/V2, 
and of L relative to E, 

fl^% Q,fl^2. 

Therefore the actual accelerations of ^ are 

/V2,3//V2,//V2, 
and of L 

2.fl^% 2/V2, 3/7^2. 

Now suppose a displacement made by slightly increasing 
the length of OD, so as to turn every rod through a small 
angle 9, 

The displacements of the various points follow the law of 
the accelerations and are of the same forms, replacing to 

by e. 

Observing that there are six rods under the same condi- 
tions as GE, three- under the same conditions as ED, and 
three other rods OA, OB, OG, the equation of virtual 
work is 

Qmfad (2 + 1 + i) + ^mfaO (f + 8 + 1) 

+ 3m ^ «0 + 9m Q w(9 = 12mga0^6, 

21—2 
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for the displacement of D is the resultant of the displace- 
ments of A, B, and C. 

From this equation we obtain 

25aQ) = 3^ \/6, 

and since the acceleration of Z> is lam \/&, it follows that the 
acceleration of O is amnJQ and is therefore \Sgl2b. 

Hence it follows that the diminution of stress at is 
18/25 of the total weight of the system. 

The initial stresses at the several joints can be obtained 
by giving independent displacements to the. several rods, 
breaking the connections at the different joints. 

251. The endeavour of this chapter has been to explain 
the use of moving axes, and to illustrate the solution of 
problems in three dimensions by the direct application of 
fundamental conceptions and of equations derived imme- 
diately from these conceptions. 

It is hoped that these illustrations will serve as an 
introduction to a very extensive field of thought, a field 
which has been worked extensively by many mathematicians 
with great power and success. 

For the more general problems of the motions of solid 
bodies on surfaces, for the great problems of Precession and 
Nutation, and for the utilization and application of systems 
of generalized coordinates, the student will consult such 
English works as the Natural Philosophy of Sir William 
Thomson and Professor Tait, Dr Routh's Rigid Dynamics, 
and the Treatise on Generalised Coordinates by Dr H. W. 
Watson and Mr S. H. Burbury. 

The student who has time at his disposal will study the 
great works of Laplace and Lagrange, and those works, with 
the English Treatises to which we have referred, and the 
treatises and papers of Jacobi, Laurent, Bertrand, Eesal, 
Mathieu and numerous others, offer a vast area for considera- 
tion, and suggest unlimited fields of research. 
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1. Two equal smooth circles are fixed so as to touch the 
same horizontal plane, their planes being at different inclina- 
tions ; two small heavy beads are projected at the same 
instant along these circles from their lowest points, the 
velocity of each bead being that due to the height of the 
highest point of the other circle above the horizontal plane, 
shew that during the motion the two beads will always be at 
equal heights above the horizontal plane. 

2. A sphere is projected horizontally on an inclined 
plane, the surface of which is perfectly rough ; shew that its 
centre will describe a parabola. 

3. An imperfectly elastic rough sphere is projected 
obliquely without rotation against a fixed plane ; if i, i', be 
the angles of incidence and reflection, \ the coefficient of 
elasticity for direct impact, and p the ratio of the tangential 
forces of restitution and compression, prove that 

2jO = 5 — 7a. tan i' cot i. 

4. Two particles of masses m, 2m are fixed to the ends 
of a weightless rod of length 2a which is freely moveable 
about its middle point. Prove that if 6 be the inclination of 
the rod to the vertical when the particles are moving with 
uniform angular velocity m, 

^m^a cos 6 = g. 

5. A solid rectangular parallelepiped with edges of 
length a, h, c, is acted on by instantaneous couples with axes 
parallel to these edges and of moments proportional to 
p : q : r; shew that the direction cosines of the instantaneous 
axis of rotation are in the ratio 

P 1 '"' 

FT? ■ cM^' ' a' + b'' 
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6. If an octant of an ellipsoid bounded by three principal 
planes be rotating about the axis a with angular velocity w, 
and if this axis suddenly become free, and the axis h fixed, 

shew that the new angular velocity is — j-^ jr. 

° •' TT (a" + c^) 

7. A ring, mass M, is placed on a smooth table, and is 
held fast while a circular disc of smaller radius and mass m, 
is made to run round the inside of it, the coefiScient of friction 
being infinite. The ring being now set free determine com- 
pletely the motion and the paths traced out by the centres of 
the ring and disc respectively. 

8. 'There are n discs placed on a smooth table, with their 
edges in contact, and their centres in a straight line, the 
edges of the discs being perfectly rough. The first disc has 
communicated to it a velocity m in a direction at right angles 
to the line of centres. Prove that the velocity and angular 
velocity of the pth. disc are given by 

:i-{(«-)(^r*(^-»)&:)}". 

''^''' ^= (.-a)- + (. + c^)— 

and a, k are the radius and radius of gyration of each disc. 

9. Two equal rods AB, BC are jointed at one extremity 
B of each, and the other end A of one is fixed : if G be held 
in such a position that ABC is a right angle and AC hori- 
zontal, prove that when G is suddenly let go the initial 
pressure at B will be J of the weight of either rod and hori- 
zontal. 

10. A sphere is moving at a given moment on an 
imperfectly rough horizontal table with velocity V, and at 
the same time an angular velocity fl round some horizontal 
diameter, the angle between the direction of V and the axis 
of O being a : prove that the centre will describe a parabola 

if aim"" 4- a F sin a (a' - F) - a F^ = 0. 
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11. One end of a heavy rod rests on a horizontal plane 
and against the foot of a vertical wall, the other end rests 
against a parallel vertical wall, all the surfaces being smooth. 
Shew that if it slips down, the angle (/> through which it 
turns round the common normal to the vertical walls is given 
by the equation, 

where 2a is the length of the rod, and 26 the distance 
between the walls. 

12. A smooth plate inclined at an angle to the horizon 
is made to rotate about a vertical axis AB with uniform 
angular velocity «. A rod of mass m is compelled by guides 
to be always vertical, and at a distance r from AB, while it 
rests with one end in contact with the plate, sliding up and 
down as the latter rotates. Shew that, if the rod be initially 
in its lowest position, the pressure on the plate at the end of 
the time t will be 

m (g cos cj) + ray' cos cot sin (p) sec'cf). 

13. A square is revolving, with angular velocity 12, round 
a diagonal which is vertical, the highest point of which 
is fixed ; if suddenly one of the angles adjacent to the fixed 
point become fixed, shew that the square will just revolve 

round the fixed side, if n'' = , and the impulsive pres- 
sures at the two fixed points are in the ratio 3 : 2 ; a being 
the length of a side of the square. 

14. A smooth homogeneous cone is placed within a 
hollow sphere circumscribing it, and set rotating about its 
axis of figure with a given angular velocity ; determine the 
motion. 

15. A plane mirror whose thickness may be neglected 
and whose centre of gravity is fixed, moves under the action 
of no forces so that its invariable plane is horizontal ; prove 
that the image of any luminous point below the mirror and 
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on the invariable line moves on the surface of a sphere so 
that its zenith distance (6) and azimuth (yjr) are connected by 
the equation 

—!-=m + n cosec -x . 
at 2 

16. A sphere of radius c on a smooth horizontal plane is 
placed in contact with a rough vertical plane, which is made 
to revolve with angular velocity to about a vertical axis in 
itself : if a be the initial distance of the point of contact from 
the axis, and r the distance at the time t, prove that 

2r = (a + cVI) 6^^"' + (a - cV^) e"'^^"'. 

Also shew that the ratio of the friction to the pressure 
approximates, as t increases indefinitely to 1 : a/35. 

17. A rough plane is made to revolve uniformly, with 
angular velocity <b, about a horizontal line in itself, and a 
sphere is projected so as to move upon it, determine the 
inotion ; and if, when the plane is horizontal, the centre of 
the sphere be vertically above the axis of revolution, and be 
moving parallel to it, prove that the contact will cease when 
the plane has revolved through an angle 6 given by the 
equation 

6 9 l^^ '' 

18. A frame consists of four equal uniform rods loosely 
jointed at their ends so as to form a square, and one of the 
rods carries a light ring fastened to it at its middle point. 
The frame moves with uniform velocity on a table. All 
kinds of friction being neglected, prove that when a vertical 
bolt is shot through the ring the frame will be brought 
absolutely to rest. 

19. A solid cube is in motion about any angular point 
which is fixed ; if ta,, tu^, w, be the angular velocities about 
the three edges through the fixed angular point, and if no 
extraneous forces be in action, prove that (o^ + (o^+ w^ is 
constant, and that w/ + w^ + w^ is also constant. 
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20. A circular wire ring of radius a rolls on a rough 
horizontal plane, so that its plane maintains a constant in- 
clination (a) to the vertical ; if o) be the angular velocity of 
the ring, and 12 the azimuthal motion of its centre, prove 
that 1 

4aft)fl cos a — afl' sin a cos a = 2^ sin a. 

. 21. A hollow cone, the internal surface of which is 
perfectly rough, is fixed in a position in which its axis is 
inclined at an angle a. to the vertical, and a solid cone of 
smaller vertical angle is placed inside, its vertex coinciding 
with the vertex of the fixed cone, and allowed to perform 
small oscillations; prove that the length of the simple 
isochronous pendulum is 

W sin {^ - y) 
. 3h sin a sin" 7 ' 

2a and 2-/ being the vertical angles, k the height of the 
moving cone, and k its radius of gyration about a generating 
line. 

22. A vertical hollow infinitely rough cylinder is move- 
able about its axis. A sphere is projected horizontally in 
contact with the cylinder. Shew that the cylinder will move 

^during the subsequent motion with a constant angular 
velocity, and find its magnitude, having given V the velocity 
of projection of the sphere before it touched the surface, a, m 
the radius and mass of the sphere, and b, M those of the 
cylinder. 

23. A sphere is. pressed between two perfectly rough 
parallel boards which are made to revolve with the uniform 
angular velocities O and O' about fixed axes A and B per- 
pendicular to their planes. Prove that the centre of the 
sphere describes a circle about an axis which is in the same 
plane as A and B, and whose distances from these axes are 
inversely proportional to O and H'. 

Shew that, when A and B coincide, the points of contact 
will trace on the sphere small circles, the tangents of whose 
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radii will be - ^^ — ^^, , a being the radius of the sphere, and 
c that of the circle described by its centre. 

24. If a rectangular parallelepiped (edges 2a, 2a, 26) 
move freely about its centre of gravity under no forces ; 
shew that its angular velocity about one principal axis is 
constant and about the other principal axes is periodic, the 
period being to the period of revolution about the first- 
mentioned principal axis as J" + a" : ¥ — a^. 

25. A system of two bodies is acted on by no forces, and 
moving, one about a fixed axis, the other about an axis 
fixed in the first, and parallel to the former axis ; shew 
under what circumstances the two bodies will revolve about 
the fixed axis as a single body, and determine when disturbed 
from such a. condition, whether they will oscillate or not, 
and the time of a small oscillation. Prove that if the bodies 
be two equal rods freely jointed at a common extremity and 
moveable about the other extremity of one of them, the time 
of a small oscillation = VjV ^ *™^ °f ^ complete revolution. 

26. A body in the form of a solid of revolution has a 
point in its axis attached by a universal joint and a string of 
length il to a fixed point ; an angular velocity a about its 
axis of figure is given to the body, and n is the angular 
velocity of the centre of gravity about the vertical, 6 the ' 
angle which the string, ^ that which the axis of the body 
makes with the vertical, a the distance between the centre of 
gravity and the point of suspension ; 6^ being the moment of 
inertia about the axis of figure. Shew that when the motion 
is steady 

{A - C) nsva. ^ {(o - n cos ^) cos 6 = Mga sin (^ - 6) 
(B^ (Z sin + a sin ^) = g tan 6. 

27. A ring rests upon two smooth horizontal bars which 
in the position of equilibrium subtend an angle 2a at the 
centre ; shew that, if the ring be disturbed by twisting it 
through a small angle about its vertical diameter, the length 

of the simple isochronous pendulum will be ^ cot a cosec a. 
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28. A smooth circular tube, of radius a, has its centre 
fixed at a height h above a fixed horizontal plane, which it 
touches, a particle of mass m is placed within it at a distance 
c below the horizontal plane through the centre of the tube 
which becomes z at the time t, prove that, if the moment of 
inertia of the tube about a diameter be nma^ 

.dt) a'' {n + l)h'-z' 

_ If the particle be initially in the horizontal diameter, prove 
"that the initial pressure between the tube and particle will 
be less than if the ring were fixed, in the ratio n : n + 1. 

29. A sphere is rolling on the rough surface of a 
cylinder, the cross section of which is the curve 

prove that, if there be no forces, the path of the point of 
contact becomes, when the cylinder is developed into a plane, 
a curve of the form, 

y={a + ^x) cos (log - j + (7 + S«) sin {log - 

30. A sphere moves under the action of gravity on the 
inside of a rough cylindrical surface, of which the generating 
lines are inclined at an angle a to the horizon, and the 
transverse section perpendicular to the generating lines is a 
cycloid with its vertex at the lowest generating line. 

The sphere is projected initially with a velocity V along 
the generating line at which the curvatures of the sphere 
and cycloid are equal. 

Prove that the motion will be comprised within a length 

2a 

p of the cylinder, and that the time between 

» ogcosa. •' 

successive instants of the sphere reaching the original 

generating line is 47r \/ ^ , where a is the radius of 

° ° ^^ oleosa 

the generating circle of the cycloid. 
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31. A perfectly rough circular disc, of which the centre 
is fixed, is constrained to roll with its edge on a horizontal 
plane, so that the point of contact moves with angular 
velocity n. 

A sphere is placed on the disc in contact with a horizontal 
diameter, and in a state of relative rest. Obtain the 
equations of motion, and shew that the sphere moves down 
the disc as if that were at rest and the sphere a smooth 
heavy particle, and that the trace of the point of contact on 
the disc, referred to axes in its plane, that of y being 
horizontal, is the curve 



the disc being inclined at an angle a to the vertical, and c 
being the initial value of y. 

32. At a point P of the earth's surface a sphere has its 
centre fixed- and by means of pegs at the extremity (7 of a 
diameter, the diameter OG is compelled to move in the 
meridian at P; if originally 00 be parallel to the axis of 
the earth and the sphere have angular velocity about G ; 
prove that if the sphere be disturbed OG will oscillate in the 
meridian in a time 

27r 

Jnas 

where as is the angular velocity of the earth about .its 
axis. 

33. A solid of revolution has a point in the circum- 
ference of its base fixed and receives a blow in a direction 
passing through its centre of gravity and parallel to the 
tangent line to the base at 0. If the principal moments of 
inertia at G in directions perpendicular to the blow are 
proportional to those about parallel axes through 0, prove 
that the instantaneous axis and OQ are equally inclined to 
the plane of the base. 
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34. A heavy, uniform, and inextensible string is in 
equilibrium in the form of a horizontal ring on a smooth 
sphere ; prove that, if it be cut at a point A, the initial change 
of tension at a point P will be to the weight of the string in 
the ratio 

cos h {(j) cos a) : 2ir cot a cos h {ir cos a), 

a being the angular distance of the string from the vertex of 
the sphere, and tt-^ the angle subtended at the centre of 
the ring by the arc PA. Tripos, Jan. 1883. 

35. A rough heavy sphere, radius c, rolls on a fixed 
rough surface, of the form generated by the revolution of a 
circle, radius h, about a vertical axis in its own plane, distant 
a from the centre, a being greater than h + c. Prove that if, 
at the time t, <}> be the angle through which the plane 
through the vertical axis and centre of the sphere has 
turned, 6 the inclination to the vertical of the common 
normal, <Ug the angular velocity about that common normal, a 
and X the initial values of ff and (f>, and if and Wg be initially 
zero, and l=b + c, 

ccig = ad<j), 

re' + (a-l sin ey ^^ - X' (a - Z sin a)" + f c V 

= y^Z (cos a — cos 6), 

^{(.a-i sin ey ^l + f awg (a - I sin 9) = 0. 

36. A perfectly rough plane, inclined at a fixed angle 
to the vertical, rotates about a vertical line with uniform 
angular velocity ; shew that the path of a sphere which is 
placed upon it is given by two equations of the forms 

y+ax + hy = 0, x - ay + b'x = c, 

the origiii being the point where the vertical line meets the 
plane, and the axis of y being the straight line in the plane 
which is always horizontal. 
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37. Two equal spheres attracting each other, the force 
varying as the distance, are rolled upon a perfectly rough 
horizontal plane. Prove that they will describe ellipses 
about each other in the periodic time 

If the plane revolve with a uniform angular velocity w 
about a vertical axis, prove that their centre of gravity will 

move in a circle with uniform angular velocity -;=- ; and that 

their relative orbits' will be such that each will appear to the 
other to describe a circle with uniform angular velocity 



^ 






while the centre of that circle moves with uniform angular 
velocity 



^ 



10/A oi^ _ (O 



in another circle. 
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Part II. Select Passages for Translation into Latin Lyrio 

and Comic Iambic Terse. Srd Edition. Post 8to. 5s. 

Part III. Select Passages for Translation into Greek Verse. 



3rd Edition. Post 8vo. 8s. 
Folia SilvTiIsB, Bive Eologss Poetarum Anglioorum in Latinum et 

GrsBcnm conversss. 8vo. Vol. I. lOs. 6d. Vol. 11. 12s. 
Follonim CentuiisB. Select Passages for Translation into Latin 

and Greek Prose. 8th Edition. Post 8to. 8s. 



TRANSLATIONS, SELECTIONS, &e. 

'j,* Many of the following books are weU adapted for School Prizes. 
.Slschylus. Translated into English Prose by F. A. Paley, M.A. 
2nd Edition. 8vo. 7s. 6d. 

Translated into English Verse by Anna Swanwick. Post 

8vo. 5s. 

Horace. The Odes and Carmen Sseoulare. In English Verse by 
J. Conington, M.A. 9th edition. Fcap. Svo. 5s. 6d. 

The Satires and Epistles. In English Verse by J. Coning- 

ton, M.A. 6th edition, 6s. 6d. 

Illustrated from Antique Gems by C. W. King, M.A. The 



text revised with Introduction by H. A. J. Monro, M.A. Large 8to. 11. Is. 
Horace's Odes. Englished and Imitated by various bands. Edited 

by C. W. F. Cooper. Crown 8vo. 6s. 6d. 
Lusus Intercisi. Verses, Translated and Original, by H. J. 

Hodgson, M.A., formerly Fellow of Trinity College, Cambridge. 5s. 
Propertius. Verse Translations from Book V., with revised Latin 

Text. By P. A. Paley, M.A. Fcap. 8to. S«. 
Plato. Gorgias. Translated by E. M. Cope, M.A. Svo. Is. 
Philebus. Translated byP. A. Paley, M.A. Small Svo. 4». 

Thesetetus. Translated by E. A. Paley, M.A. Small Svo. 4». 

AnalysisandlndexoftheDialogues. ByDr.Day. PostSvo.Ss. 

Beddenda Eeddita : Passages from English Poetry, with a Latin 

Verse Translation. By F. E. Gretton. Crown 8yo. 6s. 
Sabrmss Corolla in hortulis Eegiie ScholsB Salopiensis contexuerunt 

tres viri floribus legendis. Editio tertia. 8vo. 8s. 6d. 
Theocritus. In English Verse, by C. S. Calverley, M.A. New 

Edition, revised. Crown Svo. 7s. 6d. 
Translations into English and Latin. By C. S. Calverley, M.A. 

Post 8vo. 7s. 6d. 
, into Greek and Latin Verse. By E.- C. Jebb. 4to. cloth 

gilt. lOs. 6d. 
Between Whiles. Translations by B. H. Kennedy. 2nd Edition. 

revised. Crown 8vp. 6s. 
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REFERENCE VOLUMES. 

A Latin Graimnar. By Albert Harkness. Post 8vo. 6s. 
By T.H.Key, M.A. 6th Thousand. Post 8vo. 8«. 

A Short Latin ' Grammar for Schools. By T. H. Key, M.A. 

F.K.S. Uth Edition. PostSvo. 3s. 6d. 
A Guide to the Choice of Classical Books. By J. B. Mayor, M.A. 

BiQTised Edition. Crown 8to. S^. 
The Theatre of the Greeks. By J. W. Donaldson, D.D. 8th 

Edition. PoBt 8to. Sa. 
Keightley'B Mythology of Greece and Italy. 4th Edition. 5«. 
A Dictionary of Latin and Greek Quotations. By H. T. Bitey. 

Post 8to. 5s. With Index Verbormn, 6a. 
A History of Soman Literature. By W. S. TeufFel, Professor at 

the TJniTDisity of Tttbingen. By W. Wagner, Ph.D. 2 vols. Demy 8to. 21s. 
Student's Guide to the TTniverslty of Cambridge. 4th Edition 

revised. Foap. Syo. 6s. 6iJ. j or in Parts.— Part 1, 28. 6d. ; Parts 2 to 9, Is. 

each. 

CLASSICAL TABLES. 

Latin Accidence. By the Bev. P. Frost, M.A. Is. 

Latin Versification. 1>. 

Kotabllia Queedam ; or the Principal Tenses of most of the 
Irregular Greek Verba and Elementary Greek, Latin, and Erenoh Con- 
struction. New Edition. Is. 

Blchmond Bules for the Ovidian Distich, &d. By J. Tate, 

M.A. Is. 
The Principles of Latin Syntax. Is. 

Greek Verba. A Catalogue of 'Verbs, Irregular and Defective ; their 
leading formations, tenses, and inflexions, with Paradigms for colijugation^ 
Bules for formation of tenses, &c. &o. By J. S. Baird, T.O.D. 2s. 6d, 

Greek Accents (Notes on). By A. Barry, D.D. New Edition. Is. 

Homeric Dialect. Its Leading Forms and Peculiarities. By J. S. 

Baird, T.C.D. Kew Edition, by W. G. Rutherford. Is. 
Greek Accidence. By the Bev. P. Frost, M.A. Kew Edition. Is. 



CAMBRIDGE MATHEMATICAL SERIES, 

Algebra. Choice and Chance. By W. A. Whitworth, M.A, 3rcl 

Edition, 6s, 

Euclid. Exercises on Euclid and in Modern Geometry. By 

J. McDowell, M.A. 3rd Edition. 68. 
Trigonometry. Plane. By Eev.T.Vyvyan,M.A. 2nd Edit. 3s. Gd. 

Geometrical Conic Sections. By H. G. Willis, M.A. Man- 
chester Grammar School. 7s. 6d. 

Conies. The Elementary Geometry of . 4th Edition. By C.Taylor, 
D.D. 4s, 6(i. 

■ Elementary Treatise. By H. G. "Willis, M.A. 73. del. 

Solid Geometry. By W. S. Aldis, M.A. 3rd Edition. 6s. 
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Eigid Dynamics. By W. S. Aldis, M.A. is. 

Elementary Dynamics. By W. Garnett, M.A. 5rd Edition. 6s. 

Heat. An Elementary Treatise. By W. Garnett, M.A. 3rd Edit. 

[In the press. 
Hydromeohanics. By W. H. Besant, M.A.,E.E.S. 4th Edition. 

Part I. Hydrostatics. 5s. 
Mechanics. Problems in Elementary. By W. Walton, M.A. 6s. 



CAMBRIDGE SCHOOL AND COLLEGE 
TEXT-BOOKS. 

A Series of Elementary Treatises for the use of Students in the 
Universities, Schools, and Candidates for the Public 
Examinations. Fcap. 8vo. 
Arithmetic. By Eev. C. Elsee, M.A. Poap. 8to. 11th Edit. 3s.6<J. 
Algebra. By the Bev. C. Elsee, M.A. 6th Edit. is. 
Arithmetic. By A. Wrigley, M.A. 3s. 6d. 
' — A Progressive Course of Examples. With Answers. By 

J. Watson, M.A. 5tli Edition. 2s. 6cl. 
Algebra. Progressive Course of Examples. By Eev. W. F. 

M'Michael, M.A., and B.Frowde Smith, M.A. 3rd Edition. 3s.6ii. Witli 

Answers. 4is.6d. 
Plane Astronomy, An Introduction to. By P. T. Main, M.A. 

5tli Edition. 4s, 
Conic Sections treated Geometrically. By W. H. Besant, M.A, 
4tli Edition. 4s, 6d. Solution to the Examples. 4is. 

Elementary Conic Sections treated Geometrically. By W. H. 

Besant, M.A. \_-^n the press. 

Conies. Enuncialtions and Figures. By W. H. Besant, M,A. Is. &d. 

Statics, Elementary. By Eev. H. Goodwin, D.D. 2nd Edit. 3s. 

Hydrostatics, Elementary. By W. H. Besant, M.A. 10th Edit. 4s. 

Mensuration, An Elementary Treatise on. By B.T.Moore, M.A. 6s. 

Newton's Frincipia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Blerenth Sections. By J. H. Evans, M.A. 5th 
Edition, by P. T. Main, M.A. 43. 

Trigonometry, Elementary. By T.P. Hudson, M.A. 3s. &d. 

Optics, Geometrical. With Answers. By W. S. Aldis, M.A. 3s. 6d. 

Analytical Geometry for Schools. By T. G. Vyvyan. 4th Edit. 4s. 6d. 

Greek Testament, Companion to the. By A. C. Barrett, A.M. 
5th Edition, revised. Ecap. Svo. 5s. 

Book of Common Prayer, An Historical and Explanatory Treatise 
on the. By W. G. Humphry, B.D. 6th Edition. Eoap. Svo. 46. 6d. 

Music, Text-book of. By H; C. Banister. 11th Edit, revised. 5s. 

Concise History of. By Eev. H. G. Bonavia Hunt, B. Mus. 

Oxon. 6th Edition revised. 3s, 6d. 



ARITHMETIC AND ALGEBRA. 

See foregoing Series. 
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GEOMETRY AND EUCLID. 

Euclid. The First Two Books explained to Beginners. By C. P. 
Ifason, B.A. ' 2nd Edition. Fcap. Sro. 28. 6il. 

The Enunciations smcl Figures to Euclid's Elements. By Bcv. 
J. Brasse, D.D. Kew Edition, Fcap.Svo. Is. On Cards, in case, 58. 
Without: the Fignres, 6d. 

Exercises on Euclid and in IVTodem G-eometry. By J. McDowell, 

B.A. Crown Sro. Srd Edition revised. 68. 
Geometrical Conic Sections. By H. G. Willis, M.A. 7s. 6<f. 
Geometrical Conic Sections. By W. H. Besant, M.A. 4th ^dit. 

48. 6£. Solution to the Examples, 48. 
Elementary Geometrical Conic Sections. By W. H. Besant, 

M.A. [In tlie preaa. 

Elementary Geometry Of Conies. By C. Taylor, D.D. 4th Edit. 

8vo. 4<. 6d. 
An Introduction to Ancient and Modern Geometry of Conies. 

Bj C. Taylor, M.A. 8to. ISs. 
Solutions of Geometrical Problems, proposed at St. John's 

College from 1830 to 1846. By T. Oaskin, M.A. Sro. 128. 



_ TRIGONOMETRY. 

Trigonometry, Introduotion to Plane. By Eevl T. Q. Vyvyan, 

Charterhonse. 2nd Edition. Cr. 8to. 3s. 6d. 
Elementary Trigonometry. By T. P. Hudson, M.A. 3«. 6d. 

An Elementary Treatise on Mensuration. By B. X. Moore, 
M.A. Ss. 

ANALYTICAL GEOMETRY 
AND DIFFERENTIAL CALCULUS. 

An Introduction to Analytical Plane Geometry. By W. P. 

Tumbnll, M.A. Svo. 128. 

Problems on the Principles of Plane Co-ordinate Geometry. 

By W. Walton, M.A. Svo. 168. 
TrUinear Co-ordinates, and Modem Analytical Geometry of 

Two Dimensions. By W. A. Whitworth, M.A. Svo. 168. 
An Elementary Treatise on Solid Geometry. By W. S. Aldis, 

M.A. 3rd Edition revisod. Cr. Svo. 6b. 
Elementary Treatise on the Bifferential Calculus. By M. 

O'Brien, M.A. Svo. 108. ed. 
Elliptic Functions, Elementary Treatise on. By A. Cayley, M.A. 

Demy Svo. 154. 

MECHANICS & NATURAL PHILOSOPHY. 

Statics, Elementary. By H. Goodwin, D.D. Fcap. 8to. 2nd 

Edition. 38. 
Dynamics, A Treatise on Elementary. By W. Gamett, M.A. 

3rd Edition. Grown Svo. 6s. 
Dynamics. Eigid. By W. S. Aldis, M A. is. 
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Elementary Meolianios, Problems in. By \V. Walton, M.A. New 

Edition. Crown 8vo. 6s. 
Theoretical Meohanios, Problems in. By W. Walton. 2nd Edit. 

revisod and enlarged. Demy 8vo. 168. 
Hydrostatics. By W.H.Besant.M.A. Fcap.Svo. 10th Edition. 4». 
Hydromeohanios, A Treatise on. By W. H. Besant, M.A., F.E.S. 

8vo. 4th Edition, revised. Part I. Hydrostatics. Ss. 
Dynamics of a Particle, A Treatise on the. By W. H. Besant, M.A. 

Optica, Geometrical. By W. S. Aldis, M.A. Fcap. 8vo. 3s. 6d. 

Double Refraction, A Chapter on Presnel's Theory of. By W. S. 

Aldis, M.A. Sto. 2s. 
Heat, An Elementary Treatise on. By W. Garnett, M.A. Crown 

8vo. 3rd Edition revised. [In the press. 

Newton's Princlpia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Sections. By J. H. Evans, M.A. 5t]i 

Edition. - Edited by F. T. Main, M.A. 48. 
Astronomy, An Introduction to Plane. By P. T, Main, M.A. 

Fcap. 8vo. cloth. 4«, 
Astronomy, Practical and Spherical. By B. Main, M.A. 8yo. 14s. 
Astronomy, Elementary Chapters on, from the < Astronomie 

Physique" of Biot. By H. Goodwin, D.D. Bvo. 3s. 6d. 
Pure Mathematics and Natural Philosophy, A Compendium of 

Facts and Formulsa in. By G. B. Smalley. 2nd Edition, revised by 

J. McDowell, M.A. Fcap. 8vo. 38. 6*. 
Elementary Mathematical Formulse. By the Kev. T. W. Opeu- 

shaw. Is. 6d. 
Elementary Course of Mathematics. By H. Goodwin, D.D. 

6th Edition. 8vo. 16s. 
Problems and Examples, adapted to the ' Elementary Course of 

Mathematics.' 3rd Edition. 8vo. 58. 
Solutions of G-oodwin's Collection of Problems and Examples. 

By W. W. Hutt, M.A. 3rd Edition, revised and enlarged. 8vo. 9s. 
Mechanics of Construction. With numerous Examples. By 

S. Fenwick, F.B.A.S. 8vo. 12s. ' 
Pure and Applied Calculation, Notes on the Principles of. By 

Rev. J. ChaUis, M.A. Demy 8vo. 15s. 
Physios, The Mathematical Principle of. By Eey. J. Challis, M.A. 

Demy 8vo. Ss. 

TECHNOLOGICAL HANDBOOKS. 

Edited by H. Tbueman Wood, Secretary of the 
Society of Arts. 

1. Dyeing and Tissue Printing. By W. Crookes, F.E.S. 5s. 

2. Glass Manufacture. ByHenryChance,M.A.; H. J.Powell,B.A.; 

and H. G. Harris. Ss. Sd. 

3. Cotton Manufacture. By Eichard Marsden, Esg., of Man- 

chester, llmmediatelu. 

4. Telegraphs and Telephones. By W. H. Preeoe, F.E.S. 

[Preparing^ 
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HISTORY, TOPOGRAPHY, &o. 

Rome and the Campagna. By B. Bom, M.A. With 85 En- 
graTings and 26 Maps and Flans. With Appendix. 4to. 51, Ss. 

Old Rome. A Handbook for Travellers. By B. Burn, M.A. 
With Maps and Plans. Demy 8vo. 10s. 6d. 

Modem Surope. By Dr. T. H. Dyer. 2nd Edition, revised and 
continued. 5 vols. Demy 8to. 21. 12s. 6d. 

The History of the Kings of Home. By Dr. T. H. Dyer. 8vo. 16«. 

The History of Pompeii : its Buildings and Antiquities, By 
T. H. Dyer. 3rd Edition, brought down to 187(t. Post 8vo. 7e. 6d. 

The City of Rome : its History and Monuments. 2nd Edition,, 
revised by T. H. Dyer. 58. 

Ancient Athena: its History, Topography, and Eemains. By 
T. H. Dyer. Super-royal Bto. Cloth. 1!. 5s. 

The Decline of the Roman Republic. By G. Long. 5 vols. 
8to. 148. each. 

A History of England during the Early and Middle Ages. By 
0. H. Pearson, M.A. 2nd Edition revised and enlarged. 8vo. Tol. I. 
168. Vol. 11. lis. 

Historical Maps of England. By 0. H. Pearson. Eolio. Srd 
Edition revised. 31s. 6ii. 

History of England, 1800-15. By Harriet Martineau, with new 
and copious Index. 1 vol. 38, 6d. 

History of the Thirty Years' Peace, 1815-16, By Harriet Mar- 
tineau. 4 vols. 3s. 6d, each. 

A Practical Synopsis of English History. By A. Bowes, 4th 

Edition. Svo. 2s. 

Student's Text-Book of English and General History. By 
D. Bealo. Crown Svo. 2s. 6d, 

Lives of the Queens of England, By A, Strickland, Library 
Edition, 8 vols. 7s. 6d. each. Cheaper Edition, 6 vols. 58. each. Abridged 
Edition, 1 vol. 68. 6d. 

Eghihard's Life of Karl the Great (Charlemagne). Translated 
with Notes, by W. Glaister, M.A., B.O.L, Grown Svo. is. 6d. 

Outlines of Indian History. By A. W, Hughes, Small Post 
8vo. 3s. 6d. 

The Elements of General History, By Prof, Tytler. New 
Edition, brought down to 1874. Small Post Svo, 38. 6d, 

ATLASES, 

An Atlas of Classical Geography. 24 Maps. By W, Hughes 
and G. Long, M.A. New Edition, Imperial Svo. 12s. 6d, 

A Grammar-School Atlas of Classical Geography. Ten Maps 
selected from the above. New Edition. Imperial Svo. 5s. 

First Classical Maps. By the Bev. J. Tate, M.A, 3rd Edition. 
Imperial Svo. 7s. 6d, 

Standard Library Atlas of Classical Geography. Imp . Svo. Is.Sd. 
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PHILOLOGY. 

WEBSTER'S DICTIONARY OP THE ENGLISH LAN- 
GUAftB. Witl Dr. Mahn's Etymology. 1 vol. 1628 pages, 3000 Wxa- 
trations. 2l8. With Appendices and 70 additional pages of Illustra- 
tions, 1919 pa^es, 31s. 6d. 
•The bestphactical English DiCTiOKARTEXTAiTT.' — Quarfffl*lyI2eui«io,1873. 
Prospeotuses, witli specimen pages, post free on application, 

Richardsoa's Philological Dictionary of the English Language. 
Combining Explanation with Etymology, and copiously illustrated by 
Quotations from the best Authorities, With a Supplement, 2 vols, 4to. 
4A. 14s. 6d.; half russia, 51, 15s, 6d,; russia, 61. 12s. Supplement separately. 
4to. 12s, 

AnSvo. Edit, without the Quotations, 15s.; half russia, 208,; russia, 24s. 

Supplementary English Glossary. Containing 12,000 Words and 
Meanings occurring in English Literature, not found in any other 
Dictionary, By T. L. O. DaTies, Demy 8vo, 16s. 

Polk-Etymology, A Dictionary of Words perverted in Form or 
Meaning by False Derivation or Mistaken Analogy, By Bev. A, S, Palmer, 
Demy Svo. 21s. ' 

Brief History of the English Language, By Prof, James Hadley, 
LL.D,, Yale College, Foap. 8vo. Is. 

The Elements of the English Language. By E. Adams, Ph.D. 

19th Edition, Post 8to. 4s, 6d. 

PhUologioal Essays. By T. H. Key, M,A., P.B.S. Svo. 10s. 6d. 

Language, its Origin and Development. By T. H. Key, M.A., 
r.R.8, 8vo, 14s, 

Synonyms and Antonyms of the English Language, By Arch- 
deacon Smith. 2nd Edition. Post Svo. 5s. 

Synonyms Discriminated, By Archdeacon Smith. Demy Svo. 16s. 

Bible English. By T. L. 0. Davies. 6s. 

The Queen's English. A Manual of Idiom and Usage. By the 
late Dean AUord 6th Edition, Foap, Svo, Ss. 

Etymological Glossary of nearly 2500 English Words de- 
rived from the Greek, By the Kev, E, J, Boyoe. Foap, Svo, 3s, 6d. 

A Syriao Grammar. By G. Phillips, D.D. 3rd Edition, enlarged. 
Svo. 7s. 6d, 

A Grammar of the Arabic Language, By Bev. W. J. Bea- 
mont, M,A. 12mo. 7s. 



DIVINITY, MORAL PHILOSOPHY, &c. 

Novum Testamentum Grseoum, Textus Stephanioi, 1550. By 
F. H, Scrivener, A,M„ LL.D., D.C.L. New Edition. 16mo. 4s, 6d, Also 
on Writing Paper, with Wide Margin. Half-bound, l^s. 

By the same Author. 
Codez BezsB Cantabrigiensis, 4to. 26s. . 

A Pull Collation of the Codex Sinaitious with the Beoeived Text 

of the New Testament, with Critical Introduction. 2nd Edition, revised. 

Foap, Svo. 5s. „ ,. i. 

A Plain Introduction to the Criticism of the New Testament. 

With Forty Facsimiles from Ancient Manuscripts. 3rd Edition. Svo, 18s. 



12 George Bell and Sons' 

Slz Lectures on the Text of the New Testament. Foi English 

Readers. Cro\ni 8vo. 68, 
The New Testament for Xingllsh Readers. By the late H. Alford, 

D.D. Vol. I. Part I. Srd Edit. 12s. Vol. I. Part II. 2nd Edit. 10«. 6d. 

Vol. II. Part I. 2iid Edit. IBs. Vol. II. Part II. 2iid Edit. 16s. 

The areek Testament. By the late H. Alford, D.D. Yol. I. 6th 
Edit. 11. 8». Vol. II. 6tli Edit. 11. 4s. Vol. III. 5th Edit. 18s. Vol. IV. 
Part I. 4th Edit. 18s. Vol. IV. Part II. 4th Edit. 14i. Vol. IV. 1!. IBs. 

Companion to the G-reek Testament. By A. C. Barrett, M.A. 
5th Edition, revised. Fcap. 8to. 58. 

The Book of Fsahus. A New Translation, with Introductions, &a. 
By the Very Rev. J. J. Stewart Perowne, D.D. 8vo. Vol. I. 5th Edition, 
18s. Vol. II. 5th Edit. 16s. 

Abridged for Schools. 4th Edition. Crown 8vo. 10». 6d. 

History of the Articles of Bellgion. By C. H. Hardwick. Srd 
Edition. Post 8to. 5s. 

History of the Creeds. By J. E. Lumby, D.D. 2nd Edition. 
Grown 8ro. 7s. 6d. 

Pearson on the Creed. Carefully printed from an early edition. 
With Analysis and Index by E. VTalford, M.A. Post 8to. 5s. 

An Historical and Explanatory Treatise on the Book of 
Common Prayer. By Rev. W. G. Humphry, B.D, 6th Edition, enlarged. 
Small Post 8to. 4s. 6(1. 

The New Table of Lessons Explained. By Eev.W. G, Humphry, 
B,D. Foap, Is. 6cl. 

A Commentary on the Gospels for the Sundays and other Holy 
Days of the Christian Tear. By Ber. W. Denton, A.M. Kew Edition. 
3 Tols. 8to. 54s. Sold separately. 

Commentary on the Epistles for the Sundays and other Holy 

Days of the Christian Year. By Rev. W. Denton, A.M. 2 toIs. 36s. Sold 

separately. 
CommentEury on the Acts. By Bey. W. Denton, A.M. Vol. I. 

8vo. 18s. Vol. II. 14«. 
Notes on the Catechism. By Bt. Bev. Bishop Barry. 7th Edit. 

Vcap. 2s. 
CatecheticEil Hints and Helps. By Bev. E. J. Boyce, M.A. 4th 

Edition, revised. Foap. 2s. 6d. 

Examination Papers on Beliglous Instruction. By Bev. E. J. 
Boyce. Sewed. Is. 6d. 

Church Teaching for the Church's Children. An Exposition 

of the Catechism. By the B«t. F. W. Harper. Sq. Fcap. 2s. 

The Winton Church Catechlst. Questions and Answers on the 
Teaching of the Chnxch Catechism. By the late Rev. J, S. B. Monsell, 
LL.D. Srd Edition. Cloth, Ss,; or in Four Parts, sewed. 

Tne Church Teacher's Manual of Christian Instruction. By 
Rev. M. F. Sadler. 28th Thousand. 2s. 6d. 

Short Explanation of the Epistles and Oospels of the Chris- 
tian Year, with Quostions. Royal 32mo. 2s. 6d.; calf, 4s, 6d. 

Butler's Analogy of Beliglon ; with Introduction and Index by 
Rev. Dr. Steere. New Edition. Fcap. 3s, 6cl. 
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Lectures on the History of Moral PhUosopliy in England. By 

W. WleweU, D.D. Crown 8vo. 8s. 
Kent's Commentary oa International Law. By J. T. Abdy, 

LL.D. New and Oheap Bdition. Crown 870. lOs. 6ci. 
A Manual of the Roman Civil Law. By G. Leapinewell, LL.D. 

8to. 128. [_ 

FOREIGN CLASSICS. 

A series, for use in Schools, with English Notes, grammatical and 

explanatory, and renderings of difficult idiomatic expressions. 

Fcap. Svo. 

SohlUer's 'WaUenstein. By Dr. A. Buohheim. 5th .Edit. 6s. 6d. 
Or the Lager and Picoolomini, 3s. 6d. Wallenstein's Tod, 3s. 6*. 

Maid of Orleans. By Dr. W. Wagner. 3s. 6d. 

Maria Stuart. By V. Kastner. 3s. 

Goethe's Hermann and Dorothea. By E. Bell, M.A., and 

E. Wolfel. 2s. 6d. 
German Ballads, from TJhlaud, Goethe, and Schiller. By C. L. 

Bielefeld. 3rd Edition. 3s. 6d. 
Charles XIL, par Voltaire. By L. Direy. 4th Edition. 3s. 6d. 
Aventures de T616maque, par P6n61on. By C. J. Delille. 2nd 

Edition. 4s. 6d. 
Select Fables of La Fontaine. By F. E. A. Gaso. 14th Edition. 3s. 
Picoiola, by X. B. Saintine. ByDr.Dubuc. 13th Thousand. Is. 6(f. 

Lamartine's Le Tailleur de Pierres de Saint-Point. Edited, 
with Notes, bj J. Boielle, Senior French Master, Dulwich CoUeire. Fcap. 
8to. 3s. ■ 

FRENCH CLASS-BOOKS. 

Twenty Lessons in French. With Vocabulary, giving the Pro- 
nunciation. By W. Brebner. Post Svo. 4s. 

French Grammar for Public Sohoola. By Eev. A. 0. Clapin, M.A. 
Fcap. Svo. 9th Edition, revised. 2s. Gd. 

French Primer. By Bev. A. 0. Clapin, M.A. Ecap. Svo. 5th Edit. 

Is. 

Primer of French Philology. By Bev. A. C. Clapin./ Fcap. Svo. 

2nd Edit. Is. 
Le Nouveau Tr^sor; or, French Student's Companion. By 

M. B. S. 16th Edition. Fcap. Svo. 3s. 6d. 
Italian Primer. By Eev. A. C. Clapin. . Fcap. Svo. Iv. 

F. B. A. GASC'S FEENCH COUESB. 

First French Book. Fcap. Svo. 86th Thousand. Is. 6d. 

Second French Book. 42nd Thousand. Fcap. Svo. 2s. Gd. 

Key to First and Second French Boots. Fcap. Svo. 3s. Gd. 

French Fables for Beginners, in Prose, with Index. 15th Thousand. 
12mo. 2s. 

Select Fables of La Fontaine. New Edition. Fcap. Svo. 3s. 

Histoires Amusantes et Instruotives. With Notes. 15th Thou- 
sand. Fcap. Svo. as. 6(?. 
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Practical Guide to Modem French Conversation. 12th Thou- 
Band. Fcap. 8to. 2s. 6d. 

French Poetry for the Toung. With Notes. 4th Edition. Fcap. 

Sto. 2s. 
filaterials for French Prose Composition; or, Selections from 

the best English Prose Writers. 17th Thoiuand. Fcap. Sro. is, 6d. 

Key, 6s. 

Prosateurs Contemporalns. With Notes. 8yo. 7th Edition, 
revised. 5s. , 

Le Petit Compagnob ; a French Talk-Book for Little Children, 
llth Thousand. 16mo. 28. 6d. 

An Improved Modem Pocket Dictionary of the French and 

English Languages. 35th Thousand, with Additions. 16nio. Cloth. 4s. 
Also in 2 volfi. in neat leatherette, Ss. 

Modem French-English and English-French Dictionary. 2nd 

Edition, revieed. In 1 vol. 12s. 6d. (formerly 2 vols. 25s.) 

GOMBEET'S FRENCH DEAMA. 
Being a Selection of the best Tragedies and Comedieb of Molidre, 
Baoine, Gomeille, and Voltaire. With Ailments and Notes by A. 
Gombert. New Edition, revised by F. E. A. Gasc. Fcap. 8ro. Is. each; 
sewed, 6d. Contehtb. 

MoLiERE : — Le Misanthrope. L'Avare. Le Bourgeois Gentilhomme. Le 
TartuHe. Le Malade Imaginaire. Les Femmes Savantes. Lea Fourberieft 
de Scapin. Los Fr^cieuses Biditiules. L'Eoole de^ Femmes. L'Ecole des 
Maris. Le M^deoin malgr^ Lui. 

Uacxne: — Fh^dre. Esther, Athalie. Iphigdnie. Les Plaideurs. La 
Thdba!tde ; ou, Les Frdres Ennemis. Andromaque. Britanuious. 
F. OoBNEZLLE r — Le Oid. Boraoe. Oinna. Folyeucto. 
VOLTAiBE :— Zaire. 

GERMAN CLASS-BOOKS. 

Materials for German Prose Composition. By Dr Buchhelm. 
9th Edition. Fcap. 4s. 6d. Key, 3s. 

Wortfolge, or Rules and Exercises on the Order of Words in 
German Sentences. By Dr. F. Stock. Is. 6d. 

A German Grammar for Public Schools. By the Eev. A. 0. 
Clapin and F. HoU Mailer. 3rd Edition. Fcap. 28.6(1. 

A German Primer, with Exercises. By Eev. A. C. Clapin. 1«. 

Kotzebue's Der Gefangene. With Notes by Dr. W. Stromberg. Is. 



ENGLISH CLASS-BOOKS. 

A Brief History of the English Language. By Prof. Jas. Hadley, 

LL.D., of Tale College. Fcap. 8vo. Is. 
The Elements of the English Language. By E. Adams, Ph.D. 

19th Edition. Post 8to. 4s. 6iI. 
The Rudiments of English Grammar and Analysis. By 

B. Adams, Ph.D. 14th Thousand. Fcap. 8to. 28. 

A Concise System of Parsing. By L. E. Adams, B.A. Fcap. 8vo. 
Is. 6d. ^ 
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By C. P. Mason, Fellow of Univ. Coll. London. 

First Kotions of G-rammar for Young Learners. Fcap. 8yo 

Hth Thousand. Cloth. 8i. 
First Steps in English Grrammar for Junior Classes. Dem; 

ISmo. 35tll Thousand. Is. 
Outlines of English Grammar for the use of Junior Classes 

43rd Thousand. Crown 8vo. Ss. 
English Grammar, including the Principles of Grammatica 

Analysis. 26th Edition. 86th Thousand. Crown 8to. Ss. 6d. 
A Shorter English Grammar, with copious Exercises. 16th Thou 

sand. Crown 8vo. 3s. 6d. 
English Grammar Practice, being the Exercises separately. Is 
Code Standard Grammars. Parts I. and II. 2d. each. Parts I'V 

and T. 3d. each. 



Practical Hints on Teaching. By Eev. J. Meuet, M.A. 6th Edit 

revised. Crown 8vo. cloth, 2s. 6d. ; paper, 2s. 
How to Earn the Merit Grant. A Manual of School Manage 

ment. By H. Major, B.A., B.Sc. 2nd Edit, revised. Part I. Infan 

School, 3s. Part it. 4s. Complete, 6s. 
Test Lessons in Dictation. 2nd Edition. Paper cover, Is. Gd. 
Questions for Examinations in English literature. By Bev 

TV. W. Skeat, Prof, of Anglo-Saxon at Cambridge University. 2s. 6d. 
Drawing Copies. By P. H. Delamotte. Oblong 8vo. 12». Soli 

also in parts at Is. eaoh. 
Poetry for the Schoolroom. New Edition. Fcap. 8vo. Is. 6d. 
Geographical Text-Book ; a Practical Geography. By M. E. S 

12mo. 2s. 

The Blank Maps done up separately, 4to. 2s. coloured. 

Loudon's (Mrs.) Entertaining Naturalist. New Edition. Eevisei 

by W. S. Dallas, F.L.S. 5s. 
Handbook of Botany. New Edition, greatly enlarged b; 

D. Woostto. Foap. 2s. 6d. » 

The Botanist's Pooket-Book. With a copious Index. By W. B 

Hayward. 4th Edit, revised. Crown 8vo. cloth limp. 4b. 6d. 
Experimental Chemistry, founded on the Work of Dr. Stockhardi 

By C. W. Heaton. Post 8vo. Ss. 
Double Entry Elucidated. By B. W. Foster. 12th Edit. 4tc 

3s. 6d. 

A New Manual of Book-keeping. By P. Crellin, Accountanl 

Crown 8vo. Ss. 6cl. 

Picture Sohool-Books. In Simple Language, with numerou 
Illnstrations. Hoyal 16mo. 

School Primer. 6d.— School B«ader. By J. Tilleard. Is.— Poetry Boa 
for Schools. Is.— The Life of Joseph. Is.— The Sonpture Parables. By tk 
llev. J. E. Clarke. Is.— The Scripture Miracles. By the Bav. J. B. Clartjc 
1».—The New Testament History. By the Eev. J. G.Wood, MjA. 1«.— " 
Old Testament History. By the Rev. J. G. Wcod, M.A. Is.-'The Story o 
Bunvan's Pilgrim's Progress. Is.- The Life of Ohnstopher Columbus. B; 
Sarah Crompton. Is.— The Life of Martin Luthi r. By Sarah Orompton. L 



16 George Bell and Sons' Educational Works. 



BOOKS FOR YOUNG READERS. 

A Series of Reading Books designci' to facilitate the acquisition of tlie power 
of Reading by very youii^ Children. InSvols. limp cloth, 8d. each. 

The Cat and the Hen. Sam and hia Dog Eed-leg. 

Bob and Tom Lee. A Wreck. 
The New-born Lamb. The Rosewood Box. Poor 

Fan. Sheep Dog. 
The Story of Three Monkeys.* 
Story of a Cat. Told by Herself. 
The Blmd Boy. The Mute Girl. A New Tale of 

Babes in a Wood. 
The Dey and the Knight. The New Bank Note. 

The Royal Visit. A King's Walk on a Winter's Day. 

Queen Bee and Busy Bee. 
Gull's Crag. 

A First Book of Geography. By the Eev. C. A. Johns, 
Illustrated. Double size. Is. 
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BELL'S READING-BOOKS. 

FOR SOHOOLS AND PABOOHIAL LIBEARIE3. 

The popularity of the ' Books for Young Readers ' is a sufdeient proof that 
teachers and pupils alike approve of the use of interesting stories, in place of 
the dry combination of letters and syllables, of which elementary readintf -'hooks 
generally consist. The Publishers have therefore thought it advisable to extend 
the application of this principle to books adapted for more advanced readers. 

Now Beady. Post 8vo. Strongly bound. 
Grimm's German Tales. (Selected.) Is. 
Andersen's Danish Tales. (Selected.) Is. 
Great Englishmen. ShortLives tor Young Children. Is. 

Fyiends in Fur and FeaUiers. By Gwynfiyn. Is. 
Parables from Nature. (Selected.) By Mrs. Gatty. Is. 
Gatty's Light of Truth, and other Parables. Is. 
Great Englishwomen. Short Lives, Is. 
Lamb's Tales from Shakespeare. (Selected.) Is. 
Edgeworth's Tales. A Selection. Is. 
Gulliver's Travels. (Abridged.) Is. 
Marie: Glimpses of Life in France. ByA. B.Ellis. Is. 
Masterman Ready. By Capt. Marryat. (Abgd.) Is. 

Robinson Crusoe. Is. 

The Vicar of Wakefield. Abridged. Is. 

Settlers in Canada. By Capt. Marryat. (Abdg.) Is. 

Poetry for Boys. By D. Munro. Is. 

Southey's Life of Nelson. (Abridged.) Is. 

Life of the Duke of Wellington, withMaps andPlans. Is, 

The Romance of the Coast. By J. Eunciman. Is. 
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